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ADVERTISEMENT 



The following pages contain a collection of Pro- 
blems, which are for the most part an easy application of 
the Elements of Euclid. They are arranged in what 
seemed to be the most natural order : The 1st section 
comprises such as contain the properties of straight lines 
and angles ; the 2nd straight Knes and circles : the 3rd 
^ straight lines and triangles ; and the 4th parallelograms, 
^ squares and polygons. The 5th section contains those 

> which require lines to be drawn in certain directions, but 
^ which involve properties of rectangles or squares, or such 

trv others as were excluded from the three first. The 6th 
comprises those by which figures are described, and also 
inscribed in or circumscribed about each other. The 
7th comprehends such as contain the properties of tri* 
angles described in or about circles ; the 8th those which 
contain the squares or rectangles of lines connected with 
circles ; and the 9th the construction of triangles; To 
these is added an Appendix, intended to contain so much 
of the Elements of Plane Trigonometry, as is necessary 
for understanding those parts of Natural Philosophy 
Mi^ich are the common subjects of Lectures in the Uni- 
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versity. The Reader who wishes for farther information, 
is- referred to Mr. Woodhouse's treatise, or that of 
Cagnoli, to the latter of which are appended extensive 
Tables of trigonometrical formuls. 

From this performance the only credit expected is 
that of having endeavoured to place principles in a clear 
light, and to render a service to the younger students by 
setting before them a series of Problems, on the solution 
of which they are recommended to exercise their own 
ingenuity ; for which purpose a table of Contents has 
been prefixed. 

To the Syndics of the University Press, who from 
the funds which are placed at their disposal, with great 
readiness agreed to bear a considerable part of the ex- 
pence of printing, most sincere thanks are due; and this 
opportunity is taken of gratefully acknowledging the 
obligation. 
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SECTION I. Page 1. 

1. From a given point to draw the shortest line possible toi^ 
given straight line. 

2. If a perpendicular be drawn bisecting a given Mraight line^ 
any point in this perpendicular is at equal distances, and any point 
without the perpendicular is' at unequal distances, from the extre- 
mities of the line. 

3. Through a given point, to .draw a straight line which shall 
make equal angles with two straight lines given in position. 

4. From two given points, to draw two equal straight lines, 
which shall meet in the same point of a line given in position. 

5. From two given points on the same side of a line given in 
position, to draw two lines which shall meet in that line, and make 
equal angles with it. 

6. From two given points on the same side of a line given in 
position, to draw two lines which shall meet in a point in this line, 
so that their sum shall be less than the sum of any two lines drawn 
from the same points and terminated at any other point in the same 
line. 

7. Of all straight lines which can be drawn from a given point 
to an indefinite straight line, that which is nearer to the perpendi- 
cular is less than the more remote. And from the same point there * 
cannot be drawn more than two straight lines equal to each other, 
viz. one on each side of the perpendicular. 

8. Through a given point, to draw a straiglit line so that the 
parts of it intercepted between that point and perpendieulars drawn 
from two other given points may have a given ratio. 

a 
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9* From a given point between two bdefinite straight lines given 
in position, to draw a line which shall be terminated by the given 
lines, and bisected in the given point. 

10. From a given point without two indefinite straight lines 
given in position, to draw a line such that the parts intercepted by 
the point and the lines may have a given ratio. 

1 1 . From ^ given point to draw a straight line which shall cut 
off from lines containing a given angle, segments that shall have a 
given ratio. 

12. If from a given point any number of straight lines be drawn 
to a straight line given in position ; to determine the locus of the 
points of section, which divide them in a given ratio. 

Id. A straight line being drawn parallel to. one ot the line^ con- 
taining a given angle, and produced to meet the other ; tlirough a 
given point within the angle to draw a line cutting the other three, 
so that the part intercepted between the two parallel lines may have 
a given ratio to the part intercepted between the given point and 
the other line. 

14, Two parallel lines being given in position ; to draw a third 
such, that if from any point in it lines be drawn at given angles to 
the parallel lines, the intercepted parts may have a given ratio. 

15. If three straight lines drawn from the same point and in the 
same direction be in continued proportion^ and from that point also 
a line equal to the mean proportional be inclined at any angle ; the 
lines joining the extremity of this line and of the proportionals will 
contain equal angles. 

iff. To trisect a right angle. 

17* To trisect a given finite straight line. 

18. To divide a given straight line into any number of equal 
parts. 

Cob. To divide a straight line into any number of parts having 
a given ratio. 

19* To divide a given finite straight line harn[ionically. 

20. If a given finite straight line be harmonically divided, and 
from its extremities and the points of division lines be drawn to meet 
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in any point, so that those from the eitremities of the second pro- 
portional may be perpendicular to each other ; the line drawn from 
the extremity of this proportional will bisect the angle formed by the 
lines drawn from the extremities of the other two. 

!?1. If a straight line be drawn through any point in the line 
bisecting a given angfe, and produced to cut the sides containing 
that angle, as also a line drawn from the angle perpendicular to the 
bisecting line ; it will be harmonically divided. 

22. If from a given point there be drawn three straight lines 
forming angles less than right angles, and from another given point 
without them a line be drawn intersecting the others, so as to be 
harmonically divided; then will all lines drawn from, that point 
meetmg the three lines be harmonically divided. 

- 23. If a straight line be divided into two equal and also into 
two unequal parts, and be produced, so that the part produced may 
have to the whole line so produced, the same ratio that the unequal 
segments of the line have to each other ; then shall the distances of 
the point of unequal section from one extremity of the given linet 
from its middle point, from the extremity of the part produced, and 
fkom the other extremity of the given line, be proportionals. 

24. Three points being given ; to determine another, through 
which if any straight line be drawn, perpendiculars upon it from two 

"of the former shall together be equal to the perpendicular from the 
third. 

25. From a given point in one of two straight lines given in 
position, to draw a line to cut the other, so that if from the point 
of intersection a perpendicular be let fall upon the former, the seg- 
ment intercepted between it and the given point together with the 
first drawn line may be equal to a given line. 

26. One of the lines which contain a given angle is also given. 
To determine a point in it such that if from thence to the indefinite 
line there be drawn a line having a given ratio to that segment of it 
which is adjacent to the given angle ; the line so drawn and the 
other segment of the given line may together be equal to another 
given line.. 

27- Two straight lines and a point in each are given in position; 
to determine the position of another point in each, so that the straight 
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line joining these latter points may be equal to a given line, and their 
respective distances from the former points in a given ratio. 

28. If a straight line be divided into any two parts and pro- 
duced, so that the segments may have the same ratio that the whole 
line produced has to the part produced, and from the extremities of 
the given line perpendiculars be erected ; then any line drawn through 
the point of section, meeting these perpendiculars, will be divided at 
that point into parts which have the same ratio, that those lines have 
which are drawn from the extremity of the produced line to the 
points of intersection with the perpendicular. 

29. From two given points to draw two straight lines which 
shall contain a given angle, and m^et two lines given in position, so 
that the parts intercepted between those points and the lines may 
have a given ratio. 

30. The length of one of two lines which contain a given single 
being given ; to draw, from a given point without them, a straight 
line which shall cut the given line produced, so that the part pro- 
duced may be in a given ratio to the part cut off from the indeffnite 
line. 

31. From two given straight lines to cut off two parts which 
may have a given ratio ; so that the ratio of the remaining parts may 
also be equal to the ratio of two other given lines. 

32. Three lines being given in position ; to determine a point in 
one of them, from which if two lines be drawn at given angles to the 
other two, the two lines so drawn may together be equal to a given 
line. 

33. If from a given point two straight lines be drawn including 
a giv^n . angle and having a given ratio, and one of them be always 
terminated by a straight line given in position; to determine the 
locus of the extremity of the other. 

34. If from two given points straight lines be drawn containing 
a given angle, and from each of them segments be cut off having 
a given ratio; and the extremities of the segments of the lines drawn 
from one of the points be in a straijght line given in position ; to deter- . 
mint the locus of the extremities of the segments of lines drawn from 
the other. 
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SECTION II. Page 24. 

• 1. If a ^traigkt line be drawn to touch a circle, and be parallel 
to a chord ; the point of contact will be the middle point of the arc 
cut off by that chord. 

Cor* 1. Parallel lines placed in a circle cut off equal parts of the 
circumference. 

Cos. 2. The two straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to each other. 

2. If from a point without a circle two straight lines be drawn 
to the concave part of the circumference, making equal angles with 
the Ime joining the same point and the centre, the parts of these lines 
which are intercepted within the circle are equal. 

3. Of all straight lines which can be drawn from two given points 
to meet on the convex circumference of a given circle ; the sum of 
those two witl be the least, which make equal angles with the tangent 
at the point of concourse. 

4. If a circle be described on the radius of another circle ; any 
straight line drawn from the point where they meet to the outer cir« 
cumference, is bisected by the interior one. 

5. If two circles cut each other» and from either point of inter- 
section diameters be drawn ; the extremities of these diameters and 
the other point of intersection shall be in the same straight line. 

6. If two circles cut each other, the straight line joining their 
two points of intersection is bisected at right angles by the straight 
line joining their centres. 

7. To draw a straight line which shall touch two given circles. 

8. If a line touching two circles cut another line joining their 
centres, the segments of the latter will be to each other, as the dia- 
meters of the circles. 

9. If a straight line touch the interior of two concentric circles, 
and be placed in the outer; it will be bisected at the point of 
contact. 

10. If any number of equal s^traight lines be placed in a circle; 
\o determine the locus of their points of bisection. 
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11. If from a point in the circumference of a circle any number 
of chords be drawn ; the locus of their points of bisection will be a 
circle. 

12. If on the radius of a given semicircle* another semicircle be 
described, and from the extremity of the diameters any lines be 
drawn cutting the circumferences, and produced, so that the part 
produced may always have a given ratio to the part intercepted 
between the two circumferences ; to determine the locus of the ex- 
tremities of these lines. 

13. If from a given point without a given circle straight lines be 
drawn and terminated by the circumference ; to determine the locus 
of the points which divide them in a given ratio. 

14. Having given the radius of a circle ; to determine its centre 
when the circle touches two given lines which are not parallel. 

15. Through three given points which are not in the same 
straight line, a circle may be described ; but no other circle can pass 
through the same points. 

16. From two given points on the same side of a line given 
in position, to draw two straight lines which shall contain a given 
angle, and be terminated in that line. 

17. If from the extremities of any chord in a circle perpendi- 
culars be drawn, meeting a diameter; the points of intersection are 
equally distant from the centre, 

18. If from the extremities of the diameter of a semicircle per- 
pendiculars be let fall on any line cutting the semicircle ; the parts 
intercepted between those perpendiculars and the circumference are 
equal. 

19«, In a given circle to place a straight line parallel to a given 
straight line, and having a given ratio to it. 

20. Through a given point, either within or without a given 
circle, to draw a straight line, the part of which intercepted by the 
circle shall be equal to a given line, not greater than the diameter of 
the circle. 

21. From a given point in the diameter of a semicirde produced, 
to draw a line cutting the semicircle, so that lines drawn from the 
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poiQtft of uit^sectiOB to the extremities of the diameter* cutting each 
other, may have a given ratio. 

22. From the circumference of a given circle, to draw to a straight 
Une given in position, a line which shall be equal and parallel to a 
given straight line. 

23. The bases of two given circular segments being in the same 
straight line ; to determine a point in it such, that a line being drawn 
through it making a given angle, the part intercepted between the 
^rcumfereaces of the cirdes may be equal to a given line. 

24. If two chords of a given circle intersect each other, the 
angle of their inclination is equal to half the angle at the centre 
which stands on an arc equal to the sum or difference of the arcs 
intercepted between them, according as they meet withm. or without 
the circle. 

' 25. If from a point without two circles which do not meet each 
other, two lines be drawn to their centres, which have the same 
ratio that their radii have; the angle contained by tangents drawn 
from that point towards the same parts will be equal to the angle 
contained by Imes drawn to the centres. 

26. To determine the Arithmetic, Geometric and Harmonic 
means between two given straight lines. 

27* If on each side of any point in a circle any number of equal 
arcs be taken, and the extremities of each pair joined : the sum of 
the chords so drawn will be equal to the last chord produced to 
meet a line drawn from the given point through the extremity of the 
first arc. 

28. If the circumference of a semicircle be divided into an odd 

ft 

number of equal parts, and through the points which are equally 
distant from the diameter lines be drawn ; the segments of thesie 
lines intercepted between radii drawn to the extremities of the most 
remote, will together be equal to a radius of the circle. 

I 

29. If from the extremities and the point of bisection of any arc 
of a circle, lines be drawn to any point in the opposite circumference ; 
the sura of those drawn from the extremities will have to that from 
the point of bisection, the same ratio that the line joining the extre- 
mities has to that joining one of them and the point of bisection. 
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30. If two equftl circles cut each other, and from either point 
of intersection a circltf be described cutting them ; the points where 
this circle cuts them, and the other point of intersection of the equal 
circles are in the same straight line. 

31. If two equal circles cut each other, and from either point of 
intersection a line be drawn meeting the circumferences; the part of 
it intercepted between the circumferences will be bisected by the 
circle whose diameter is the common chord of the equal circles. 

32. If two circles touch each other externally or internally ; any 
straight line drawn through the point of contact will cut off similar 
segments. 

33. If two circles touch each other externally or internally ; two 
sHtiight lines drawn through the point of contact will intercept arcs^ 
the chords of which are parallel. 

34. If two circles touch each other externally or internally ; any 
two straight lines drawn through the point of contact, and terminated 
bdth ways by the circumference, will be cut proportionally by the 
circumference. 

35. If two circles t6uch each other externally, and parallel 
diameters be drawn ; the straight line joining the extremities of these 
diameters will pass through the point of contact. 

36. If two circles touch each other and also touch a straight 
line ; the part of the line between the points of contact is a mean 
proportional between the diameters of the circles. 

37. If two circles touch each other externally, and the line join- 
ing their centres be produced to the circumferences ; and from its 
middle point as a centre with any radius whatever a circle be de- 
scribed, and any line placed in it passing through the point of contact ; 
the parts of the line intercepted between the circumference of this 
circle and each of the others will be equal. 

38. If from the point of contact of two circles which touch each 
other internally, any number of lines be drawn j and through the 
points, where these intersect the circumferences, lines be drawn from 
any other point in each circumference, and produced to meet ; the 
angles formed by these lines will be equal. 

39. If two circles touch each other internally, and any two per- 
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pendiculars to tbeir common diai^eter be produced to cu^ the cir- 
cumferences ; the lines joining the points of intersection and the 
point of contact are proportional. 

40. If three circles^ whose diameters are in continued proportion, 
touch each other internAlly, and from the extremity of the least 
diameter passing through, the point of contact a perpendiculkr be 
drawn, meeting the circumferences of the other two circles; this 
diameter and the lines joining the points of intersection and contact 
are in continued proportion. 

41. If a common tangent be drawn to any number of circles 
which touch each other internally, and from any point in this tangent 
as a centre, a circle be described cutting the others, and from this 
centre Ikes be drawn through the intersections of the circles respec- 
tively; the segments of them within each circle will be equaL 

42. If from, any point in the diameter of a circle produced, a 
tangent be drawn ; a perpendicular from the point of contact to the 
diameter will divide it into segments which have the same ratio that 
the distances of the point without the circle from each extremity of 
the diameter, have to each other. 

43. If from the extremity of the diameter of a given semicircle 
a straight line be drawn in it, equal to the radius, and from the centre 
ai perpendicular let fall upon it and produced to the circumference ; 
it will be a mean proportional between the lines drawn from the point 
of intersection with the circumference to the extremities of the 
diameter. 

44. If from the extremity of the diameter of a circle, two lines 
be drawn, one of which cuts a perpendicular to the diameter, and 
the other is drawn to the point where the perpendicular meets the 
circumference ; the latter of these lines is a mean proportional between 
the cutting line, and that part of it which is intercepted between the 
perpendicular and the extremity of the diameter. 

45. In the diameter of a circle produced, to determine a point, 
from which a tangent drawn to the circumference,- shall be equal to 
the diameter. 

46. To determine a point in the perpendicular at the extremity 
of the diameter of a semicircle, from which if a line be drawn to the 

b 
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other eiiremitjr of the diameter, the part withont the circle mkj be' 
equal to li given straight line. 

47* Through a given point without a given circle* to draw a 
straight line to cnt the circle, so that the two perpendiculars drawn 
£rom the points of intersection to that diameter which passes through 
the given point, may together be equal to a given line, not greater 
than the diameter of the circle. 

48. If from each extremity of any number of equal adjacent 
arcs in the circumference of a circle, lines be drawn through two 
given points in the opposite circumference, and produced till they 
meet; the angles formed by these lines will be equal. 

49. To determine a point in the circumference of a circle, from 
Which line9 drawn to two other given pobts, shall have a gif en ratio. 

50. If any point be taken in the diameter of a circle, which ift 
not the centre ; of all the chords which can be drawn through thai 
point, that is the least which is at right angles to the diameteTw 

5i. If frlOiii any point without a circle lines be drawn touching 
it ; the aiigle conMitted by the tangents is double the angle contained 
by the line joining the points of contact and the diameter drawn 
through one of them. 

5£. If from the extremities of the diameter of a circle tangenfts 
be drawn, and produced to intersect a tangent to any point of the 
«ircumference ; the straight lines joining the points of intersection 
aAd the centre of the circle form a right anglie. 

53. If from the extremities of the diameter of a circle tangents 
be drawn ; any other tangent to the circle, termiMtted by them, is 
V6 diiided at the point of conta<!}t, that the radius of the circle 19 a 
mean proportioniil between its ^egdaents. 

54. Two circles being given in magnitude and position ; to find 
a point in the circumference of one of them, to which if a tangent be 
drawn cutting the circumference of the • other, the part of it inler- 

. cepted between the two circumferences may be equal to a given line. 

55. To draw a straight line cutting two concentric circles, so 
that the part of it which is intercepted by the circumference of the 
greater may be double the part intercepted by the circumference of 
the less. • 
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' ' B6. If two circles intersect each other, the centre of the one 
being ia the circumference of the other, and any line be drawn from 
that centre ; the part$ of it which are cut off by the eomiiion chord 
Qnd th^ two circumferences wiU be in contini^ed propprtjop. 

57' If a semicircle be described on the side of a quadrant, and 
from any point in the quadrantal arc a radius be drawn, the part of 
this radius intercepted between the quadrant and semicircle, is equal 
to the perpendicular let fall from the same point on their commpi| 
tangent. 

Cob. Any obord of the semicircle drawn from the centre of the 
quadrant is equal to the perpendicular drawn to the other side, 
from the point in which the chord produced meets the quadrantal arc. 

58 « If a semicircle be described on the side of a quadrant, and 
a l^ne be drawn from the cejitre of the qiiadrant to a common tan- 
gent; this line, the parts of it cut off by the circumferences of the 
quadrant, and of the semicircle, and the segment of the diameter of 
the semicircle made by a perpendicular from the point where the 
line meets its circumference, are in continued proportion. • * 

4>9- If the chord of a quadrant })e made the diameter of a semi- 
circle, and from its extremities two straight lines be drawn to any 
point in the circumference of the semicircle; the segment of the 
greater- line intercepted between the two circumferences shall be 
equal to the less of the two lines. 

60. If two circles cut each other, so that the circumference of* 
one passes through the centre of the other, and from either point of 
intersection a straight line be drawn cutting both circumferences ; the 
part intercepted between the two circumferences will be equal to the 
chord drawn from the other point of intersection to the point where 
it meets the inner circumference. 

61. If from each extremity of the diameter of a circle lines be 
drawn to any two points in the circumference; the sums of the lines 
so drawn to each point will have to one another the same ratio that 
tfafi lines have, which join those points and the opposite extremity 
of a diameter peifiendicular to the former. 

* 62. If from any two points in the circumference of a circle there 
be drawn two straight lines to a point in a tangent to that circle ; 
they will make the greatest angle when drawn to the point of contact. 
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65, From a givea point within a giren circle to draw A straight 
line which shall make with t*he circumference an angle less than the 
Itngle made by any other line drawn from that point* 

64^ To determine a point in the arc of a quadrant^ from which 
if lines be drawn to the centre and the point of bisection of the radius, 
they shall contain the greatest possible angle. 

65. If the radius of a circle be a mean proportional to two dis- 
tances from thjB centre in the same straight line ; the Hues drawn 
from their extremities to any point in the circumference will have 
the same ratio that the distances of these points from the circum- 
ference have. 

66. Two circles being given in position and magnitude ; to 
draw a straight line cutting them so that the chords in each circle 
may be equal to a given line, not greater than the diameter of the 
smaller circle. 

67. To determine a point in the arc of a quadrant, through 
which if a tangent be drawn meeting the sides of the quadrant pro- 
duced, th'b intercepted parts may have a given ratio. 

68. If a tangent be drawn to a circle at the extremity of a chord 
which cuts the diameter at* right angles, and from any point in it a 
perpendicular be let fall ; the segment of the diameter intercepted 
between that perpendicular and chord is to the intercepted part of 
the tangent as the chord is to the diameter. 

69* If a straight line be placed in a circle, and from its ex- 
tremities perpendiculars be let fall upon any diameter; these per- 
pendiculars together will have to the part of the /iiameter intercepted 
between them, the same ratio that a line placed in the circle per- 
pendicular to the former line, has to the former line itself. 

70. In a circle to place a straight line of given length, so that 
perpendiculars drawn to it from two given points in the circum- 
ference m'ay have a given ratio. 

Jl. If from any point in the arc of a segment of a circte. a line 
be drawn. perpendicular to the base; and from the greater segment 
of the base and. arc, parts be cut off respectively equal to the 
less ; the remaining part of the base shall be equal to the chord of 
the remaining arc. 
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72. If from the pftini of bisection of any arc of ^ citcle a per- 
pendicular be drawn to the diameter which passes throiigh one 
extremity ; it will bisect the segment of the chord cut off by the line 
joining the point of bisection of the arc and the other extremity of 
the diameten 

73. in a given circle to draw a chord parallel to a straight line 
given in position ; so that the chord and perpendicular drawn to it 
from the centre may together be equal to a given line. 

ft 

74. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between that point 
and the circumference may have a given ratio. 

75. From two given points in the circumference of a given circle, 
to draw two lines to a point in the circumference, which shall cut a 
line given in jfo^itioh, so that the part of it intercepted by them may 
be equal to a given line. 

76. If a chord and diameter of a circle intersect each othei^ at 
any angle, and a. perpendicular to the chord be drawn from « either 
extremity of it, meeting the circumference and diameter produced ; 
the whole perpendicular has to the part of it without the circle^ the 
same ratio that the greater segment of the chord has to the less. 

77 • If from the extremities of any chord of a circle, perpen- 
diculars to it be drawn and produced to cut a. diameter ; and from 
the points of intersection with the diameter* lines be drawn to a 
point in the chord so as to make equal angles with it ; • these lines 
together will be equal to the diameter of the /circle. 

.78- If from a point without a circle two straight lines be drawn, 
one of ^hich touches and the other cuts the circle ; a liiie drawn 
from the same point in any direction, equal to' the tangent, will 
be parallel to the ch)ord of the arc intercepted by two lines drawn 
from its other extremi^ to the former intersections of the circle. 

79' If from a point without a circle two straight lines be drawn 
touching it, and from one point of contact a perpendicular be drtiwn 
to'thaft diameter which passes through the other ; this perpendicular 
will be bisected by the line joining the point without the. circle and 
the other extremity of the diameter. * 
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80. If any chord in a circle be biiectcd by another, and produced 
to meet the tangents drawn from the extremities of the bisecting line ; 
the parts intercepted between the tangents end the circuniferences. 
aire equal 

81.. If one chord in a circle bisect another, and tangents drawn 
from the extremities of each be produced to meet ; the line joining 
their points of intersection will be parallel to the bisected chord. 

82. If from a point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter lines be drawn 
to the points of contact, cutting each other within the circle ; the 
line produced, which joins their intersection and the point without 
the circle, will be perpendicular to the diameter. 

83* If on opposite sides of the same extremity of the diameter of 
a circle equal arcs be taken, and from the extremities lof these arcs 
lines be drawn to any point in the circumference, one of which cuts 
the diameter, and the other the diameter produced ; the distances 
of the points of intersection from the extremities of the diameter 
are proportional to each other. 

84. If from the extremities of any chord in a circle, perpen- 
diculars be drawn to a diameter, and from either Extremity of that 
diameter a perpendicular be drawn to the chord ; it will divide it 
into segments, whicfh are respectively mean proportionals between 
the segments of the diameter cut off by the perpendiculars, 

85. If from any point in the diameter of a semicircle, a per- 
pendicular be drawn, meeting the circumference, and on it as a 
diameter a circle be described, to the centre of which a line is 
drawn from the farther extreipity of the diameter of the semicircle, 
cutting its circumference; and through the, point of intersection 
another line be drawn from the extremity of the perpendicular, 
meeting the diameter of the semicircle; this diameter will be divided 
into three segments which are in continued proportion* 

86. If from a point without a given circle, any two lines^ be 
drawn cutting the circle ; to determine a point in the circumference, 
such that the sum of the perpendiculars from it upon these lines may 
be equal to a given line. 

87. If two circles cut each other, and any two points be taken 



CONTENT*. XV 

in the circumference of one of them, thk-oijigh which lines are drawn 
from the points' of intersection and produced to the circumference of 
the other ; the straight lines joining flie extremities of those which 
aie drawn through the same point, are equal. 

88. If two circles cut each other; the greatest line that can be 
drawn through the point of intersection is that which is parallel to 
the line joining their centres. 

89. Having given the radii of two circles which cut each other^ 
and the distance of their centres ; to draw a straight line of given 
leagth through their point of intersection, so as to terminate in their 
circumferenees. 

90. If two circles cut each other ; to draw from one of the points 
of intersection a straight tine meeting the circles, so that the part of 
it intercepted between the circumferences may be equal to a given 
linCk 

91. If two circles cut each other; to draw from the point of 
intersection two lines, the parts of which intercepted between the 
circumferences may have a given ratio. 

92. If a semicircle he described 0b the common chord of two 
intersecting circles, and a line drawn from one extremity of the 
chord, cutting the two circles ; the part intercepted between the two 
shall be divided by the semicircle into segments proportional to 
perpendiculars drawn in those circles from the other extremity of 

the chord. 

. • 

93. Two circles beihg given, the circumference of one of which 
passes through the centre of the other ; to draw a chord from that 
centre, such that a perpendicular let fall upon it from a given point, 
inay bisect that part of it which is intercepted between the cir- 
cumferences. 

QAs. If any number of circles cut each other in the same points, 
and from one of these points any number of lines be drawn ; the parts 
of them which are intercepted between the several circumferences 
have the same ratio. 

9^* In a given circle to place a straight line cutting two radii 
which are perpendicular to each other, in such a manner that the 
line itself may be trisected. 
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96. If a straight line be divided into any two part8» and upon 
the whole line and one of the parts, as diameters, semicircles be 
described ; to determine a point in the less diameter, from which if 
a perpendicular be drawn cutting the circumferences, and the points 
of intersection and the extremities of the respective diameters be 
joined, and these lines produced to meet; the parts of them without 
the semicircles may have a given ratio. 

97 > If a straight line be divided into any two parts, and from the 
point of section a perpendicular be erected, which is a mean pro- 
portional between one of the parts and the whole line, and a circle 
described through the extremities of the line and the perpendicular; 
the whole line, the perpendicular, the aforesaid part, and a per- 
pendicular drawn from its extremity to the circumference will be in 
continued proportion. 

gs. If the tangents drawn to every two of three unequal circles 
be produced till they meet, the points of intersection will be in a 
straight line* 

99. If from the extremities of the diameter of a circle any number 
of chords be drawn, two and two intersecting each other in a per- 
pendicular tc that diameter; the lines joining the extremities of 
every corresponding two will meet the diameter produced in the 
same point. 

100. If from a given point in the diameter of a semicircle, pro- 
duced, three straight lines be drawn, one «of which is incline<) at a 
given angle to the diameter, another touches the semicircle, and the 
third cuts it, in such a manner, that the distance of the given point 
from the nearer extremity of the diameter, and the perpendiculars 
drawn from that extremity on the three aforesaid lines may be 
proportional ; then will the lines, which join the extremities of the 
diameter and of that part of the cutting line which is within the 
circle, intersect each other in an angle equal to the given angle. 
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SECTION in. Page 92. 

1. Any side of a triangle is greater than the difference between 
the other two sides. 

2* In any right-angled triangle, the straight line joining the right 
angle and the bisection of the hypothenuse is equal to half the 

hypothenuse. 

« 

3. If from any point within an equilateral triangle perpendiculars 
be drawn to the sides ; they are together equal to a perpendicular 
drawn from any of the angles to the opposite side. 

4. If the points of bisection of the sides of a given triangle be 
joined ; the triangle so formed will be one fourth of the given triangle. 

5. The difference of the angles at the base of any triangle is 
double the angle contained by a line drawn from the vertex per- 
pendicular to the base, and another bisecting the angle at the vertex. 

6. If from one of the equal angles of an isosceles triangle any 
line be drawn to the opposite side, and from the same point a line be 
drawn to the opposite side produced, so that the part intercepted 
between them may be equal to the former ; the angle contained by 
the side of the triangle and the first drawn line is double the angle 
contained by the base and the latter. . . i . 

7' If from the extremity of the base of an isosceles triangle, a 
line equal to one of the sides be drawn to meet the opposite side ; 
the angle formed by this line and the base produced i& equal to 
three times either of the equal angles of the triangle. 

8. The sum of the sides of an isosceles triangle is less than the 
sum of the sides of any other triangle on the same base and between 
the same paralleb. 

9* If from one of the equal angles of an isodceles triangle, a per- 
pendiisular be drawn to the opposite side ; the part of it intercepted 
by a perpendicular from the vertex will have to one of the equal sides, 
the same ratio that the segment of the base has to the perpendicular 
upon the base. 

10. If from any point in the base of an isosceles triangle lines be 

c 
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drawn to the opposite steles, luakiDg equal angles with the base ; the 
triangles formed by these lines, the segments of the base, and the 
lines joining the intersections of the sides and the angles opposite, 
will be equal. 

11. If from any point in the base of an isosceles triangle per- 
pendiculars be drawn to the sides ; these together shall be equal to 
a perpendicular drawn from either extremity of the base to the 
opposite side. 

12. Of all triangles having the same vertical angle, and whose 
bases pass through a given point, the least is that whose base is 
bisected in the given point. 

13. If from the angles at the base of a triangle, perpendiculars 
be let &H on a line which bisects the vertical angle ; the part of this 
line intercepted between these perpendiculars will be bisected by a 
perpendicular from the middle of the base. 

14. If from one of the angles at the base of a triangle a line be 
drawn parallel to the opposite side and from any point in it lines be 
drawn making any angles with the sides (produced, if necessary) ; 
they will have the same ratio that lines have which are drawa 
parallel to them from the other angles, and terminated by the same 
sides. 

15. To bisect a given triangle by a line draw from one of its 
(lOgles. 

16. To bisect a given triangle by a line drawn from a given point 

in one of its sides. 

• . 

17. To determine a point within a given triangle, from which 
lines drawn to the severa) angles, will divide the triangle into three 
equal parts. 

18. To trisect a given triangle from a given point within it. 

19. From a given point in the side of a triangle, to draw lines 
which will divide the triangle into any number of parts which shall 
have a given ratio. 

20. If two exterior angles of a triangle be bisected, and from 
the point of intersection of the bisecting lines, a line be drawn to tho 
opposite angle of the triangle ; it will bisect that angle. 
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^1. If in tWo tJMangles, the vertical angle of the one be equal to 
that of the other, and one other angle of the former be equal to the 
exterior angle at the base of the latter ; the sides about the third 
angle of the former shall be proportional to those about the interior 
angle at the. base of the latter. 

22. In a given triangle to draw a line parallel to one of the 
sides, so that it may be a mean proportional between the segments of 
the base. 

23. To draw a line parallel to the common b.ase of two triangles 
which have different altitudes, so that the parts of it intercepted by 
the sides may have a given ratio. 

24. If the base of a triangle be produced so that the whole may 
be to the part produced in the duplicate ratio of the sides; the line 
joining the vertex, and the extremity of the part produced will be a 
mean proportional between the whole line produced and the part 
produced. 

25. To determine a point within a given triangle, which will 
divide a line parallel to the base into two segments, such that the 
excess of each segment above the perpendicular distance between 
the parallel lines may be to each other in the duplicate ratio of the 
respective segments, 

26. If perpendiculars be drawn to two sides of a triangle from 
any two points therein; the distance of their concourse from that of 
the two sides will be to the distance between the two points as either 
side is to the perpendicular drawn from its extremity upon the other. 

27. If the three sides of a triangle be bisected, the perpendiculars 
drawn to the sides at the th|ee points of bisection, will meet in the 
same point. 

28. If from the three angles of a triangle lines be drawn to the 
points of bisection of the opposite sides, these lines intersect each 
other in the same point. 

29. The three straight lines which bisect the three .angles of a 
triangle, meet in the same point. 

30. If the three angles of a triangle be bisected, and one of tbe 
bisecting lines be produced to the opposite side ; the angle contained 
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by this line produced, and one of the others is equal to the angle 
contained by the third and a perpendicular drawn from the common 
point of intersection of the three lines, to the aforesaid side. • 

31. In a right-angled triangle, if a straight line be drawn parallel 
to the hypotfaenuse, and cutting the perpendicular drawn from the 
right angle ; and through the point of intersection a line be drawn 
from one of the acute angles to the opposite side, and the extremity 
of this line and of the perpendicular be joined ; the locus of its 
intersection with the line parallel to the hypothenuse will be a straight 
line. 

32. If from the angles of a triangle, lines, each equal to a given 
line, be drawn to the opposite sides (produced if necessary) ; and 
from any point within, lines be drawn parallel to these, and meeting 
the sides of the triangle ; these lines will together be equal to the 
given line. 

33. If .the sides of a triangle be cut proportionally, and lines be 
drawn from the points of section to the opposite angles ; the inter- 
sections of these lines will be in the same line, viz. that drawn from 
the vertex to the middle of the base.- 

34. If from any point in one side of a triangle, two lines be drawn, 
one to the opposite angle, and the other parallel to the base, and the 
former intersect a line drawn from the vertex bisecting the base ; 
this point of intersection, that of the line parallel to the base and the 
third side, and the third angular point are in the same straight line. 

35. If one side of a triangle be divided into any two parts, and 
from the point of section two straight lines be drawn parallel to, and 
terminating at the other sides, and the points of termination be 
joined ; and any other line be drawn parallel to either of the two 
former lines, so as to intersect the other, and to terminate in the 
sides of the triangle ; then the two extreme parts of the three seg- 
ments into which the line so drawn is divided, will always be in the 
ratio of the segments of the first divided line. 

36. If through the point of bisection of the base of a triangle, 
any line be drawn intersecting one side of the triangle and the other 
pfp4.VC,edi JUid m^c^ting a parallel to the base from the vertex ; this 
lijft^ Wf}l. be.cut barmonicaliy. 
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37. If from either angle of a triangle^ a line be drawn inter- 
secting that which joins the vertex and the bisection of the base, the 
opposite side^ and the line from the vertex parallel to the base ; it 
will be cut harmonically. 

38. To draw a line from one of the angles at the base of a tri- 
anjgle, so that the part of it cut off by a line drawn from the vertex 
parallel to the base, may have a given ratio to the part cut off by ihtt 
opposite side. 

39. To determine that point in the base produced of a rights 
angled triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which the 
perpendicular has to the base itself. 

40. If the base of any triangle be divided into two parts by a 
line which is a mean propoftional between them, and which being 
drawn parallel to the second side is terminated in the third ; any 
line parallel to the base will be divided by the mean proportional 
(produced if necessary) into segments which will be to each other 
inversely as the whole mean proportional to that segment which is 
terminated in the third 9ide of the triangle. 

41. If from the extremities of the base of any triangle^ two 
straight lines be drawn intersecting •each other in the perpendicular, 
ai|d terminating in the opposite sides; straight lines dravm from 
thence to the intersection of the perpendicular with the base, wiU 
make equal angles with the base. 

42. In any triangle, the intersection of the perpendiculars drawn 
from* the angles to the opposite sides, the intersection of the lines 
from thie angles to the middle of the opposite sides, and the inter* 
section of the perpendiculars from the middle of the sides, are all i« 
the same straight line. And the distances of those points from ope 
another are in a given ratio. 

43. If straight lines be drawn from the angles of a triangle 
through any point, either within or without the triangle, to meet tfi^ 
sides, and the lines joining these points of intersection and the- sides 
of the triangle be produced to meet; the three points of concourse 
will •be in the same straight line. 
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SECTION IV. Page 120. 

1. The diameters of a rhombus bisect each other at right 
angles. 

2. If the opposite sides or opposite angles of a quadrilateral 
figure be equal ; the figure will be a parallelogram. 

3. To bisect a parallelogram by a line drawn from a point in one 
of its sides.' 

4. If from any point in the diameter (or diameter produced) of 
a parallelogram straight lines be drawn to the opposite angles ; they 
will cut off equal triangles. 

5. From one of the angles of a parallelogram to draw a Ime to 
the opposite side, which shall be equal to that side together with the 
segment of it which is intercepted between the line and the opposite 
angle. 

6. If from one of the angles of a parallelogram a straight line be 
drawn, cutting the diameter, a side and a side produced ; the seg- 
ment intercepted between the angle and the diameter is a mean 
proportional between the segments intercepted between the diameter 
and the sides. 

7. The two triangles, formed by drawing straight lines from any 
point within a parallelogram to the extremities of two opposite sides, 
are together half of the parallelogram. 

8. If a straight line be drawn parallel to one of the sides of a 
parallelogram, and one extremity of this line be joined to the opposite 
one of the parallel side, by a line which also cuts the diameter ; the 
segments of the diameter made by this line will be reciprocally pro- 
portional to the segments of that part of it which is intercepted 
between the side and the parallel line. 

9. If two lines be drawn paraHel and equal to the adjacent sides 
of a parallelogram ; the lines joining their extremities, if produced, 
will meet the diameter in the same point. 

10. If in the sides of a square, at equal distances from the four 
angles, four other points be taken, one in each side ; the figure*coB- 
tained by the straight lines which join them shall also be a square. 
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11. The sum of the diagonals df a trapezium is less than the sum 
of any four lines which can be drawn to the four angles from any 
point within the figure, except from the intersection of the diagonals. 

12. Every trapezium is divided by its diagonals into four tri- 
angles proportional to each other. 

13. If two opposite angles of a trapezium be right angles; the 
angles subtended by either side at the two opposite angular points 
shall be equal. 

14. To determine the figure formed by joining the pohits of 
bisection of the sides of a trapezium ; and its ratio to the trapeziam. 

15. To determine the figure formed by joining the points where 
the diagonals of the trapezium cut the parallelogram. (in the last 
problem) ; and its ratio to the trapezium. 

j6. If two sides of a trapezium be parallel; its area is equal to 
half that of a parallelogram whose base is the sum of those two sides, 
and altitude the perpendicular distance between them. 

17. If from any angle of a rectangular parallelogram a line be 
drai/vn to the opposite side, and from the adjacent angl^of the tra- 
pezium thus formed another be drawn perpendicular to the former ; 
the rectangle contained by these two lines is equal to the given 
parallelogram. 

18. To divide a parallelogram into two parts which shall have a 
given ratio, by a line drawn parallel to a given line. 

19- To bisect a trapezium by a line drawn from one of its angles. 

20. To bisect a trapezium by a line drawn from a given point in 
one of its sides. 

21. If two sides of a trapezium be parallel ; the triangle contained 
by either of the other sides, and the two straight lines drawn from its 
extremities to the bisection of the opposite side, is half the trapezium. 

22. To divide a given trapezium, whose opposite sides are pa- 
rallel, in a given ratio, by a line drawn through a given point, and 
terminated by the two parallel sides. 

23. If a trapezium, which has two of its adjacent angles right 
angles, be bisected by a line drawn from the middle of one of those 
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fltd€8 which are not parallel ; the 'sum of the parallel sides will have 
to one of them the same ratio, that the side which is not bisected has 
to that segment of it which is adjacent to the other. 

24. If the sides of an equilateral and equiangular pentagon be 
produced to meet; the angles formed by these lines are together 
equal to two right angles. 

25. If the sides of an equilateral and equiangular hexagon be pro- 
duced to meet ; the angles formed by these lines are together equal 
to four right angles. 

26. The area of any two parallelograms described on the two 
sides of a triangle is equal to that of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle to the intersection of the two sides of the former parallel- 
ograms produced to meet. 

27 • The perimeter of an isosceles triangle is greater than the 
perimeter of a rectangular parallelogram, which is of the same alti* 
tude with, and equal to the given triangle. 

28. If ft'om one of the acute angles of a right-angled triangle, a 
line be drawn to the opposite side ; the squares of that side and the 
line so drawn are together equal to the squares of the segment ad- 
jacent to the right angle and of the hypothenuse. 

9.^, In any triangle, if a line be drawn from the vertex at right 
angles to the base ; the difference of the squares of the sides is equal 
to the ditference of the squares of the segments of the base. 

■ 

30. In any triangle, if a line be drawn from the vertex bbecting 
the base ; the sum of the squares of the two sides of the triangle is 
double the sum of the squares of the bisecting line and of half the 
base. 

31. If from the three angles of a triangle lines be drawn to the 
points of bisection of the opposite sides; the squares of the distances 
between the angles and the common intersection are together one 
third of the squares of the sides of the triangle. 

32. If from any point within or without any rectilineal figure, 
perpendiculars be let fall on every side ; the sum of the squares of 
the alternate segments made by them will be equal. 
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33. If from any pobl within, a rectangular parallelogram lin^s be 
drawn to the angular points; the sums of the squares of those which 
are drawn to the opposite angles are equal. 

34. The sqnares of the diagonals of a parallelogram are together, 
equal to the sqnares of the four sides. 

ZS. If two sides of a trapezium be parallel to each other ; the 
squares of its diagonals are together equal to the squares of its two 
sides which are not parallel, and twice the rectangle contained by 
its parallel sides. 

36. The squares of the diagonals of a trapezium are together 
double the squares of the two lines joining the bisections ef the op- 
posite sides. 

yH, The squares of the diagonals of a trapezium are together 
less than the squares of the four ndes, by four times the square of 
the h'ne joining the points of bisection of the diagonals. 

38. In any trapezium, if two opposite sides be bisected ; the 
sura of the squares of the two other sides, together with the squares 
of the diagonals, is equal to the sum of the squares of the biseoled 
sides, together with four times the square of the line joining those 
points of biseetiofi. 

39. If squares be described on the sides of a right-angled 
triangle ; each of the lines joining the acute angles and the opposite 
angle of the square, will cut off from the triangle an obtuse-angled 
triangle^ which will be equal to that cut off from the square by a 
line drawn from the intersection with the side to that angle of the 
square which is opposite to it. 

40. If squares be described on the two sides of a riglit*angled 
triangle ; the lines joining each of the acule angles of the triangle 
and the opposite angle of the square will meet the perpendicular 
drawn from the Tight angle upon the hypothenuse, in the same point! 

41. If squares be described on the three sides of a right-angled 
triangle, and the extremities of the adjacent sides be joined ; the 
triangles sa formed are equal to the ^iveii triangle and toeach other* 

42. If the sides of the square described on the faypothenuse of 
a right-angled triangle be produced to meet the sides '(produced if 
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necessary) of the squares described upon the legs ; they will cat off 
triangles equiangular and equal to the given triangle. 

43. If from the angular points of the squares described upon the 
sides of a right-angled triangle perpendiculars be let iall upon the 
hypothenuse produced ; they will cut off equal segments ; and the 
perpendiculars will together be equal to the hypothenuse. 

44. If on the two sides of a right-angled tHangle squares be- 
described ; the lines joining the acute angles of the triangle and the 
opposite angles of the squares will cut off equal segments from the 
sides : and each of these equal segments will be a mean proportional 
between the remaining segments. . 

45. If squares be described on the hypothenuse and sides of a 
right-angled triangle, and the extremities of the sides of the former 
and the adjacent sides of the others be joined ; the sum of the 
squares of the lines joining them will be equal to ^ve times the 
square of the hypothenuse. 

46. If a line be drawn parallel to the base of a triangle, and 
terminated in the sides ; to draw a line cutting it, and terminated 
also by the sides, so that the rectangle contained by their segments 
may be equal. . 

47. If the sides, or sides produced, of a triangle be cut by any 
line ; the solids formed by the segments which have not a common 
extremity are equal. 

48. If through any point within a triangle, three lines be drawn, 
parallel to the sides ; the solids formed by the alternate segments of 
these lines are equal. 

49. If through any point within a triangle lines be drawn from 
the angles to cut the opposite sides; the segments of any one side 
will be to each other in the ratio compounded of the ratios of the 
segments of the other sides. 

50. If from each of the angles of. any triangle, a line be drawn 
through any point within the triangle to the opposite side ; the solid 
formed by the segments thereof, intercepted between the angles and 
the point, will have to the solid formed by the three, remaining 
segments, the same ratio that the solid formed by the three sides 
of the trian^e has to either of the (equal) solids formed by the 
alternate segments of the sides. 
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SECTION V. Page 153. 

1. A STRAIGHT line of given length being drawn from t)ie 
centre at right angles to the plane of a circle; to determine that 
point in it which is equally distant froin the upper end of the line, 
and the circumference of the circle. 

2. To determine a point in a line given in position, to which 
•lines drawn from two given points may have the greatest difference 

possible. * 

3. A straight line being divided in two given points ; to deter- 
mine a third such that its distances from the extremities may be 
proportional to its distances from the given points. 

4. In a straight line given in position, to determine a point, at 
' which two straight lines drawn from given points on the .same sfde, 
will contain the greatest angle. 

5. To determine the position of a point, at which lines drawn 
fr,om three given points shall make with each other angles equal to 
given angles. 

6. To divide a straight line into two parts such that the rectangle 
contained by them may be equal to the square of their difference. 

7. If a straight line be dfVided into any two parts ; to produce it 
so that the rectangle contained by the whole line so produced and the 
part produced, may be equal to the rectangle contained by the given 
line and one segment. ■ 

Cor. I. To produce the line, so that the rectangle contained by 
the whole line and the part produced may be equal to the rectangle 
contained by two given lines. 

Cor. 2. To produce the line, so that the rectangle contained by 
the whole line produced and the part produced may be equal to a 
given square. 

. 8. To determine two lines such that the sum of their squares 
may be equal to a given square, and their rectangle equal to a givcfn 
rectangle. 

9. To divide a straight line into two parts, so that the rectangle 
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contained by the whole and one of the parts may be equal to the 
square of a given line, which it lest than the Use to be divided. 

10. To divide a given line into two such parts, that the rectangle 
contained by the whole line, and one of the parts may be (m) times 
the square of the other part ; (m) being whole or fractional. 

11. To divide a given line into two such parts» that the tquace 
of the one shall be equal to the rectangle contained by the other and 
a given line. 

12. A straight line being given in magnitude and position ; to 
draw to it, from a given point, two lines, whose rectangle shall be 
equal to a given rectangle, and which shall cut off equal segments 
from the given line. 

13. To draw a straight line which shall touch a given circle, and 
make with a given line, an angle equal to a given angle. 

14. Through a given point to draw a line terminating in two 
lines given in position, so that the rectangfe contained by the two 
parts may be equal to a given rectangle. 

15. From a given point to draw a line cutting two given parallel 
lines, so that the difference of its segments may be equal to a given 
line. 

16. From a given point without a circle, to draw a straight line 
cutting the circle, so that the rectangle contained by the part of it 
Without, and the part within the circle shaU.be equal to a given 
square. 

17* From a given point in the circumference of a semicircle, to 
draw a straight line meeting the diameter, so that the difference 
between the squares of this line and a perpendicular to the diameter 
from the point of intersection may be equal to a given rectangle. 

18. From a given point to draw two Unes to a third given in* 
posittou, so tliat the rectangle contained by those Unes may be equal 
to a given rectangle, and the difference of the angles which they 
inake vnth that part* of the third which is intercepted between them 
jnay be equal to a given angle. 

19. Two points being given without a given circle ; to determine 
a point in the circumference, from which lines drawn to the two 
given points shall contain the greatest possible angle. 
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20. ^From the; bisocima of a given arc of a circle^ .to draw a 
straight line such that the part of it intercepted between the chord of 
that and th^ opposite circumference shall be equal to a given straight 
line. 

21. To draw a straight line through a givoi point, so tliat the 
sum of the perpendiculars to it from two other given points may be 
equal to a given line. 

2^ To dt»w a straight line through one of three points given in 
p<iBition, so that Uie rectangle contained by the perpendiculars let 
fall upon it from the other two, may be equal to %, given square* 

513. A givvn- straight lin^ bqing divided into two parts; to cat off 
a part which shall be a mean proportional between the two remaintiig 
segments. 

-24. To draw a straight line making a given angle with one of the 
9ide$ of a given tpangle, so that the triangle cut off may be tO; the 
whole in a given ratio. 

25. Between two given straight lines containing a given angle, to 
place a straight line of given length, and subtendmg tbat angle, so that 
the.aegmeot of the <Hie of them adjacent to the angle may be to the 
segment of the other which is not adjacent^ in the ratio of two given 
lines. 

« 

26. From two given points to draw two lines to a point in a third, 
such that the difference of their squares may be equal to a given 
square. • 

27' To divide a given straight line into two such parts, that the 
square of one may be to the excess of a given rectangle above the 
square of the other,.- in a given ratio. 

'28. From any angle of a triangle, not isosceles about the angle, 
to draw a line without the triangle to the opposite side produced, 
wliieli siiall be a inean proportional between the segments of the side. 

m 

29* From the obtuse angle of any triangle, to draw a line within 
the triangle to the opposite side, which shall be a mean proportional 
between the segments of the side. 

3Q. From the common extremity of the diameters of two semi- 
circles, given in magnitude and position; to draw a line meeting the 
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circumferences so thut the rectanglt conUined by the two chords 
may be equal to a given square. 

, 31. To draw a line parallel to a given line, which shall be termi- 
nated by two others given in position, so as to form with them a 
triangle equal to a given rectilineal figure. 

32. To bisect a triangle by a line drawn parallel to one of its 
sides. 

33. To divide a given triangle into any number of parts, having 
a given ratio to each other, by lines drawn parallel to one of the 
sides of the triangle. 

34. To divide a given triangle iqto any number of equal parts, 
by lines draWki parallel to a given line. 

35. To divide a trapezium, which has two sides parallel, into 
any number of equal parts, by lines drawn parallel to those sides. 

35. From one of the angiilar points of a given square, to draw 
a line meeting one of the opposite sides and the other produced, in 
sucli a manner, thattlie exterior triangle formed thereby may have 
a given ratio to the square. 

37. From a given point in the side produced of a given rectangu- 
lar parallelogram, to draw a line which shall cut the perpendicular 
sides and the other side produced, so that the trapezium cut off, 
which stsinds on the aforesaid side, may be to the triangle which 
stands upon the produced part of the opposite side, in a given ratio. 

38. Througl^a given point between two straight lines containing 
a given angle, to draw a line which shall cut off a triangle equal to 
a given figure. 

39* Between two lines given in position, to draw a line equal to 
a given line, so that the triangle thus formed may be equal to a 
given rectilineal figure. 

40. From two given lines to cut off two others, so that the re- 
mainder of one may have to the part cut off from the other, a given 
ratio; and the difference of the squares of the other remainder and 
part cut off from the first may be equal to a given square. 

41. From two given lines to cut off two others which shall have 
a given ratio, so that the difference of the squares of the remainders 
may be equal to a given square. 
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42. From two given lines to cut off two others, so that the re- 
mainders may have a given ratio, and the sum of. the squares of th^ 
parts cut off may be equal to the square of a given line. 

43. Two points being given in a given straight line ; to determine 
a third, such that the rectangles contained by its distances from each 
extremity and the given point adjacent to that extremity may be 
equal. 

44. Through the point of intersection of two given circles; to 
draw a line in such a manner, that the sum of the respective 
rectangles contained by the parts thereof, which are intercepted 
between the said point and their circumferences, and given lines 
A and jB, may be equal to' a given square. 

45. Through a given point, to draw an indefinite line such, that 
if lines be drawn from two other given points and forming given 
angles with it, the rectangle contained by the segments intercepted 
between the'given point and the two lines sd drawn, shall be equal to 
the square of a given line. 

46. Through a given.point between two straight lines contauiing 
a given angle, to draw a line such that a perpendicular upon it from 
the given angle may have a given ratio to a line drawn from one ex- 
tremity of it, parallel to a luie given in position. 

47. Through a given point between two indefinite straight lines, 
not parallel to one another, to draw a line, which shall be terminated 
by them, so that the rectangle contained by its segments shall be less 
than the rectangle contained by the segments of any other line drawn 
through the same point. 
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1. To describe an isosceles triangle on a given finite straight 
line. 

Si. To d^cribe a square which shall be equal to the difference 
of two squares, whose sides are given. 

Cor. Hence a mean proportional between the sum and difference 
of two given lines may be determined. 



XXXU CONTENTS. 

S. To describe a rectangular paraUeiograoiy which ibaU he equal 
to a given square/ and have its acljacent sides together equal to a 
given line. 

4. To describe a rectangular paraUelognuB, which shall he equal 
to a given square, and have the difference of its ac^ aceat sides equal 
to a given Hne. 

5. To describe a triangle^ which shall be equal to a given equi- 
lateral and equiangular pentagon, and of the same altitude* 

6. To describe an equilateral triangle, equal to a given isoscetes 
triangle. 

7. To describe a parallelogram, the area and perimeter of which 
shall be respectively equal to the area and perimeter of a given 
triangle* 

8. To describe a parallelogram, which shall be of given altitude, 
and equiangular and equa] to a given parallelogram. 

. 9. To describe a square which shall be equal to the sum of any 

number of given squares. . ""^ 

« 

10. Having given the difference between the diameter and side 
of a square ; to describe the square. • 

11. To divide a circle into any number of concentric equal 
annuli. 

Cor. To divide it into annuli which shall have a given^ ratio. 

12. In any quadrilateral figure circumscribing a circle, the oppo- 
site sides are equal to half the perimeter. 

13. If the opposite angles of a quadrilateral figure be equal to 
two right angles, a circle may be described about it. 

14. A quadrilateral figure may have a circle described about it, 
if the rectangles contained by the segments of the diagonals be equal. 

15. If from any point within a regular figure circumscribed about 
a circle, perpendiculars be drawn to the sides ; they will together be 
equal to that multiple of the semi-diameter which is expressed by the 
number of the sides of tlie figure. 

16. If the radius of a circle be cut in extreme and mean ratio ; 
the greater segment will be equal to the side of an equilateral and 
equiangular decagon inscribed in that circle. 
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17. Any segment of a circle being described on the base of a 
triangle ; to describe on the other sides segments similar to that on 
the base. 

18. If an equilateral triangle be inscribed in a circle ; the square 
described on a side thereof is equal to three times the square 
described upon the radius. 

19. To inscribe a square in a given right-angled isosceles triangle* 

20. To inscribe a square in a given quadrant of a circle* 

21. To inscribe a square iu a given semicircle. 

22. To inscribe a square in a given segment of a circle* 

23. Having given the distance of the centres of .two equal circles 
which cut each other; to inscribe a square in the space included 
between the two circumferences. 

24. In a given segment of a circle to inscribe a rectangular 
parallelogram, whose sides shall have a given ratio. 

25. In a given circle to inscribe a rectangular parallelogram 
equal to a given rectilineal figure. 

26. In a given segment of a circle to inscribe an isosceles 
triangle, such that its vertex may be in the middle of the chord, and 
the base and perpendicular together equal to a given 4iue. 

27' In a given triangle, to inscribe a parallelogram similar to a 
given parallelogram. - * 

2S, In a given triangle, to inscribe a triangle similar to a given 
triangle. 

29* In a given equilateral and equianguhir pentagon, to inscribe 
a square. 

30* In a. given triangle,- to inscribe a rhombus, one of whose 
angles shall be in a given point in the side of the triangle* 

31. To inscribe a circle in a given quadrant. 

32. To describe a circle, the circumference of which shall pass 
through a given point, and touch a given straight line in a given 
point. 

33. To describe a circle, which iShall pass through a given point, 
have a given radius, and touch a given straight line* 

e 
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y/ 34. To describe a circle* which shidl pais through two gifcn 
points* and touch a given straight line. 

V. To describe a circle, the circumference of which shall pasa 
through a ^ven point, and touch a circle in a given point ; the two 
points not being in a tangent to the given circle, 

36. To describe a circle, the centre of which may be in the per* 
pendicular of a given right-angled triangle, and the circumference 
pass through the right angle and touch the hypothenuse. 

yf. To describe a circle, which shall pass through the eztremitieft 
of a given line, so that if from any point in its circumference a line 
be drawn making a given angle with the given line ; the rectangle 
contained by the segment it cuts off and the given line, may be 
equal to the square of the line drawn from the same point to the 
farther extremity of the given line. 

38. To determine a point in the perpendicular let fall irom the 
vertical angle of any triangle on the base ; about which as a centre a 
circle may be described touching the longer side, and passing through 
the opposite angular point. 

39. To describe a circle which shall have a given radius, its 
centre in a given straight line, and shall also touch another given 
straight line inclined at a given angle to the former. 

40. To describe a circle which shall touch a straight line in a 
given point, and also touch a given circle. 

41. To describe two circles, each having a given radius, which 
shall touch each other, and the same given straight line on the same 
side of it. 

\. 4^. To describe a circle passing through two given points, and 
touching a given circle. 

1^ 43. To describe a circle which shall pass through a given point, 
and touch a given cirele and a given straight line. 

y^ 44. To describe a circle which shall touch a straight line and 
two circles given in magnitude and position. 

45. To describe a drcle which shall touch two given straight 
lines, and pass through a given point between them. 

46. To describe a circle which shall touch two given straight 
lines, and also touch a given circle. 
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47. To d€8cribe a circle which shall touch a circle and straight 
line, both given in poiition, and have its centre also in a givea 
straight line. 

48. Through two given points within a given circle, to describe 
a circle, which shall bisect the circumference of the other. 

49. Through two given points without a given circle, to describe 
a circle which shall cut off from the one, an arc equal to a given arc. 

50. To describe three circles of equal diameters, whiclf shall 
touch each other. 

51. Every thing remaining as in the last proposition ; to describe 
m circle which shall touch the three circles. 

5S. To determine how many equal circles may be deseriblH) 
round another circle of the sane diameter, touching each other and 
the interior circle. 

53. From a given rectan^^r parallelogram to cut off a gnomon, 
whose breadth shall be every where the samc^ and whfMe area shall 
be to that of the paraUelogiam in any given ratio. 

54. To describe a triangle equal to' a given rectilinear figure, 
having its vertex in a given point in a side of the figure, and its \^Be 
in the base (produced U necessary) of the figure. 

55. On the base of a given triangle to describe a quadrilateral 
figure equal to the triangle, and having two of its sides parallel, one 
of them being the base of the triangle ; and one of its angles being 
an angle at the base, and the other equal to a given angle. 

56. A trapezium being given, two of whose sides are parallel ; 
%o describe on one of diose sides another trapezium, having its oppo- 
site side also parallel to this, one of the angles at the base the same 
as the former, and the other equal to a given angle. 

57. If with any point in the circumference of a cfrcle as centre, 
and distance frop its centre as radius, a circular arc be described; 
and any two chords be drawn, one from the centre of the circidar 
arc, and the other through the point where this cuts the arc, and 
parallel to the line joining the centres ; the segments of each chord 
intercepted between the circumferences which are concave to each 
other, will be equal respectively to those of the other between the 
4>ther circumferences. 
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58. If the diagonals of an equilateral and equiangular pentagon 
be drawn to cut one another, the greater segments will be equal to 
the side of the pentagon; and the diagonak eut each other in ex- 
treme and mean ratio. 

59. If the sides of a triangle inscribed in the segment of a circle 
be produced to meet lines drawn from the extremities of the base, 
forming with it angles equal to the angle in the segment ; the 
rectangle contained by these lines will be equal to the square de- 
scribed on the base. 

60. If two triangles (one of them right-angled) have the same 
base and altitude, and the hypothenuse intersect a line which is 
drawn bisecting the right angle ; a line passing through this point of 
intersection parallel to the base, and terminated by the sides of the 
other triangle, shall be a side of the square inscribed within it. 

61. If on the side of a rectangular, parallelogram, as a diameter, 
a semicircle be described, and from any point in the circumference 
lines be drawn thtongh its extremities to meet the opposite side pro- 
duced; the altitude of the parallelogram will be a mean proportional 
between the segments cut off. '' 

62. If on the diameter of a semicircle a rectangular parallelogram 
be described, whose altitude is equal to the chord of half the 
semicircle, and lines drawn from any point in the circumference to 
the extremities of the base intersect the diameter, the squares of the 
distances of each point of section from the farthest extremity of the 
diameter will be together equal to the square of the diameter. 

Cor. The square of the part of the diameter intercepted between 
the two lines drawn from the point in the semicircle is double of the 
rectangle contained by the two extreme segments. 

63. If on the radius drawn from the point of contact of a circle 
and its circumscribed square, another circle be described ; and from 
any point in the outer circumference a line be drawn through its 
centre to the inner circumference, and through *the same point 
another line be drawn parallel to the common tangent to the circles, 
and terminated by the side of the square and its diagonal ; these two 
lines are equal. 

64. If two sides of a trapezium inscribed in a circle be pro- 
duced, and from the same point in one side produced, a line be 
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dra^vn parallel to the other, intersectiDg the adjacent side oi the 
trapezium, and a second line to the extremity of that other inter- 
secting the circumference : the line joining the two points of inter- 
section .will pass through the same point. 

65. If the diagonals of a quadrilateral figure inscribed in a circle, 
cut each other at right angles ; the rectangles contained by the oppo- 
site sides are together double of the quadrilateral figure. 

66. If a rectangular parallelogram be inscribed in a right-angled 
triangle, and they have the right angle common ; the rectangle con- 
tained by the segments of the hypothenuse is equal to the sum of the 
rectangles contained by the segments of the sides about the right 
angle. 

.67» If on the diameter of a semicircle two equal circles be de- 
tcribed, and in the curvilinear space included by the three circum- 
ferences a circle be inscribed ; its diameter will be to that of the 
equal circles in the proportion of two to three. 

68> If through the middle point of any chord of a circle two 
chords be drawn ; the lines joining their extremities will intersect 
the first chord at equal distances from th€ middle point. 

69' The longest side of a trapezium being given, and made tfa<^ 
diameter of the circumscribed circle ; also the distance between its 
extremity and the intersection of the opposite side produced to meet 
it, and the angle formed by the intersection of the diagonals : to 
construct the trapezium. 

70. The diagonals of a quadrilateral figure inscribed in a circle 
are to one another as the sums of the rectangles of the sides which 
meet their extremities. 

71. The square described on the side of an equilateral and equi- 
angular pentagon inscribed in a circle, is equal to the sum of 'the 
squares of the side of a regular hexagon apd decagon inscribed in the 
same circle. 

• 

72. If the opposite sides of an irregular hexagon inscribed in a 
circle be produced till they meet ; the three points of intersection 
will be in the same straight line. 
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SECTION VII. Page 232. 

1. Thb vertical angle of an obliqoe*angled triangle inscribed in 
a circle, is greater or less than a right angle, by the angle contained 
hj the base and the diameter drawn firom the extvcMity of the bate. 

2.. If from the vertex of an isosceles triangle a circle be described 
with a radius less than one of the equal sides, but greater than the 
perpendicular ; the jparts of the base cut off by it will be equal. 

9. If a circle be inscribed in a right-angled triimgle; thediffer* 
«nce between the two sides containing the rigirt angle and the 
hypothenose, is equal to the diameter of the circle. 

4. If a semicircle be inscribed in a right-angled triangle so as to 
touch the hypothenuse and perpendicular, and from the exiremitgr of 
its diameter a line be drawn through the point of contact* to meet 
the perpendicular produced ; the part produced will be equal to the 
perpendicular. 

5* If the base of aoy triangle be bisected by the diameter of its 
Ofcumscribing circle, and from the extremitj of that diameter a per- 
pendicular be let (all lypoQ the longer side; it wii) divide that side 
into segments, one of which will be equal to half the sum, and the 
other to half the difference of the sides. 

6. The same supposition being made as in the last proposition; 
if. from the point where the perpendicular meets the longer side, 
another perpendicular be let fell on the line bisecting the vertical 
angle; it will pass through the middle of the base. 

7. If a point be taken without a circle, and from it tangents be 
drawn to the circle, and another point be taken in the circumference 
between the two tangents, and a tangent be drawn to it ; the sum of 
the sides of the triangle thus formed is equal to the..sum of the two 
tangents. 

8. Of all triangles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

Cor. Of all triangles on the same base,, and having tlie same 
vertical angle, the isosceles is the greatest. 

9. If through the vertex of an equilateral triangle a perpendicular 
be drawn to the side, meeting a perpendicular to the base drawn 
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from its extremity ; the line intercepted between the vertex and the 
hitter perpendicular is tipxdl to the radius of the circumserifaing 
circle. 

10. If a triangle be inscribed in a semicircle, and a perpen- 
dicular drawn from any point in the diameter meeting one side, the 
circumference, and the other side produced ; the segments cut off 
will be in continued proportion. 

11. If a triangle be inscribed in a semicircle, and one side be 
equal to the semidiameter; the other side will be a mean proportional 
between that side and a line equal to that side and the diameter 
together. 

12. If a circle be inscribed in a right-angled triangle; to deter- 
mine the least angle that can be formed by two lines drawn from the 
extremity of the hypothenuse to the circumference of the circle. 

* 

13. If an equilateral triangle be inscribed in a circle, and throij^gh 
the angular points another be circumscribed ; to determine the ratio 
which they bear to each other. 

14. A straight line drawn frpm the vertex of an equilateral 
triangle inscribed in a circle to any • point in the opposite circum-* 
ference, is equal to the two luies together, which are drawn frfora 
the extremities of the base to the same point. 

15. If the base of a triangle be produced both ways, so that each 
part produced may be equal to the adjacent side, and through the 
extremities of the parts produced and the vertex a circle be de- 
scribed ; the line joining it^ centre and the vertex of the triangle 
will bisect the angle at the vertex. 

16. If an isosceles triangle be inscribed in a circle, and from the 
vertical angle a line be drawn meeting the circumference and the 
base ; either equal side is a mean proportional between the segments 
of the line thus drawn. 

17. If from the extremities of one of the equal sides of an 
isosceles triangle inscribed in a circle, tangents be drawn to the circle 
and produced to meet ; two lines drawn to any point in the circum- 
ference from the point of concourse and one point of contact, will 
divide the base (produced if necessary) in geometrical proportion. 

18. If on the sides of a triangle segments of circles be described 
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similsr to a segment on the base, and from the extremities of the 
base tangents be drawn intersecting their circumferences ; the points 
of intersection and the vertex of the triangle will be in the same 
straight line. 

19. The centre of the circle which will touch two semicircles 
described on the sides of a right-angled triangle is in the middle 
point of the hypothenuse. 

Cor. Its diameter will be equal to the sides together. 

20. If on the three sides of a right-angled triangle semicircles be 
described, and with the centres of those described on the sides, 
circles be described touching that described on the base ; they will 
also touch the other semicircles. 

21. If from any point in the circumference of a circle perpen^ 
diculars be drawn to the sides of the inscribed triangle ; the three 
points of intersection will be in the same straight line. 

22. The base of a right-angled triangle not being greater than 
the perpendicular; if on any line drawn from the vertex to the base 
a semicircle be described, and a chord equal to the perpendicular 
placed in it, and bisected ; the point of bisection will always fall 
within the triangle. 

23. The straight line bisecting any angle of a triangle inscribed 
in a given circle, cuts the circumference in a point, which is equi- 
distant from the extremities of the side opposite to the bisected 
angle, and from the centre of a circle inscribed in the triangle. 

24. Tlie perpendicular from the vertex on the base of an equi- 
lateral triangle is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. 

25. If an equilateral triangle be inscribed in a circle, and the 
adjacent arcs cut off by two of its sides be bisected ; the line joining 
the points of bisection will be trisected by the sides. 

26. If any triangle be inscribed in a circle, and from the vertex 
a line be drawn parallel to a tangent at either extremity of the base ; 
this line will be a fourth proportional to the base and two sides. 

27. If a triangle be inscribed in a circle, and from its vertex 
lines be drawn parallel to tangents at the extremities of its base ; they 
will cut off similar triangles. 
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Cor. U The reetangle citotaiiied by the segments <^ the 
adjacent to tiie angles is equal to the square of either Une drawn 
from the vertex. 

Cor. 2. Those segments are also in the duplicate ratio of the 
adjacent sides. 

28. if one circle be circumscribed aud another inscribed in a 
given triangle, and a line be drawn firom the vertical angle to the 
centre of the inner, and produced to the etrcnmference of the outer 
circle.; the whole line thus produced has to the part produced the 
same ratio that the sum of the sides of the triangle has to the base. 

29. If in a right-^agled triangle, a perfHendicMlar bf .4niwa frpm 
the right angle to the hypothenuse, an4 circles inscribed irilhip .th« 
triangles on each side of it; their diameters will be to each other as 
the subtending sides of the right-angled triangle. 

30. To find the locus of the vertex of a triansle, whose base ana 
ratio of the other two sides are given. 

SI. A given straight line being d'lvided into^iny three parts; to 
determine a point such, that lines drawn^to the peints'of se^itioaniMl 
to the extremities of the line shall contain three equal angles. 

32. If iwp equal lines touch two unequfi^ 9ircl«s„ 9,n^ fron» the 
extremities of Hiem lines contaiiuog equal angles be draF9 ^uU^ng. 
the circles^ and t^e points ctf s^tion joined ; the triangles so forJ^i^ff: 
will be reciprocally proportional. 

33. If from an angle of a triangle a line be drawp tp cut the ' 
opposite side, so that the rectangle contained by the sides including 
the angle be equal to the rectangle contained by the segments of the 
side together with the square of the line so drawn ; that line bisectf' 
the angle. 

34. In any trjaogle, if perpend|c^l$^ be #ajwn fjf^ni the Mm^ 
to the opposite sides, they will all meet in a point* 

35. If from the extremities of the base ofany triangle, two per- 
pendiculars. be let fall on the line bisecting tlie vertical angle; and 
through the points where they meet that line, and the point in the 
base, whereon the perpendicular from the vertical angle falls, a circle 
be described ; that circle will bisect the base of the triangle. 

36. If from one of* the angles of a triangle a straight line be 

/ 
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diawn through the centre of its imciibed circle, and a perpendicular 
be drawn to this line from one of the other angle3; the point of 
intersection of the perpendicular, and the two points of contact of 
the inscribed circle which are adjacent to the remaining angle, are in 
the same straight line. 

37« If from the three angles of any triangle three straight lines 
be drawn to the points where the inscribed circle touches the sides ; 
these lines shall intersect each other in the same point. 

38. If three circles touch each other, two of which are equal; 
the vertical angle of the triangle formed by joining the points of con- 
tact, is equal to either of the angles at the base of the triangle, which 
is formed by joining their centres. 

39. If three equal circle9 touch each other; to compare the area 
of the triangle formed by joining their centres with the area of the 
triangle formed by joining the points of contact. 

, 40. If four straight lines intersect each othjer, and form. /our 
triangles ; the circles which circumscribe them will pass through one 
and the same point. 

41. Having given the base and vertical angle of a triangle; to 
determine the locus of the extremity of the line, which always bisects 
the vertical angle, and is equal to half the sum of the sides contain- 
ing that angle. 

« 

42. If from the extremitie^s of the base of a triangle inscribed in 
a circle, perpendiculars be drawn to the opposite sides, intersecting 
a diameter which is perpendicular to the base ; the segments of the 
diameter intercepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment of the diameter 
made by the base^ will be to one another in the ratio of the sides of 
the triangle. 

43. If the exterior angle of a triangle be bisected by a straight 
line \vhich cuts the base produced; the square of the bisecting line. 
A equal to the difference of the rectangles of the segments of the base 
and of the sides of the triangle. 
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SECTION VIII. Page 263. 

1. If from the centre of a circle a line be drawn to any point in 
the chord of an arc ; the square of that line together with the rectangle 
contained by the segments of the chord will be equal to tlie square 
described on the' radius. 

2. If two straight lines in a circle cut each other at right angles ; 
the sums of the squares of the two lines joining their extremities will 
be equal. 

3. If two paints be taken in the diameter of a circle, eqiudistaiit 
from the centre ; the sum of the squares of the two lines drawn froun 
these points to any point in the circumference will be always the 
same. 

4. If from any point in the diameter of a semicircle tbere be 
drawn two straight lines to the circumference, one to Its point irf 
bisection, and the other at right angles to the diameter ; the square 
of these two lines are together double of tbe square of the semi^ 
diameter. * ' 

5. If a straight line be drawn at right angles to the diameter of 
H circle, and be cut by any other line ; the rectangle contained by the 
segments of this cutting line, together with the square of that part of 
the perpendicular line which is intercepted between it and the 
diameter, is always of the same magnitude. 

6. A straight line being drawn from the centre of a quadrant, 
bisecting the arc and meeting a tangent drawn from one extremity : 
if from any point in the bounding radius a line be drawn parallel to 
the tangent ; the sum of the squares of the segments of it, cut off by 
the aforesaid line and by the circumference will be equal to the 
square of the radius. 

7. If from a point without a circle there be drawn two straight 
lines, one of which is perpendicular to a diameter, and the other 
cuts the circle; the square of the perpendicular is equal to the 
rectangle contained by the whole cutting line and the part without 
the circle, together with the rectangle contained by the segments of 
the diameter. • 

8. If any straight line be drawn perpendicular to the diameter of 
a given circle, and produced to cut any chords the rectangle con^ 
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tained by the segments of the diameter will be less or greater than 
the rectangle contained by the segments of the chord, by the square 
iof the line intercepted between them, according as it is draws without 
or within the circle. 

9; If n diameter of a chrele be (nrodaeed to bisect a line at right 
angles, the length of which is the double of a mein propertioiml 
between the whole line through the centre and the part without the 
^circle ; and from any point in the double of the mean proportional 
a line be drawn cutting the circle ; the sum of the squares of the 
segments of the double mean proportional will be equal to twice the 
^rectangle contained by this cuttHig line and the part without the 
Wrck. 

10. If from a point without a circle two straight linfes be drawn, 
one through the centre to the circumference, and the other perp^n- 
dtdulair to it, and on the former a mean proportional be taken 
between the whole line and the part without the eirde ; any other 
Ifn^ passing through that extremity cf the mean proportional which is 
Within the circle^ and- terminated by the circumference and pcipen- 
dicular, will be similarly divided. 

11. If a chord be drawn parallel to the diamette of a circle; and 
{f6m any point in the diameter Hues be drawn to its extremities ; the 
suta of thlBir squares will ht equal to the sum oi the squares of the 
segments of the diameter. 

12. If through a point within or without a circle, two straight 
Jincs be drawn at right anglel to each other, and meeting the cir- 
cumference; the squares of the segments of 'them are together equal 
to the square of the diameter. 

13. If ^om a point without a cirdse thiere be drawn two sttuight 
lines, one of which touchies the ciircle and the other cuts it, and 
from tlie point of contact a perpendicular be drawn* to the diameter; 
the square of the line which touches the circle is equal to the square 
of that part 'of the cutting line which is intercefited by the perpen- 
dicular, together with the rectangle contained by the segments of 
that part of it whi^h is within the ckck. 

14^ A straight line drawn from the concfourse of two tangents to 
the concave circumference of a circle is*divided harmonically by the 
convex chcutaferenee and the chord which joins the points of 
contact. 
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1^. If from the extremiti^ of any chord in » circle ftUaight Uues^ 
be. drawo to uny point in the circumference meeting a diameter per- 
p6ndi«alajr to the chord ; the rectangle contained, by the distances of 
their points of intersection from the centre is equal to the square 
described upon the radius. 

l6* If from uny point in the base, or base produced, of the seg- 
ment of a cirde» a line be drawn making therewith an angle equal to 
the angle in the segmenl^ and from the extremity of the base any line 
be drawn to the former^ and cutting the circumference | the rectangle 
contained by this line and the part of it within the segment is always 
of the same Magnitude. 

1:7. To 'determine the locus of the extfemitiesof tiny number «f 
tittliight lines drawn ^om a given pointy so that the rectangle omi- 
t<AikiMi tKy "Mich iin4 a segment cat oiF firom each by a line gives ia 
]yd6itMn iMtf be e^d ti> a given rectangle. 

18. If from a given point two straight lines be drawn containing 
k ^vet tAi^e, and such tliat th^it iwctan^e may be eqaal to a given 
te^ilinteal €gure, and olie of them be terminated by a stmight Una 
given in Jyositioa ; to detefmme the h>c^s of the extrecnily ^f tha 
bthci^. 

^19. If from tlie vertical angle of a triangle two lines be drawn to 
the base making equal angles with the adjacent sides ; the squares of 
those sides will be proportional to the rectangles contained by the 
adjacent segments off the l^as^. 

20. If a line placed in one circle be made the diameter of a 
second> the circumference of the latter passing through the centre of 
the former^ and any chord in the former circle be drawn through this 
diameter perpendicularly ; the rectangle contained by the segments 
made by the circumference of the latter circle will be equal to that 
contained by the whole xHttm^ter and a mean propdrtional between 
Its sejgments. 

# 

Ql. If semicircles be described on the segments of the base made 
by a perpendicular drawn from the right angle of a triangle ; they 
will cut off from the sides, segment wliich will be in the triplicate 
ratio of the sides. 

22. If from any point in the diameter of a semicircle a perpen- 
dicular be drawn, and from the extremities of the diameter lines be 
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drawn to any point* in the circumference, and meeting the peipen- 
dicular ; the rectangle contained by the segments which th^ cut off 
from the perpendicular, will be equal to the rectangle contained by 
the segments of the diameter. 

23. If from the point of bisection and any other point in a given 
arc of a circle, two parallel lines be drawn, the former terminated 
by the circumference, the latter by the chord of the arc ; the rect- 
angle contained by these two lines will be equal to that contained by 
the lines which join the latter point with each extremity of the given 
arc. 

24. If two circles cut each other, and from either point of inter- 
section lines be drawu meeting both circumferences ; the rectangles 
ccmtained by the segments of these lines are to one another in the 
ratio of the perpendiculars drawn from their intersection with the 
inner circumferences upon the line joming the intersections of the 
circles. 

25. If on opposite sides of any point in the chord of a circle; two 
lines be taken, one terminating in the chord the other in the chord 
produced, whose rectangle is equal to that contained by the segments 
of the chord ; and the extremities of the lines so taken be joined to 
those of any other chord passing through the same point ; the line 
joining their intersections of the circle will be parallel to the first 
chord. 

26. If from two points without a circle two tangents be drawn, 
the sum of the squares of which is equal to the square of the line 
joiniog those points ; and from one of them a line be drawn cutting 
the circle, and two lines from the other point to the intersections with 
the circumference ; the points in which these two lines cut the circle, 
are in the same straight line with the former point. 

27. If from the vertex of a triangle there be drawn a line to any 
point in the base, from which point lines are drawn parallel to the 
sides ; the sum of the rectangles of each side and its segment adja- 
cent to the vertex will be equal to the square of the line drawn from 
the vertex, together with the rectangle contained by the segments of 
the base. 

28. If on the chord of a quadrantal arc a semicircle be described ; 
the area of the lune so formed will be equal to the area of the triangle 
formed by the chord and terminating radii of the quadrant. 
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^g. If from the extremities of the side, of, a; square, circles be 
desi^ribed with radii equal, the former, to the^ side and the latter to 
the diagonal of the square; Xhe area of the lune so formed will be 
equal to the area of the square. 

• 30. If on the sides of a triangle inscribed in a circle, semicircles 
be described ; the two lunes formed thereby will together be equal 
to the area of the triangle. 

' 31. If on the two longer sides of a rectangular parallelogram as 
diameters, two semicircles be described towards' the same, parts ; the 
figure- contained by the two remaining sides of the parallelogram and 
the two circumferences shall be equal to the parallelogram. 

32. If two points be taken at equal distances from the extremities 
of a quadrant, and perpendiculars be drawn from these points to the 
radius; the mixtilinear space cut off, shall be equal to the sector 
which stands on the arc between them. 

33. If the arc pf a semicircle be trisected, and from the points of 
section lines be drawn to either extremity of the diameter; the 
difference of the two segments thus made will be equal to the sector 
which stands on either of the arcs. 

34. If a straight line be placed in a circle, and on the radius 
passing through one extremity, as a diameter^ another circle be de- 
scribed ; the segments of the two circles cut off by the above straight 
line will t>e similar, and in the ratio of four to one. 

35. If on any two segments of the diameter of a semicircle semi- 
circles be described ; the area included between the three circum- 
ferences will be equal to the area of a circle whose diameter is a 
mean proportional between the segments. 

36. If the diameter of a semicircle be divided into any number 
of parts, and on them semicircles be described ; their circumferences 
yirill together be equal to the circumference of the given semicircle. 

37r If two equal circles cut each other, and from either point of 
section a line be drawn meeting the twb circumferences ; the area 
cut off by the part of this line between the two circumferences will 
be equal to the area of the triangle contained by that part and lines 
drawn to its extremities from the other point of section. , 

38. If two equal cireles touch each other externally, and througk 
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the point of contact another be described with the sane radius ; the 
area contained by the convex oircumferences cot off from the touch- 
ing circles, and the part of the third without them, is equal to the 
area of the quadrilateral figure formed by lines drawn from the points 
of intersection to the point of contact, and to the point wfaejre the 
third circle is cut by a tangent drawn to the point of contact of tiie 
two circles. 

39. If a straight line be divided into any two parts, and upon 
the whole and the two parts aemcirclfls be described ; and from the 
point of section a perpendicular be drawn, on each side of which 
circles are described touching it and the semicircles; these circles 
will be equal. 



SECTION IX. Page 291. 

1. GivjsK one apgle» a side adjacent to it, and the difference o£ 
the other two sides; to construct thetriaa^. 

2. Given one angle, a side opposite to it, and the difiereiice of 
the otlier two sides; to construct the triangle. 

3. Given the base, and one of the angles at the base ; to con- 
struct the triangle when the side opposite to the given angle is equal 
to half the sum of the other side and a given line. 

4. Given the base of a right-angled triangle, and the sum of the 
hypothenuse and a straight line, to which the perpendicular has 
a given ratio ; to construct the triangle. 

5. Given the perpendicular drawn from the vertical angle to the 
base, and the difference between each side and the adjacent segment 
of the base made by the perpendicular ; to construct the triangle. 

6' Given the vertical aog^e, and the base; to construct the 
triangle when the line drawi^ from the vertex cutting the base in any 
given ratio, bisects the vertical angle. 

7. <3^iven the vertical angle, and one of the sides containing it; 
to construct the triangle, when the Hne drawn from the vertex 
a given^angleMitlt the haae, bisects the triaifle. 
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8. Given one angle, a side opposite to it, and the sum of the 
other two sides ; to construct the triangle. 

9. Given the vertical aogle, the line bisecting the base, and the 
angle which the bisecting line makes with the base ; to construct the 
triangle. 

10. Given the vertical angle, the perpendicular drawn from it to 
the base, and the ratio of the segments of the base made by it ; to 
construct the triangle. 

11. Given the vertical angle, the base, and a line drawn from 
either, of the angles at the base to cut the opposite side in a given 
ratio ; to construct the triangle. 

12. Given the perpendicular, the line bisecting the Tertical angle, 
and the line bisecting the base ; to construct the triangle. 

13. Given the line bisecting the vertical angle, the line bisecting 
the base, and the difference of the angles at the- base; to construct 
the triangle. 

14. Given the vertical angle, and the line drawn to the base 
bisecting the angle, and the difference between the base and the sum 
of the sides ; to construct the triangle. 

15. Given the line bisecting the vertical angle, the perpendicular 
drawn to it from one of the angles at the base, and the other angle at 
the base ; to construct the triangle. 

16. Given the line bisecting the vertical angle, and the perpen- 
diculars drawn to that line from the extremities of the base; to 
construct the triangle. 

17. Given the vertical angle, the difference of the two sides, con- 
taining it, and the difference of the segments of the base made by 
a perpendicular from the vertex ; to construct the triangle. 

18. Given the base, and vertical angle ; to construct the triangle, 
when the square of one side is equal to the square of the base, and 
three times the square of the other side. 

19* *Given the base and perpendicular; to construct the triangle, 
when th<3 rectangle contained by the sides is equal to twice the 
rectangle contained by the segments of the base made by the line 
bisecting the vertical angle. 

g 
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20. in a riglit-aiigled triangle, having given the tmn of the twae 
and hypotbenuse, and the ftiun of the base and perpendioiilar; to 
construct the triangle. 

21. ^iven the perimeter of a ngbt*angled triangle :wliMe aidfli 
are in geometrical progression ; to construct the triangle. 

22. Given the difference of the angles at the hane, the nfHo of 
the segments of the base made by the perpendicuhtr, and the sum of 
the sides ; to construct the triangle. 

as. Given the difference of the angles at /die base, the ratio of 
the sides, and the length of a third proportional to the diffetenoe of 
the segments of the base made by a perpendicular &om ihe vertex 
and the shorter Siide ; to .cpnstruct the tr^^ngle. 

24. Given the base of a right-angled triangle; to constmct it, 
when parts, equal to given lines, being cut off from l^e hypothenuse 
md perpeudicubr, the remfdnders have a given ratio. 

25. Given one angle of a triangle, and the sums of each of the 
sides containing it and the third side ; to construct die triangle. 

26. Given the vertical angle, and the ratio of the sides contain- 
ing it, as also the diameter of the circumscribing circle ; to construct 
the triangle. 

27. Given the vertical angle, and the radii of the inscribed and 
circumscribing circles ; to construct the triangle. 

28. Given the vertical angle, the radius of the inscribed circle, 
and the rectangle contained by the straight lines drawn from the 
centre of that circle to the angles at the base ; to construct the 
triangle. 

29' Given the base, one of the angles at the base, and the point 
in which the diameter of the circumscribing circle drawn from the 
vertex meets the |[>ase ; to construct the triangle. 

30. Given the vertical angle, the base, and the difference between 
two lines drawn from the centre of the inscribed circle to the angles 
at the base ; to construct the triangle. 

31. Given that segment of the line bisecting the vertical angle 
which is intercepted by perpendiculars let fall upon it horn the ang^es 
at the base ; the ratio of the sides ; and the ratio of the radius of the 
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iBBCiibed cicde to tlw segment of the bAse wliieb is intercepted 
bebween the line bisecting 4k 'vertiefd angle and tfae peiitt of contact 
of the inscribed circle ; to construct the tnangle. 

32. Given the line bisecting the vertical angle, and the differences 
between each side and the adjacent segment of the base made by the 
bisecting line ; to construct the triangle. 

33. Given one of the angles at the base, the side opposite to it, 
and the rectangle contained by the base and that segment of it made 
by the perpendicular which is adjacent to the given angle ; to con- 
struct the triangle. 

34. Given the vertical angle> and the lengths of two lines drawn 
frpm the extremities of the base to the points of bisection of the 
sides 'f to construct the triangle. 

35. Given tf^ lengths of three lines drawn from the angles to the 
ppints of bisection of tbe opposite sides ; to construct the triangle. 

36. Given the segments of the base made by the perpendicular, 
and one of the angles at the base triple the other ; to construct the 
triangle. 

37. The area and hypothenuse of a right-angled triangle being 
given ; to construct the triangle. 

38. Given one angle, and a line drawn from one of the others 
bisecting the side opposite to it ; to construct the triangle, when the 
area is also given. 

39. In two similar right-angled triangles, the sum of the base of 
one and perpendicular of the other is given; to <][etermine the 
triangles such that their hypothenuses may contain the right angle of 
another triangle similar to them, and the sum of the three areas may 
be equal to a given area. « 

40. Given the vertical angle, the area, and the distance between 
the. centres of the inscribed circle and the circle which touches the 
base and the two sides produced ; to construct the triangle. 

41. Given the area, the line from the vertex dividing the base 
into segments which have a given ratio, and either of the angles at 
the base ; to construct the triangle. 
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42. Given the diflference between the segmeott of the bate made 
by the perpendicular, the sum of the squares of the sidcs» and tiie 
area ; to construct the triangle. ' 

43. Given the base, one of the angles at the base, and the differ- 
ence between the side opposite to it and the perpendiculaf ; to 
construct the triangle. 

44. Given the vertical angle, the difference of the base and one 
side, and the sum of the perpendicular drawn from the angle at the 
base contiguous to that side upon the opposite side and the segment 
cut off by it from that opposite side contiguous to the other angle at 
t)ie base ; to construct the triangle. 

45. Given the base, the difference of the sides, and the segment 
intercepted between the vertex and a perpendicular from one of the 
angles at the base upon the opposite side ; to construct the triangle. 

46. Given the vertical angle, the side of the inscribed square, 
and the rectangle contained by one side and its segment adjacent to 
the base made by the angular point of .the inscribed square; to 
construct the triangle. 
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PROBLEMS. 

Sect. I. 

(1.) From a given point, to draw the shortest line 
possible to a given straight line. 

Let A be the given point, and BD 

•the given line. From A let fall the 

perpendicular AC; this will be less 

than any other line AD drawn from 

A to Bt). 

For since AC is perpendicular to BD, the angle 
A CD is a right angl«, therefore the angle ADC is less 
than a right angle (Eucl. i, 32.) and consequently less 
than ACD. But the greater angle is subten^led by the 
greater side (Eucl. i. 19.); therefore AD is greater than 
AC. In the same manner every other line drawn from 
A to BD may be shewn to be greater than AC ; there- 
fore AC is the least. 





(2.) If a perpendicular be drawn bisectmg a giveii 
straight line ; any point in this perpendicular ii it equal 

A 



2 
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dhlances, and any point without the perpendicular is at 
unequal distances from the extremities of the line. 

From C the point of bisection let 
CD be drawn at right angles to AB\ 
any point D is at equal distances from 
A and B, 

Join AD, DB. Since AC = CB 
and CD is common^ and the angle 
ACD^BCD being right angles, AD 
= DB. And the same may be proved of lines drawn 
from any other point in CD to A and B. 

But if a point E be taken which is not in CDy join 
EA cutting the perpendicular in D ; join jBjB, DB. 
Then AD = DB from the first part, and AE is equal to 
ADy DE^ that is, to JBZ), 1>J?, and is therefore greater 
than BEy (Eucl. i. 20.) ; therefore, &c. 
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(3.) Through a given point to draw a straight line 
which shall make equal angles with two straight lines 
given in position. 

Let P be the given point, and 
BEy CF the lines given in position. 
Produce BE, CF to meet in A^ and 
bisect the angle BAC by the line 
AD. From P let fall the perpendicular PD, and pro- 
duce it both ways to E and F It will be the line re- 
quired. 

For the angle EAD is equal to the angle FAD, the 
angles at D right angles, and AD common, therefore 
(Eucl. i. 26.) the angle AED is equal to the angle 
AFDi therefore, &c. 
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(4.) JFVom two given points to draw two equal straight 
lines which shall meet in the same point of a line given 
in position. 

Let A and B be the given pofnts, 
and CD the given straight line. Join 
jiB, and bisect it in F, and from F 
draw FE at right angles to AB meet- 
ing CD in E, E is the point required. 

Join AE, EB. Since AF^ FB, 
and FE is common^ and the angles at 
F are right angles, therefore AE = 
EB. 




(5.) From two given points on the same side of a 
line given in position, to draw tWQ lines which shall meet 
in that line, and make equal angles with it. 

Let A and B be the given points 
and DE the line given in position. 
From A let fall the perpendicular 
AD, and produce it to C making 
DC = AD. Join CB, A P. AP, 
PB will be the lines required. 

Since AD = DC sxid DP is common, and the angles 
at D are right angles, therefore the triangles APD, 
CPD are equal, and the angle APD = CPD = the 
vertically opposite angle BPE. 
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(6.) From two given points on the same side of a 
line given in position, to draw two lines which shall meet 
in a point in this line, so that their sum shall be less 
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than the wm of any two lines drawn from the same 
points and terminated at any other point in the same line. 

Let A and jB be the given 
points, and DE the Une given in 
position ; from A and B let fall the 
perpendiculars AD, BE^ and pro- 
duce AD to C making CD = 
DA. Join BC cutting D£ in P. 
Join AP ; AP and PB shall be 
less than any other two lines Ap, pB drawn irom A 
and B to any other point p in the line DE. 

For AD^DC and DP is common and the angles 
at D are right angles, .-. AP=: PC- In the same man- 
ner, if j? C be joined^ it may be shewn that Ap =ipC. 
Hence AP and BP together are equal to BC, and Ap^ 
pB are equal to Cp, pB. Now (Eucl. i. 20.) BC is less 
than Bp, pCy and therefore AP, PB are less than Ap, 
pB; therefore, &c. 
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(7.) O/* all straight lines which can be drawn from 
a given point to an indefinite straight line, that which 
is nearer to the perpendicular is less than the morere-- 
mote. And from the same point there cannot he drawn 
wore than two straight lines equal to each other, viz. 
one on each side of the perpendicular. 

Let A be the given point, 
and BC the given indefinite 
straight Kne. From A let fell 
the perpendicular AD, and'draw 
any other lines AF, AG, AH, 
&c. of which AF is nearer to AD than AG is, aiid 
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AG than AH; then ^>will be lessthan AG and ^G 
than AH. 

For since the angle at JD is a right angle^ the angle 
AFG is greater than a right angle (EucL i. l6.), and 
therefore greater than ^GF, hence (Eucl. i/19.) AG is 
greater than x^jP. In the same manner it may be shewn 
that Ah is greater than AG. 

And from A there can only be drawn to jBC*two 
straight lines equal toeaeh other/ viz. one on each side 
of AD. Mtike DE^f)F md join AE. Then ^^=5 
AF (i. 2.). And besides AE no other line ean be drawn 
equal to AF. For, if possible, let AI=sAF. Thenibe^ 
cause AI=:^AF and AFsiAE, therefore AI^AEy i.e. 
a line more remote is equal to one nearer the perpendi- 
cular, which is impossible ; therefore AI is not equal to 
AF. In the same manner it ' may be shewn that no 
other but AE can be equal to !^F, therefore, '&c. 



(8.) Through a given pointy to draw a straight limy 
so that the parts of it intercepted between that point 
and perpendiculars drawn jrom two other given points 
may have a given ratio. 

Let ^ and B be the points from 
which the perpendiculars are to be 
drawn, and C the point through which 
the line is to be drawn. Join ACy and 
produce it to Dy making AC : CD in 
the given ratio; join BD, and through 
C draw ECF perpendicular to BD. 
ECF is the line required. 

Draw AE parallel to BD, and .-. perpendicular to 
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EF. The triangles ACE, DEC, having each a right 

angle^ and the angles at C equals are equiangular, whence 

CE : CF:: AC : CD, i. e. in the given ratio. 



(9.) ^om a given point between two indefinite right 
lines given in position, to draw a line which shall be 
terminated by the given lines, and bisected in the given 
point 

Let AB, AC be the given lines, meet- 
ing in A. From P the given point draw 
PD parallel to AC one of the lines, and 
make DEzzHA. Join EP and produce it 
to F, then will EF be bisected in P. 

For since DP is parallel to AF, (Eucl. vi. 2.) 
EP : PF :: ED : DA, i. e. in a ratio of equality. 

Cor. If it be required to draw a line through P 
which shall be terminated by the given lines, and divided 
in any given ratio in P, draw PD parallel to AC and 
take AD : DE in the given ratio and draw EPF, it will 
be the line required. 
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(10.) From a given point without ttw indefinite 
right lines given in position ; to draw a line such that 
the parts intercepted by the point and the lines may have 
a given ratio. 

Let AB, AC be the given lines, and 
P the given point. Draw PD parallel to 
AC, and take AD : DE in the given ratio. 
Join PE and produce it to F. Then 
PF : PE will be in the given ratio. 

For the triangles PDE and AEF are 
similar, having the angles at E equal, as 
also the angles PD^, EAF, (Eucl. i. 39.) 
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.-. FE : EP :: AE : JED 
and comp. PF : PE : : AD : liE, i. e. in the given ratio. 




(11.) Fi'om a given point to draw a straight line^ 
which shall cut off from lines containing a given angle, 
segments that shall have a given ratio. 

Let ABC be the given angle, and P 
the given point, either without or within. 
In BA take any points, and take AB : 
BC m the given ratio. Join AQ and 
from P draw PDE parallel to AQ^ 
PDE is the line required. 

For since DE is parallel to ACy (Eucl. vi. 2.) DB : 
BE :: AB : BC, i. e. in the given ratio. : 

« 

(12.) If from a given point any number of straight 
lines he drawn to a straight line given in position, to 
determine the locus of the points of section which dividt 
them in a given ratio. 

Let A be the given point, and BC the 
line given in position. From A draw any line 
A By and divide it at E in the given ratio ; 
through E draw EF parallel to BD ; it is 
the locus required. iL i) — t. 

From A draw any other line AD meeting EF in F; 
then (Eucl. vi. 2.) AF : FD :: AE : EB, i. e. in the 
given ratio. In the same manner any other line drawn 
from A to BD will be divided in the given ratio by EF 
which therefore is the locus required. 
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4 

(IS.) A strmght Una being drawn parallel to one iff 
the lines containing a given angle and produced to meet 
the other ; through a given point within the angle, to 
draw a Kne cutting the other three, so that the part in-- 
tercepted between the two parallel lines mmf have a given 
ratio to the part intercepted between the given point and 
the other line. 

Let ABC be the given 
angle, DE parallel to AB^ and 
P the given point 

From P draw PC parallel 
to DE or AB, and take BE : CF in the given ratio. 
Join FP and produce it to ^ ; APF is the line required. 
For since DE and CP are parallel to AB, 
ADiEB::DF:EF::PF: CF 
/. alt. AD : PF :: EB : CF i. e. in the given ratio. 




(14.) Two parallel lines being given in position; 
to draw a third, such that, ifjrom any point in it lines 
be drawn at given angles to the parallel lines, the in- 
tercepted parts may have a given ratio. 

Let AB, CDhe the given parallel 
lines ; in AB take any point E ; and 
draw EF, EG making angles equal 
to the given angles ; produce EF, and 
take EH: EG in the given ratio; 
produce FE to / so that FI : IE :: HE : EF, through 
/draw L/ parallel to AB, it is the line required. 

Draw IK parallel to EG ;_ then the triangles lEI^, 
EFG are equiangular. 
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. . IE : IK :: EF : EG 
but FI: IE:: HE: EF; 

,\ ex cequ. FI: IK :: HE : EG, i. e. in the given ratio 5 
and IKE — EGF which is one of the given angles, and 
by construction IFG is equal to the other. Also lines 
drawn from any point in Lly making with AB and CD 
angles equal to the given angles will be parallel and 
equal to FI^ IK^ and /. in the given ratio. 



«#^ 



(15.) If three straight lines drawn from the same 
point and^in the same direction be in continued propqr^ 
tian, and from that point also a line equal to the mean 
proportional he inclined at any angle ; the lines joining 
the extremity of this Uneand of the proportionals will 
contain equal angles. 

Let AB : AC:: AC : AD, and 
from A let AE be drawti equal to 
AC, inclined at any angle to AB; 
join EB, EG, ED ; the angle BEG 
is equal to the angle CED. 

For since AB : AG :: AG : AD, and AE = AG; ^ 
.-. AB : AE :: AE : AD, i. e. the sides about 
the angle A are proportional, and /, the triangles AEB, 
AED are similar, and the angle AED is equal to EBA. 
Also since CA=AE, the 2Lng\eAEG=ECA; but EGA 
is equal to the two BEG, EBG, (Eucl. i. 32.) .-. aljso 
AEG is equal to the two BEG, EBG; of which DEA 
IS equal to EBG; /. tke remainder DEC is equal to the 
remainder BEG. 




^^■^^^^^^■^^•^^■*-*^^^*^' 



B 
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(16.) To trisect a right angle. 

Let ACB be a right angle. In CA 
take any point A^ and on CA describe an 
equilateral triangle ACD, and bisect the 
angle DC A by the straight line CE\ the 
angles BCD, DCE, ECA are equal to 
one another. 

For the angle DC A being one of the angles of an 
equilateral triangle is one third of two right angles^ and 
therefore equal to two thirds of a right angle BCA; con- 
sequently BCD is one third of BCA; and since the 
angle DCA is bisected by CE, the angles DCE, ECA 
are each of them equal to one third of a right angle, and 
are therefore equal to BCD and to each other: 



^«<^^'^l»^'»'#»»^|»^»■^«»>^ 




(IT.) To trisect a given Jinite straight line. 

Let AB be the given straight 
line. On it describe an equilateral 
triangle ABC; bisect the angles 
CAB, CBA by the lines AD, BD 
meeting in D, and draw DE, DF 
parallel, to CAemd CB respectively. 
AB will be trisected in E and F. 

Because ED is parallel to AC^ the angle EDA = 
DAC^DAE and therefore AEz^ED. For the same 
reason DF^FB. But DE being parallel to C^ and 
DF to CB, the angle DEF is equal to the angle CJB, 
and DFE to CBA, and therefore EDF^ACB; and 
hence the triangle EDF is equiangular, and conse- 
quently equilateral ; therefore DE = EF = FD, and 
hence AE^EFssFB, and AB is trisected* 
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(18.) To divide a given finite straight line into any 
number of equal parts. 

Let AB be the given straight line. 
Let AC be any other indefinite straight 
line making any angle with AB^ and in 
it take any point Z>, and take as many 
lines D-E, EF, FC &c. each equal to 
AD as the number of parts into which 
AB is to be divided. Join CJS, and 
draw DG, EHy FI &c, parallel to BC; and therefore 
parallel to each other ; and draw DK parallel to AB. 

Then because OD is parallel to HE one of the sides 
of the triangle AHE, AG : GH :: AD : DE ; hence 
AG = GH. For the same reason DL = LM. But 
DM being parallel to G/, and DG, LH to MI, the 
figures DA, HM are parallelograms ; therefore DL = GH 
and LM = Ht, consequently GHsc HI. In the same 
manner it may be shewn that HI;ssIB; and so on^ if 
there be any other parts ; therefore AG, GH, HI, IB, 
&c. are all equal, and AB is divided as was required. 

CoR. If it be required to divide the line into parts 
which shsril have a given ratio ; take AD, DE, EF, &c 
in the given ratio^ and proceed as in the proposition. 



■^^>^^^»V»'^-^*'^^^'^'^^^''*»*'^N^ 



(19.) To divide a given Jinite straight line hanmrn- 
cally. 

Let AB be the given straight 
line. From B draw any sti-aight 
line BC, and join AC; and from 
any point E in AC draw ED 
parallel to CB, and make FD = 
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FE, join DC cutting AB in G. AB is harmonically 
divided in G and F. 

Since BC is parallel to FD^ the angle £C6 is equal 
to GDF 9ind the vertically opposite angles at G are equal ; 
therefore the triangles DGF, jB GC are similar, 

and BC: BG :: FD : FG 
But FE being parallel to J3C, 
(Eucl. vi. 2.) AB : J?C :: ^F : FE^FD. 
.\ ex oequali, AB : BG :: AF : FG 
or AB : AF :: BG : FG. 



(20.) If a given ^nite straight line he harmoniccdhf 
divided J and from its extremities and the points of divi- 
sion lines he drawn to meet in any pointy so that those 
from the extremities of the second proportional may he 
perpendicular to each other, thfT line drawn from the 
extremity of this proportional will bisect the angle 
formed hy the lines drawn from the extremities of the 
other two. 

Let the straight line AB be 
divided harmonically in the points 
G and F, and let the lines AC, 
BC, GC, FC be drawn to any 
point C so that GC may be per- 
pendicular to CA, the angle jBCFwill be bisected by CG. 
Through G draw EGD parallel to CA meeting CF 
in D, then EG being parallel to AC, the triangles EGB^ 
ACB are similar,- as also the triangles ACF, DFG, 
hence 

AF : AC :: FG : DG 

but AB • AF :: GB : GF, 

.\ ex cequo AB : AC :: BG : GD. 
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But JB : AC r. GB : GE 
.-. (Eud. V. 16.) BG : GD :: BG : GE, 
and therefore GD-GE, and GC is common, and the 
angles at G are right angles, therefore the angle DCG 
= GCEy and FCB is bisected by CG. 



(310 If a straight line be drawn through any point 
in the line bisecting a given angle, and produced to cut 
the sides containing that angle, as also a line drawn 
from the angle perpendicular to the bisecting line; it 
will be harmonically divided. 

Let the angle JBC be bi- 
sected by the line BD, and 
through any point D in this 
line draw GDFE meeting the 
sides in G and F, and BE a 
perpendicular to BD in E; 
then will EG : EF :: GD : 
FD. 

For through D draw AC parallel to BE and therefore 
perpendicular to BD, then the angled ADB, CDB 
being right angles are equal, and ABD = CBD and 
BD is common to the triangles ADB^ CDB, /. ADsz 
DC. But DC being parallel to EB, 

EG : GD :: EB : DC :: EB : AD :: EF: FD, 

since the triangles EFB and AFD are similar, 

A EGiEF:: GD : FD. 




(22.) If from a given point there be drawn three 
straight lines forming angles less than right angles, and 
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from another given point unthout them a Une be drawn 
intersecting the others so as to be harmonictUfy divided i 
then will all lines droatm from, that point meefii^ the 
three lines be harmonically divided. 

From A let AB, AC, AD 
be drawn making each of the 
angles BAC, CAD less than 
a right angle, and from a 
given point E let EBD be 
drawn so as to be harmoni- 
cally divided in C and B; then willany other line EF 
be harmonically divided in G and H. 

Through G draw IK parallel to BD, 
then DC : CB :: KG : GI, 

But DC : CB :: DE : EB 
.: (Eucl. V. 15.) DE : EB :: KG : GI 
and alt. DE : KG :: EB : GI 
and since DE is parallel to GK, (Eucl. vi. 3.) 

DE :KG::EF:IG 
and EB being parallel to G/, 

.-. EB : GI :: EH : ^G, 
whence (Eud. v. 15.) 

EF •: FG '.'. EH : HG 
and a&. ^F: EH :: FG : HG. 



(23.) If a straight line be divided into two equal, and 
also into two unequal parts, and be produced, so that the 
part produced may have to the whole line so produced 
the same ratio that the unequal segments of the line 
have to each other, then shall the distances of the point 
of unequal section from one extremity of the given Une, 
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Jirom its middle paint, from the extremity of the part 
produced^ and from the other extremity of the given Une^ 
be proportionals. 

Let AB be divided into two equal £ bd F^ a 
parts in C and into two unequal parts in D, and produced 
to E, so that BE : EA :: BD : DAy then will AD i 
DC: ED: DB. 

For since BE ; EA :: BD : DA 

inv. AE : EB :: AD : DB 

div. AB : BE :: 2CD : DB 

and AC\ BE:: CD : D5 

alt. AC: CD:: BE : BD 

. . comp. AD : DC :: ED : DB. 

Cor. The converse may easily be proved to be true. 



(34.) Three points being given ; to determine another , 
through which if any straight line be draum^ perpen- 
diculars upon it from two of the former^ shall together 
he equal to the perpendicular from the third. 

- Let A^ JB, C be the three given 
points. Join AB and bisect it in D. 
Join CD, from which cut off DE 
equal to a third part of it. E is the 
point required. 

Through E, let any line FG be drawn, and let fall 
on it the perpendiculars AI, BG, DH, CF; then the • 
angles at F and H being right angles^ and the vertical 
angles at £ equals the triangles CfE, DUE are equi- 
angular. 
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.-. FC: PH.: CE . ED :: 2 : 1, 
.\ FC^aDH; but since AI, BGj Di/are parallel^ and 
AD^DB, .-. AI+BG^2DH^FC. 



(25.) From a given point in one of two straight 
lines given in position^ to draw a line to cut the other ^ so 
that if from the point of intersection a perpendicular he 
let fall upon the former, the segment intercepted between 
it and the given point, together with thejirst drawn line, 
may he equal to a given line. 

* 

Let ABy BC be the lines given in position, and A the 




given point. Draw AH perpendicular to AB, and meet- 
ing BC in D ; draw DE parallel to AB and equal to 
the given line. And draw EF parallel to AD, meeting 
CB in F. Join FA and produce it, and from D draw 
DG = DE, meeting FG in G, and draw ^//parallel to 
DGy and let fall the perpendicular HI; AH and AI 
together are equal to the given line. 

Through Hdraw KL parallel to DE; then since GD 
is parallel to AH and HL to DE^ 

..DG : AH:: FD : FH :: DE : HL, 
hQt Da:iz DE, ..AH z=HL, 

.-. AH+AI=KL=DE^the given line. 
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(26.) One of the lines which contain a given angle, 
is also given. To determine a point in it stich^ that if 
from thence to the finite line there he drawn a line 
having a given ratio to that segment of it which is a^a- 
cent to the given angle ; the line so drawn, and the other 
segment of the given line, may together be equal to 
Jimother given line. 

Let j4B be the given line^ and 
Bj4C the given angle. From B draw 
BD to AC, such that it may be to AB 
in the given ratio*; produce it till 
JBi?=:the other given line. Through 
JE draw iSC parallel to AB, meeting AC in C. Join BC, 
and draw DF so that it may = DE, and draw BG, GH 
respectively parallel to FD, EB ; H is the point required. 

For produce HG to meet CE in K; 

then (Eucl. vi. 2.) ED : KG :: CD : CG :: DF: BG, 

hnt ED^DF, ..KG^BG, 
and HG^^ GB=^HG+GK=BEzzthe given line, 
and HG : HA :: BD : AB i. e. in the given ratio. 



(27.) Two straight lines and a point in each being 
given in position; to determine the position of another 
point in each, so that the straight line joining these latter 
points may be equxd to a given line, and their respective 
distances Jrom the former points in a given ratio. 

• 

Let A and B be the given points in the lines AC, 
BD which are given in position, and produced to meet 



* That is, the given ratio must be less than that of ^B to the per- 
pendicular on AD* 

C 
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in C. Tnke BD : AC in the 
given ratio, and from B draw BE 
parallel and equal to AC. Join 
DE and produce it to meet CF 
drawn at any angle from C, equal 
to the given line ; draw FG parallel to EB, and from G 
draw 6r£r parallel to FC-^ G and ^are the points required. 
For BE being parallel to GF, 

DG : GF::DB: BE, 
or DG : HC :: DB : AC, 
(Eucl. V. 19. Cor.) 

BG : AH :: DB : AC in the given ratio, 
and HG = CF = the given line. 



• • 



^^i»^»»^^i^^^#^^i^»»^i»»»i^i» 



(S8.) If a stnnght line he divided into any two parts, 
and produced so that the segments may have the same 
ratio that the whole line produced has to the part produced, 
and from the extremities of the given line perpendiculars 
he erected i then any line drawn through the point of 
section, meeting these perpendiculars, will be divided at 
that point into parts^, which have the. same ratio that 
those lines have, which are draumfrom the extremity of 
the produced line to the points^ of intersection with the 
perpendiculars. 

Let AB be divided into any 
two parts in C and produced to 
D so that AC :CB::AD: DB, 
and from A and B let AE, BF 
be drawn perpendiculars to AB^ 
and through C let any line ECG 
be drawn meeting them in E and 
G, and join DE, DG; then DE : DG :: CE : CG. 
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For hecauge 4C : CB :: ^D : DB 
and E4 :BG.: AC x CB, 
(by Sim. tri. ACB. BCG) 
.,'. (EugI. v. U.) 4?^ : /J6?:: DA : DjB, 
/. (Eucl. vi. 6.) the triangles EAD, GDB are e(]^uiangular, 
and ^Z> : DG v^AE : BG :: CE : CG. 



(29.) From two given points^ to draw two straight 
lines which shall contain a given angle^ and meet two 
lines given in position^ so that the parts intercepted be- 
tween those points and the lines may have a given ratio. 

Let AB^ CD be the lines given in 
position, and E^ P the given points. 
Ftom E draw EA perpendicular to 
ABy and make the angle AGF equal 
to the given angle. In GF produced 
take FH such, that the ratio of EA : 
FH may be the same as the given 
ratio. Draw HD perpendicular to 
GH meeting CD in D. Draw DFI 
and BEI to include the given angle. These are the 
lines required. 

For^ since the angles FGB^ FIE are equals as also 
FKG, EKl .-. OFK, lEK or their vertically opposite 
angles DFHy AEB are equals and the angles at H and 
A are right angles^ /. the triangles FDH, AEB are 
equiangular^ and 

EB^ FD :: EA : FH, \. e. in tb^ given ratio. 




<^^i^^^^*i#N#S#*^^>^>^^<#^^ 



(30.) The length of one of two lines which contain 
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a given angle being given ; to drawjram a given paint 
without them a straight line which shall cut the given 
line produced, so that the part produced may be in a 
given ratio to the part cut off* from the indefinite line. 

Let AB be the given 
line, and ABC the given 
angle; and D the given 
point. Draw AE^ DE 
parallel to BC, BA respec- 
tively ; and take EF : EA 
in the given ratio. Divide 

DF so that FE : DG :: FG : AB. Join AG; and 
draw DH parallel to AG, and it will be the line cutting 
BC in H and BA produced in /, as was required* 

Join AF; and draw BK parallel to AG cutting AF 
in L ; and draw LM parallel to KE cutting AE in M 
and AG in N. 

Then FE : LM :: GF : {NL ==) AB 
and FE : DG :: FG : AB by constructioti ; 
/. LM=DG:=zIA, if therefore ILO be drawn, IL must 
be equal and parallel to AM, and 10 to AE (Eucl. i. 33.) 
In the same manner it is evident that HB^IL^s-AMi 
and by similar triangles AFE, ALM, 

FE : EJ:: LM : MA 

:: lA : HB, 
.\ lA : HB in the given ratio. 



(31.) From two given straight Knes to cut off two 
parts, which may have a given ratio ; so that the ratio 
of the remaining parts may also be equal to the ratio of 
two other given lines. 
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Let AB be one of the given 
lines ; draw BG to make any angle 
with jiB, and let BD be equal to 
the other given fine. Take AB : 
BE in the given ratio of the re- 
maining parts^ and BF : BE in 
the given ratio of the parts to be cut off. Join AE, FE, 
and draw 'DH and BC parallel to EF, and HC parallel 
to DB meeting BCin C, and AB in /. 

Then (Eucl. vi. 2.) AI : IH :: AB : BE in the 
given ratio of the remainders; and the triangles BCI, 
BFE having the angle CB/= the alternate angle BFE, 
and CIB=^FBEj are equiangular, 

..BI: IC::BF:BE, 

in the ratio of the parts to be cut off; and 

AB, HC ( =: DB) are the given lines. 



(32.) Three lines being given in position, to deter* 
mine a point in one of them ; from which if tux> lines he 
draum at given angles to the other ttuo, the two lines so 
drawn may together he equal to a given line. 

Let AB, AC, BC be the three lines given in position, 
take ^Z)=the given line and making with AB an angle 
equal to one of the given angles. Through 2> draw Dha 
parallel to AB, and meeting AC and BC^ in a and h. 
Draw AE to meet CB in E making the angle AEC == 
the given angle to be ' made by the line to be drawny 
with BC. In AE take Ad^AD, and join ad cutting 
BC in F. Draw FO parallel to EA meeting AC in G, 
which is the point required. ■'■ 



^ 
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For through G draw lOff parallel to DJ, then 
the triangles aGI, a AD ace similari ami 



i> l» I 




aA:AD=:Ad::aG: GI; 

but a^ : Ad:: aG : GF, 

and /. GI^GFy .-. GH+GF^ GH+GI^ AD^the 

given Une^ and the angle GHB^DAB and GFC=^ 

AEQ .*. GHB, GFC are equal to the given angles. 



i^^^«^>»^i»>i^i^^*ii^<»«^i»^t»i*^»i^ 



(S3.) If from a given point two straight Knes be 
drawn including a given angle, and having a given ratu^ 
and one of them be always terminated iy a straight line, 
given in position, to determine the hcus of the extremity^ 
of the other. 

\^X A be the giv^n pointy and 
J9IC th? li w given in position. From 
A 4raw any line 4D» and mal^e the 
angle DAl^^t^jiaX to the given ^ugle, 
and take Al^ ^uch that AJi : AB 
may he in the given ratio, aiyi 
throHgh E dn^w ^F making the 
angle AEF=i ADB ; EF is the loei» reqwre^, 
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Draw any other line AB^ and make the angle BAF 
^DAE. Then the angle BAD = FAE and ADB=^ 
AEFf .'. the triangles ABD^ AEF are equiangular, 
whence AB : AF :: AD : AE, in the given ratio. The 
same may be proved of any other lines drawn from A 
and containing an angle equal to the given angle, and 
one of them terminated in BC. 



(34.) If^Jrom two given points^ straight lines be 
drawn, containing a given angle and from each of them 
segments he cut off] having a given ratio ; and the cj?- 
tremities of the segments of the lines drawn from one of 
the points be in a straight line given in position ; to de- 
termine the locus of the extremities of the segments of 
lines drawn from the other. 

Let A and B be the given 
points, and CD the line given in 
position.^ From A to CD draw 
any line AE. Make the angle 
EAF=: the given angle, and AE : 
-^Fin the given ratio, and let FG 
be the locus of the points F (i. 33.) . Draw BH equal 
and parallel to AF, and through H draw HI parallel to 
OF. It is the locus required. 

Draw any lines AK, BK containing the angle at K 
= the given angle. Make the angle LAMr=: the given 
angle ; AL : AM in the given ratio, and M is in the 
Kne 6F. And since AF is parallel to BH, and FM to 
HN, and BK to AM (since the angles BKA, LAMzre 
equal) and AF^BH^ .-. the triangles BHN, AFM are 
similar and equals /. AMssBN; 




•t« 
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but j4L : AM is equal to the given ratio^ 

.*• also AL : BN is equal to the given ratio. 
And the same may be proved of any other lines drawn in 



the same manner. 




&^t4t^ 




(1.) Jf a straight line be drawn to touch a circle, 
and be parallel to a chord; the point of contact will be 
the middle point of the arc cut off by that chord. 

Let CD be drawn touching the cir- 
cle ABE in the point E^ and parallel 
to the chord AB ; E is the middle point 
of the arc AEB. 

Join AE, EB. The angle BAE is 
equal to the alternate angle CEAy and therefore to the 
angle EBA in the alternate segment, whence AE = EB, 
and (Eucl. iii. 28.) the arc AE is equal to the arc EB. 

Cor. 1. Parallel lines placed in a circle cut off equal 
parts of the circumference. 

If FG be parallel to AB, the arc EF=^EG, whence 
AG = BF. 

CoR. 2. The two straight lines in a circle, which join 
the extremities of two parallel chords are equal to each 
other. For if AB, FG be parallel, the arcs AG, BF 
are equal, therefore (Eucl. iii. 29.) the straight lines AG, 
BF are also equal. 



f^-^^t^^ #^ ^^^^^ ^^ 
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(S.) J^ from a point wiihoui m (tirek, ivso straight 
Smes he drawn to the eonccaoe pmrt of the circun^erettce, 
nudting equal angks with the One joining the same point 
and the centre^ the parts <^tht Unes uAich m'einfercepted 
mM» the drck are e^mL 

From the point P without 
the circle ABC let two lines 
PBf^ PD be drawn making 
equal angles with PO, the line 
joining P and the centre ; AB 
shall be equal to CD. 

Let fall the perpendic«lar« OE^ OF; tlien since the 
angle at E is equal to the angle at F, and EPO^FPO^ 
tmd the side PO, o{]^site to one of the equal angles in 
each is common^ .\ OM =» OF, and consequently (fi«cK 
m.\4.)AB^CD. 




(3.) Of all straight lines which can he drawn from 
two given points to meet on the convex^ circuwferewe of 
a given circle ; the swn of those two will be the least, 
which make equal a^ks with the tang^ at ihe point 
of concourse. • 

Let A and B he twp given 
points^* C£ a ttngent to the circle 
at C, where the Jincs ACy BC 
rxfike equal angles with it ; and kt 
lines AD, BD be flra^h from A 
and B to any other point Donihc 
convex circumference; AC and CB t*gcther.at« less than 
-/^A i>5 together. 

J} 
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Let jiD meet the tangent in E. Join EB, then 
(i. 6.) AC and CjB together are less than AE and 
EB ; but ^^^ EB we less than ^ID, DB (EucL i. 190» 
.*. a fortiori AC, CB are less than AD, DB. And the 
same may be proved of lines drawid to every other point 
in the convex circumference. 



f r\t- » ritwirf- f~ > ~~r -*■»- 




(4.) If a circk be described on the radius of another 
circle ; any straight line, drawn from the point where 
they meet, to the outer circumference, is bisected by the 
interior one. 

Let ADB be a circle described 
on the radius AB ef the circle ACE. 
Draw any Kne AC meeting the circle 
ABD in D; AD is equal to DC. 

JoinDjB. Then the angle ^D£ 
being in a semicircle is a right angle ; 
and therefore BD beiilg drawn from the centre B of the 
circle ACE bisects AC (Eucl. iii. 3.). 

(6.) If two circles cut each other, andfrofh either 
poifit of intersection diameters be drawn ; the extremities 
of these diameters and the other point of intersection 
shall be in the same straight line. 

Let the two circles ABC, ABD cut 
each other in A and B, draw the diameters 
AC, AD, and join BC, BD, CB and BD 
are in the same straight line. 

Join ABi the angles ABC, ABD 
being angles in semicircles are right angles, 
and therefore (Eucl. i. 13.) CB and BD 
are in the same straight line. 
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(6.) ^ two circles cut each other, the straight line 
joining their two points of intersection, is bisected at 
right angles hy the straight Une joining fheir centres. 

JLet tbe two circles whose cen- 
tres are C and D cut each other 
in AmdB; join AB, DC. DC 
bisects AB at right angles. 

Join BD, D4, AC, CB. 
Since AD^DB and DC is common to the triangles 
ADC, BDCmd the base AC^CB, /. (Eucl. i. 8.) the 
ang^ ADE = BDE. Hence the two sides AD, DM 
9re equal to the two BD, DE and the included an^s 
are equals /. (Eucl. i. 4.) AE = EB, and the angle 
DEA^ DEB, and being adjacent, they are right angles, 
i. e. DC bisects AB at right angles. 




(7.) To draw a straight Une which shall touch two 
jg^en circles. 

1 • If the circles be equal. 
Let A and B he the centres, join AB ; and from A 

c . D 




and jB draw AC, BD at right angles to it; join CD» 
Then AC being parallel and equal to DB ; CD is parallel 
to ABy .'. CABD is a rectangular parallelogram; and 
the angles at C and D being right angles, CD is a tan« 
gent to both circles (Eucl. iii. l6. Cor.). 
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2. If the circtes be uneqiial, and the Kne be required 
to touch tbeni on the same side of the line joining the 
centred. * 

Let A and B be the centres ; join AB ; and with the 




centre B and distance equal to the diflerence of the given 
radii^ describe a circle^ and from A draw AE touching 
it. Join BE and prodcKe it to D, draw AC parallel to 
BD, and join CD. 

Then AC being parallel and eqoid to DE, CD i^ 
equal and parallel to AE, .-. ACDE is a parallelogram ; 
and the angle AEB being a right angle, AED is also a 
right angle ; hence the angles at C and D are right 
angles, and therefore CD touches both circles. 

3. If the line be required to touch them on opposite 
sides of the line joining the centres. 

With the eentre B and radius equal to the ma of 




t^he giren radii describe m circle^ to which £r<nn .^4ntw a 
tangent jIJ^ iom BE, and let it cut ^e fft^m 4iMl(k 
in D. Draw AC pamUel to BE ; join CD. 
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Then AC being equai and pamlld to ED, ACDE 
is a pfliiaHelograin, and the angle AED being a right 
angle, the angles at C and D are right angles, and there- 
fore CD touches both circles. 



o#>»^^^«^«»^^«»^x»i^^ 



(8,) If a line touching two circles cut another line 
Joining tJieir centres^ the segments of the latter mil be 
to each other as the diameters'^ of the circles. 

Let the line AB tcmch the 
circles, whose centres are C and 
D, in A and B, and cut CD in 
43iie point £; CE will be to 
ED in the ratio of the diameters 4>f the circles. 

Join CA, BD. Then the angiee at A and B are 

right angles and the angles at E ^re vertically opposite, 

therefore the triangles AEC^ BED are equiangular^ and 

consequently 

CE : ED :: CA : BD 

:: qCA : 2BD. 




(9.) If a straight tine touch the interior qftmo con- 
centric circles, and be placed in the outer ; it mU he 
bisected at the point of contact. 

i 

Let AB touch the interior of two cir- 
cles, whose common centre is O, in the 
point C; AB is bisected in C 

lorn OC", then (Eucl. iii. 18.) the 
angles at <7are right angles; and OC drawn 
from the centre of the circle ADB at right angles to AB, 
bisects it (Eucl. iii; 3.). 
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(10.) If any number of equal straight lines he placed 
in a circle ; to determine the hcus qf their points ^f 
bisection. 

Let there be any number of lines AB, 
CDj placed in the circle whose centre is O, 
and let them be bisected in E, F; join 
OEy OF; then (EucL iti. 14.) these lines 
are equal, and therefore tbi; locus will be a 
circle whose centre is O, and radius equal to the distance 
of the points of bisection jrom Of 




(11.) If from a point in the circumference of a dr^ 
cle, any number qf chords be drawn ; the locus qf their 
pcitfts qf bisection will be a circle. 

From the given point A let any 
chord AB be drawn in the circle, 
whose centre is O: bisect it in D, 
Join AOt BO and draw DE parallel 
to BO. 

Then DE being parallel to BO, the triangles JDE, 
ABO are similar, and BO is equal AO, .'. DE=EA; 
but AE : AO :: AD ; AB (Eucl. vi. 2.), whence AE= 
iAO, .-. ED==EA=i ^O, and the Ipcus will be i| 
circle described on AO as a diameter. 




>»># ^«»^»#>*i#<^^i^J H i»y .^^i^^^^ 



(13.) Jfon the radius qf a given semicircle, afiother 
semicircle be described, andjrom the extremity of the 
diameters any Unes be drawn cutting the circumferences y 
and produced so that the part produced may always hate 
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a given ratio to the part intercepted between the two 
circumferences ; to determine the locus of the eMremities 
(^ these lines. 

On AB the radius of the semi- 
circle AEC let a semicircle ADB 
be described; and from A draw 
any line ADE, which produce till 
EF : ED in the giren ratio. 

Produce AC to G, making CO : CB, in the given 
ratioi and join DB, EC, FG; 

then since FE .ED:: GC : CF, 
.-. FE : QC :: ED : CB :: DA : AB :: EA : CA, 
whence (EucL vi. 2.) FG is parallel to CE and DB^ and 
the angle AFG is a right angle, and is in a semicircle 
whose diameter is ^6 ; hence the locus required is a 
semicircle. 




(IS.) ' y Ji^dm a given point without a gi^en circle, 
straight lines be drawn, and terminated by the drcum- 
Jerence ; to determine the locus of the points which divide 
them in a given ratio. 

Let A be the given point 
and BCD the given circle. 
Find O its centre and join 
AOy and divide it in ^, so 
that AO : AE in the given ratio^ and find a point F^ so 
that EF may be to OD in the given ratio^ and with the 
centre E and radius EF describe ^^ circle ; it will be the 
locus required. 

Draw any line AGC; join OC, EG. Since AO : 
AE in a given ratio^ as also OD : EF; 

.-. OC : EG :: AO : AE, 
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henoe OC is parallel to £6, 

and AC : AG :: OC : EO, i. c. in the given ratio. 
In the same manner it may be shewn that every line 
drawn from A to BCD will be divided by the circum- 
ference of the circle GFH in the same ratio, i.€. GFH 
will be the locus required. 



(14,) Having given the ntdim of a circle; to die- 
termine its centre ^ when the circle touches two given lines, 
which are not paralieL 

Let BA^ AC be the two lines 
which touch the circle, whose 
radius is given. 

Bisect the angle BAC by the 
line AE, the centre of the circle 
will be in this line (Eucl. iv. 4.) 

From A draw AD at right angles to AB and make it 
equal to the given radius ; through D draw DO parallel 
to AB meeting AE in O ; then the centre of the circle 
being in this line also, must be at the point of interKc^ 
tion O. 




^ (15.) Through three given points which are not in 
the same straight line, a circle mc^ he described; but no 
other circle can pass through the same points. 

Let Af Bj C be the three given points. 
Join AB, BCy and bisect them in D and 
E; from which points draw i[)0^ EO 
at right angles to them ; these lines will . 
meet in some point O ; for if not| they are 
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parallel, and therefore ^j?/ jBC milst be parallel^ which is 
contrary to the supposition. Join AO, BO, CO^ 

m 

Since AD^DB^ and DO is commoil/and the angles 
at D equal, .•. AO^sBO. -In -the same manner it may 
be shewn that 50= CO; and the thre6 lines OA, OB, 
OC being equal, a circle described from the centre O at 
the distance of any one of them will pass through the 
extremities of the other two. 

And besides this, no other circle can pass through A, 
B, C: for if it could, its centre would be in DFand EH, 
and /. in their intersection ; but two right lines cUt each 
other only in one point, .-. only one circle can be de- 
scribed. 



(16.) From two given points on the same side of a line 
given in position, to draw two straight lines which shall 
contain a given angle, and be terminated in that line. 

Let A and B be the given points 
and CD the given line. 

Join ^S and on it describe augment 
of a circle containing an angle equal to 
the given angle, and (if the problem be possible) meet- 
ing CD in P; Pis the point required. 

For join PA, PB ; the angle APB being in the seg- 
ment is equal to the given angle. 




^^^■^■^•# * ^ ><'<r*>^^^^'^^>^*s^'^#^^>^^ 



(17.) If from the extremities of any chord in a 
circle perpendiculars be drawn^ meeting a Mametef^ ; the 
points of intersection are equally distant from the centre^ 

£ 
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At C and D the e&tramitits 
of the ch^ld CD 9 let perp^ndi-* 
Ciilars tp it be drawn iDceting 
a diameter AB in S and F^ E 
and ^ ar^ equally distant; froff 
the centre O. 

Praw 06 perpendicular to C£)« and therefore bisect- 
ing it ; then OG is parallel to DFp 

whence G/> : OF:: J/G : HO :: HCi HE 
since the triangles HGO, HEC are equiangular ; 
/. (Eucl. V. 18, 16.) DG : OF i: (?C : OE 
hnt GD^GC, r.OF^OE. 



*'<^^^«»^^*^^^^^«^^*^^*^*^^^^^ 



(18.) If from the extremities of the diameter of a 
semidrek perpendiculars be let fall on any line cutting 
the semicircle ; the parts intercepted between those per^ 
pendiculars and the drcunjferenc^ are equal. 

b rem A and B the extremities of ^ g 

the diameter JB let AC, BD be drawn ^^^,-^^^^^^^^ 
perpendicular to any line CD eidting ^ y \ _^ 
the semicircle in E and F; CE is equal ^ 

to FD. ' 

From O the ctatre draw OG perpendicular to C/>^ 
it will he ^rallel to AC and BUj 
whence CG : GD :: ^O : OJB, t.6. in a ratio of equality. 
But (Eucl. iii. 3.) EG^GFy and /. CE^FD. 

(19.) In a gkxen circle to place a straight line 
pHtrnUet to it giv^n Straight line, and having a given ratio 
to it. 
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Let AB he the giTen Kd6 in the cit* 
x\e ABC whose eentre is O. Draw the 
diameter CD at right angles to AB : and 
taking a line EF which haa t^ AB th« 
given ratio (Sue], vi. 12*), place it in the 
circle ABC; bisect it in €rand join 00; 
make OH=i OG, and tlirpugh JS, draw JK pwUeJ to 
^£ ; /JST is tb0 iine r^^aired. 

For since OG ^ OH /.. (End iii. 14.) JK ^ BF^ 
and EFiAB in the givea tbliD; .-. IK: AB in the 
%W^a ratio. 



j # r»i« " X i»yB#»^^ it^ m m » < i irf >. 



(20.) Through a given point either without or within 
a given circle j to draw a straight linCy the part of which 
intercepted by tfte drcle, shaU be equal to a given Une^ 
not gfeatet than the diameter of the i^iricle. 

Let P be the given point 
without the circle ABC, whose 
centre is O. In the circle place 
a straight line AB equal to the 
given straight line ; which bisect 
in E; and join OE. With the 
centre O and radius OB describe a circle ; this will touch 
AB in Ej ^ince the angles at E are right angles (EucL 
Hi. 3.) ; from P draw PCD touching the circle in F. 
PCD is the line required. 

Join OF. Then OF being equal to OE, CD will, 
be equal to AB (EucL iii. 14.), i. e. to the given Bjie. 




i#»*»»»»»>»*^*»^ij»^>»>^^«^^#»,»^» 



(21.) Fwm a given point in the diameter offi semir 
2Ze produced, to drate a tine cutting the sM^icirele. so 
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that lines drawn Jrom the paints of intersection to the 
extremities of the diameter, cutting each other ^ may have 
a given ratio. 

Let C be the given point in 
the diameter BA produced. 
Make BC : CD in the given 
ratio; and from the points £and 

Dy in which CD cuts the semicircle, draw EB^ AD to 
the extremities of the diameter. CD is the Jine required. 

Since the angles EDA, EBA in the same segment 
are equal, and the angle at C common to the two triangles 
ACDy CEBy the triangles.are equiangular, whence 

BE : AD :: BC : CD, i. e. in the given ratio. 




»^^«»i^i^<^^^*'i^i»^^<»^<»«»<»i»<^#»»<»» 




(33.) -From the circumference of a given circle to 
draw to a straight line given in position^ a line which 
shall be equal and parallel to a given straight line. 

Let AB be the given cir- 
cle whose centre is O, and DE 
the line given in position.. 
From O draw OFparallel and 
equal to the given line; and 

with the centre F and radius equal to OjB, the radius of 
the given circle describe a circle cutting DJ? in G : join 
FG, and draw 0-4 parallel to it; join AG; AG is the 
line required. 

Since FG=^ OB =0 A, and is parallel to it, AG is 
equal and parallel to OF, and .*. equal and parallel to thei 
given line. 



^■^^ ^^^>^^^s#s»^^sr«^^^^^'i<^N^^^^#' ^ 



(33.) The bases of two given circular segments being 
in the same straight line; to determine a point in it 
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stichy that a line, being drawn through it making a given 
anglcj the part intercepted between the circumferences of 
the circles may be equal to a given line. 

Let AB, CDy the bases of 
the segments be in the same 
line. Through O the centre 
of the circle ^JB/draw EOG 
making with AB an angle equal to the given angle, and 
make OE equal to the given line. From E draw EF, to 
the circle CFD, equal to the radius OB ; draw 0/ pa- 
rallel to EF; join IE cutting AD \n H; His the point 
required. 

For 01 being- equal and parallel to EF, OE is equal 
and parallel to JF, /. IFis equal to the given line ; and 
7F being parallel to EG^ the angle FHC is equal to 
EGB, i. e. to the given angle. 

If the distance of E from the centre of the circle 
CFD be less than the sum of the radii there are two 
points in the circumference CFD, and two corresponding 
parts in JD which will answer the conditions. ^ 



^^><>i» »i »»i»«x^»i^i<^^i^i^^^i»i»i^i#'^^ 



(24.) i^ two chords of a given circle intersect each 
other ^ the angle of their inclination is equal to half the 
angle at the centre which stands on an arc equal to the 
sum or difference of the arcs intercepted between them^ 
according as they meet within or without the circle. 

Let AB^ CD cut one other in the 
point E ; and first within the circle ABC; 
the angle of inclination is equal to half the 
apgle at the centre standing on. an arc 
equal to the sum. of CA and DB. 
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Throng D draw DF panillel to BA. Jt\nA O the 
centre of the CTrcle, join CO, FO. Then AB faemg 
parallel to FD, (ii. 1.) AF is equsl te JBi>; and tlie 
angle CEA is equal to CDF, L e. to half the angle 
COF, which stands on the arc CF equal to CA and BD 
together. 

2. Next, let AB, CD intersect in £, without the 
circle. 

The same construction being 
made, the angle CEA is equal to 
the angle CDF, i. e. to half COF, 
i. e. to half the angle standing on 
CF which is the diflference between 
and BD. 




and AF or CA 
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(S5.) Ifjrom a point without two circles tvkicp do 
not meet each other j ttvo tines he dratvn to their centres, 
which have the same ratio that their radii have; the 
imgle contained hy tangents drawn from that point 
towards the same parts will be equal to the angle con-* 
tained hy lines drawn to the centre. 

From the point A let the 
lines ABy AE be drawn to the 
centres of two circles, and let 
them have the same ratio that 
the radii BC, DE, have; 
from A draw the tangents jtfC, 
AD ; as also AF, AG ; eadi 
of the angles CAD, FAG will beeq«al to BAE. 

Since AB : BC :r AE : ED and the Mglea at C 
and D are right angles, /. 4h64ritegle6 ABC, ADM are 




equitng^lar ^EiicU vi. 7.), and the angle C4B=DAEi 
to each of these add tiie angle BAD ; and CAD = J7jtE. 
In the same manner FAQ may be shewn to be equal 
to BAD. 




(36.) To determine the Arithmetic, Geometric and 
Harmonic means between two given straight lines. 

L^ A9, BQ be the two given lines. 
X^t ihe9) J^ pliieed in the ^^me straight 
li^i^ and on AC desc.Hb? a semicircle 
ADC^ Through 3 draw BD at right 
angles t9 AQ^ jpi^ Op, f^nd uppn it let &11 the perpen- 
dicular BE. Then AO being half of the sum of .^U^ 
BC is the arithmetic mean ; and since (Eucl. vi. 8.) 
AB : BD :: BD : BC, .*. BX) is the geometric mean. 
And DE is the harmonic piean^ for (Eucl. vi, 8.) 
{DO^IAO : DB :: DB : DE, i.e. it is a third pro, 
{>Qr|ional to the arithmetic and geometric ipe^us^ and 
.-. is the harmonic ^ean. 



^•^»^»^^^#«^^iir ^^^^>»<r'^i*»^*<»^i»^«»«^ 



(27.) ^ an each side of any point in a circle my 
number afequqlarcs he tahen^ and the extremities of eacft 
pair joined; the sum (^ the chords so drawn, will be 
equal to the last chord produced to meet a line drawn 
Jivm the given point through the extremity of the^rst 
arc. 

Let ABf BC, CD, &c., AE. EF, FG, &c. be equaf 
arcs and let their extremities BE, CF, DG be joined ;' 



1 



40 



GfiOMETRICAL PftOBtEMS. 



[Sec^ 2. 

irom A through B draw ABH meeting the last chord GD 
in H; OH is equal to EB, CF, DG, &c. together. 




Join DFf EC, and produce EC to /. Since AEsi 
BC, ABH is parallel to ECL And since the arcs are 
equal, the lines BE, CF, DG are parallel, whence B/ 
is a parallelogram and BE = HI. In the same manner 
it may be shewn, that CF= ID, and so on^ whatever be 
the number of equal arcs ; hence GH is equal to the sum 
of BE, CF,DG. 



(88.) If the circumference of a semicircle be divided 
into an odd number o/* eqiuil parts, and through the 
points which are equally distant from the diameter, lines 
be drawn ; the ""segments of these lines intercepted be- 
tween radii drawn to the extremities of the most remote, 
will together be equal to a radius of the circle. , 

Let the circumference of the semi- 
circle ADB be divided into any odd 
number of equal parts^ e. g. five, (the 
demonstration being the same for any 
odd number) in the points C, D, E^ F. 
Join DE, CF, which are parallel, since 
they intercept equal arcs. Join OD, OE ; DE land 
fjM together are equal to the radius of the circle* 




&c/. £.3 



6eOM£TJUCAL PROBLEMS. 



41 



For complete tlie<jirde, and divide the opposite semi- 
eincle in the aaiwe manner ; jmxk AC, DG, EH which 
will he parallel to one another ; CH will also be parallel 
to Vl Hence DE = OK, and* OK is also equal to each 
of the two PM, CL, •. PM=CL, whence LM==CP 
which is equal to AK, since CF is parallel to AB, 

and DE + LM= KO + AK^ AO the radius of 
the circle. * 



»<i^»>#»t>i»^i»i<i^i<»^^»^ i < ^<»t^#»» > ^^i»«» 



(29.) If 'from the extremities and the point of ^*- 
section of any arc of a circle, lines be drawn to amf 
point in the opposite circumference ; the sum of tho^ 
drawn from the extremities will have to that from the 
point of bisection, the same ratio that the line joining the 
extremities, has to that Joining one if them and the point 
of bisection. 

Ik 

Let the arc ^B be bisected in C, and 
AS, AC joined ; to any point D in the 
circumference draw AD, BD, CD ; then 
AD + DB :DC::AB: AC. 

Draw AE parallel to CD, and let it 
meet BD produced in E. The angle 
EAD = ADC ^CAB (Eucl. iii. 27) ; 
to each of.these add DAB, and EAB rr 
CAD', also ABD;=: ACD, /. the triangles EAB, A CD 
ar^ equiangular, whence BE : CD :: BA : AC. But 
since CDB is equal to each of the angles AED, DAE, 
they are equal to one another, /. DA = DE, 
and AD + DB : DC :: AB . AC. 
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(30.) ijf /too e^iMi/ circles cut each others andjrom 
either point of intersection a circle he described cutting 
them ; the points where this circle cuts them and the 
other point of intersection of the equal circles are in ihe 
Same straight line. 

Let the two eqital circles cut each 
other in A and JB, and with th« centre A 
and any distance ACy describe a circle 
FCD cutting their circumferences in C 
and 2); C^JD^JBwill be in a straight line. 

Join CBy and let it meet the cir- 
cumference ADB in E. Join AE^ 
AC. Since the angle ABC is an angle 
in each of the two equal circles, the circumference AC 
is equal to the circumference AE (Eucl. iii. 26.), .*. the 
line AC is equal to the line AE ; and .*. £ is a point 
in the circle FDC, and being by construction in the 
circumference ADB, it must coincide with D; .". CB 
passes through D, or C, Z>, i3 are in a straight line. 




(31.) If two equal circles cut each other , and from 
eithef point of intersection a line be drawn meeting the 
circumferences ; the part of it intercepted between the 
circumferences will be bisected by the circle whose 
diameter is the common chord of the equal circles. 

Let the two equal circles ADB, 
jiCB cut each other in A and B ; 
Join AB, and on it as a diameter let 
a circle AEB be jdescribed, and 
fropi A draw any line ADC meet- 
ing the circumferences in D and C; Z>Cis bisected in £7. 
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Join BD, BE, BC. Since the angle CAB is in 
each of the two equal circles, the circumferences BD^ 
BC on which it stands are equal, and .'. the straight lines 
BD, BC are equal, and consequently the angle BDE is 
equal to the angle BCE ; and. the angle BED in a semi- 
circle is a right angle, and .*• equal to BEC, and BE is 
common to the two triangles BED, BEC, /. DE=^EC. 



^^^i»^>»^^«i»'»«»^<»«»«»i^«#<»'^'* ^^^«»'» 




(32.) If two circles touch each other externally or 
internally ; any straight line drawn through the point 
of contact, will cut off similar segments. 

Let the circles ADC, BCE 
touch each other in the point C, and dj 
let any line ACB be driwn through 
the point of contact ; it will cut off 
similar segments. 

For draw the diameters CD, CE, and join AD, BE. 
Then DCE being a straight line (Eucl. iii. 12.), the 
angle ACD is equal to BCE, and DAC=^ CBE each 
being in a semicircle, and .'. a right angle, whence the 
angles ADC, CEB are equal, and the segments ADC, 
CEB similar; and .*. the segments AC and CB are 
also similar. 
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(33.) If two circles touch each other externally or 
internally ; two straight lines drawn through the point 
of contact will intercept arcs, the chords of which are 
parallel. 
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Let the two circles ACD, ECB touch 
each other ia C, and let ABC, DEC be 
any two hnes drawn through the point of 
contact. Draw the tangent FCG, and 
join JDy EB. 

Then (Euol. iii. 32.) the angle ADC 
=t (FCA = ) BEC, whence (Eucl. i. 38.) AD i» pa- 
rallel to BE. 




^^o^»^^^^»rf^^^i»*«^i^^i#'^^ii»'»«#'^^ 



(34.) If two circles touch emch other internalhf or 

emtematty, any two straight lines drawn tkrwiegk the 

point, of contact and terminated both ways by the dretM'* 

ferences will be cut proportionally by the circumference. 

Let the two circles touch each other in C, (see last 
Fig.) and let ACB^ DCE be any two lines drawn 
through the point of contact ; then it may be shewn (aa 
in the last prop.)^ that AD is parallel to BE^ and the 
triangles ACD, BCE are similar^ 

.-. ACi CB.iDC: CE. 



(35.) If two circles touch each other extemctUy, and 
parallel diameters be drawuy the straight line joiming 
the extremities of these diameters, will pass through 
the point of contact. 

Let ABG, DGE be two circles 
touching each other externally in the 
point 6 ; and let j4B, DE be paraltel' 
diameters^ join AE; AE will pai» 
through G. 




J 
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Join O, C the centres of the cirdes, OC m\\ pasi^ 
through O : let it meet AE in JP. The vcitieally oppo>- 
site angles at F being equals and also the akernate angles 
OAF, FECy the triangles AOF^ FCE are equkngnlar, 

..AOiCE.OFiFC, 
comp. AO + CE : CE :: OF + FC : Fa 
But OC^AO+ CE, and . . FC=zCE =: CG, and coa- 
seqtiently F and G coincide, or AE intersects OC in 
the point Gy i. e, it passes through the point of con- 
Laci* 

(36\) If two circles touch eoLch other, and also touch 
a straight line ; the pasrt of the line between the points 
of contact y is a mean proportional between the dimneters 
of the circle. 

Let AEBy CJ^D be two circles 
touching eacti other in E, and a 
straight line AC in A and C; draw the 
diameters AB, CD; AC is a mean 
proportional betweei\ AB and CD. 

Join ADy BC*^ these lines (ii. 25.), pass through the 
point of contact C And since CA touches the circle in 
Ay from which AE is drawn, the angle CAD is equal to 
the angle in the alternate segment ABE ; also the angle 
ACD being a right angle is equal to the angle CABy 
,'. the triangles ACD, ABC ore equiangular, and 

BA.ACi.AC: CD. 




i&J.y If two circles touch each Other esstemmll^y a/nd 
th» line joining their centres he produced to their cir^ 
eunferences ; and from iU middle point as a centre with 




46 GEOMETRICAL PROBLEMS. [SeU. 2« 

€t9^ radius whatever a circle be described^ and any line 
placed in it passing through the point of contact ; the 
parts of the line intercepted between the circumference 
of this circle and each of the others will be equal. 

Let ABC, DCE be two circles 
which touch each other externally in 
C, and let AFE be the .line joining 
their centres and produced to the 
circumferences in A and E. Bisect 
AE in F, and with the centre F and 
any radius, let a circle GHK be de- 
scribed, and in it any line GCH drawn through C meet- 
ing the circumferences of the circles in 3 and D ; then 
willG£=:Z)J7. 

Join AB, Z>£, and draw FI parallel to AB; it will 
be perpendicular to GH since ABC is an angle in a 
semicircle, and /. GH is bisected in /. And since IF 
is parallel to AB, 

(Eucl. vi. 2.) AF BI.FC : IC, 
also the triangles ICF, ECD being similar, 

FC : CI :: EF : ID, 
.-. (Eucl. V. 15.) AF'.BI :: EF : ID. 
But AF = FE, ..BI= ID, 
and it has been shewn that GI= IHy whence GB = DH. 



^'^■^^■#«i»'i^i^^'^^«»^#<^^«^i^i»^«^*«^^<»i* 



(38.) If from the point of contact of tu>o circles 
which touch each other internally any number of lines be 
drawn; and through the points, where these intersect 
the circumferences, lines be drawn from any c/ther point 
in each circumference, and produced to meet ; the angles 
formed by these lines will be ^qual. 
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Let the two circles ABC, DEC 
touch each other internally in C, 
from which let any lines CA, CB be 
drawn;' and taking any two points 
G and F, through E and B draw 
GEl, FBI and through D and A 
draw GDH, FAH; if those lines 
meet, the angle at /will be equal to the angle at II. 

For the angles CBF, CAF standing on the same 
circumference CF, are equals .*. the angle IBE is equal 
to HAD. Also the angles CEG^ CDG, standing on 
the same circumference CG, are equal, and .*. the angle 
lEB is equal to th^ angle HDA; .*. the triangles lEBy 
HDA have two angles in each equal, and consequently 
the remaining angles are equal, t. e. EIB^DHA. 



^'^^^'^'^^^^^^^'^'^ J^^^^'^^^^^^'^'O 



(39.) If two circles touch each other internally^ and 
any two perpendiculars to their common diatneter be pro- 
duced to cut the circun^erence ; the lines joining the 
points of intersection and the point of contact are pro- 
portionals. 

Let the two circles ACBy AMI 
touch each other internally in the 
point Ay from which let the com- 
mon diameter AIB be drawn, and 
from any two points G, H let per- 
pendiculars GCj HD meet the circumferences in Cy I>, E^ 
F; join ACy AD, AE, AF; these lines are proportional. 
For since AB : AD :: AD : AH, 
AB : AH in the duplicate ratio of AB : AD. 
For the same reason, 

AG : AB in the duplicate ratio of AC : AB, 
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.-. AG : AH in the duplieate ratio of AC : AD. 
In the same manner it may be shewo that 

AG : AH in the duplicate ratio of AE : AF, 
/. (Eucl. V, 15.) the duplicate ratio of AC : AD^ 
is the same with the duplicate ratio o(AE : AF^ 
and . . AC : AD :: AE : AE 



(40.) If three circles, whose diameters are in con- 
tinued proportion touch each other internally, and Jrom 
the extremity of the least diameter passing thromgh the 
point of contact^ a perpendicular be draum, meeting the 
circumferences of the other two circles; this diameter 
and the lines joining the points of- intersection and con- 
tact are in continued proportion. 

Let AB, AC, AD the dj^meters of 
lliree circles touching each other in A, 
be in continued proportion, viz. AB : 
AC :: AC : AD, and from B the per.- 
pendicular\BFiheet the circumferences in E and F; 
join AE, AF; then AB : AE :: AE : AF. 

For (Eucl. vi. 8.) AB : AF :: AF : AD. 
But by the hypothesis AC : AB :: AD : AC, 

.. AC: AF:: AF : AC, 
whence AF = AC. 

And (Eucl. vi. 8.) AB : AE :: AE : AC, 

.•• AB : AE :: AE : AF, 
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(41.) If a common tangent be drawn to any number 
of circles which touch each other internally ; and from 
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Qf^ point in this tangent as a centre^ a circle be deseribed 
cutting the others, and from this centre lines be drawn 
through the intersections of the circles respectively ; the 
segments of them within each circle will be equal. 

Let the circles touch each other in 
the point B, to which let a tangent BA 
he drawn, and from any point A in it 
as a centre with any radius^ let a circle 
EFG be described. Draw the lines 
AED, AFH, AGI; then will the parts 
BE, HF, 10 be equal- 

Foir since AB touches the circle, (Eucl. iii. 36.) 

DA : AB :: AB : AE, 
For the same reason^ AB : AH :: AF : AB^ 
.*. ea? asquo DA : AH :: AF : AE, 
but AF:=AEy .-. i)/^=^fl' and consequently DE-HF. 
In the same manner it may be proved, that IGssHF 
or DE. 
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(42.) jyjrom any point in the diameter of a circle 
produced, a tangent be drawn ; a perpendicular Jrom the 
point of contact to the diameter will divide it into seg- 
ments which have the same ratio tha£ the distances of the 
point without the circle from, each extremity of the 
diameter, have to each other. 

From any point C in the dia- 
meter BA produced, let a tangent 
CD be drawn, and from D, draw 
J)E perpendicular to AB ; AE : 

MB :: AC : CB. 

G 
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T\ike O the centre of the circle, jdin DO; then 
(Eucl. iii. 18.) the angie CDO is a right angle, and .*. 
(Eucl. vi. 8.) 

CO : OD :: OD : OE, 

or CO: OA:: OA : OE, 

.•. div. and comp. AC : CB :: AE : EB. 

Cor. The converse may easily be proved. 



>»<»<»^i^»i^>^^^<»»#i»^i»^»»»i#^»^i»#»» 



(43.) If from the extremity of the diameter of a 
given semicircle a straight line be drawn in it, equal to 
the radius, and from the centre a perpendicular let fall 
upon it and produced to the circumference ; it will he a 
mean proportional between the lines drawn from the 
point of intersection with the circumference to the ear- 
tremities of the diameter. 

From B the extremity of the diameter 
^B let a line jBC be drawn, equal to the 
radius BO; and on it let fall a perpen- 
dicular OD meeting the circumference 
in D ; join DB, DA ; DO is a mean proportional be- 
tween DA and DB. 

Join DC Then the angles BAD, BCD on the 
same base are equal. Also since OD bisects BC, it bi* 
sects the arc BDC, .\ also the straight line BD^DC 
and the angle DBC^DCB, but ODA^OAD, •. the 
triangles ODA, DBC are similar, .•. AD : DO :: 
(JBC ^) DO : DB. 




^i#^^i»^i^^»«» «*>»«#«» ^»«^^#<#^^i^^^^ 



(44.) If from the extremity of the diameter of a 
circle, two lines be drawn, one of which cuts a perpenr- 




Skd. 2.3 GEOMETRICAL PROBLEMS. 51 

dicular to the diameter, and the other is dromon to the 
point where the perpendicular meets the circumference ; 
the latter of these lines is a mean proportional between 
the cutting line, and that part of it which is intercepted be^ 
tween the perpendicular and the extremity of the diameter. 

Let CE be at right angles to the,dia- t 
meter ^B of the circle ABC, and from 
A let AD^ AC be drown, of which AD 
cuts CE in F, then will 

AD : AC :: AC : AF. 

For since the circumference AE is equal to the cir- 
cumference ACj (Eucl. iii. 27.) the angle ECA is equal 
to the angle ADC, and the angle at A is common to the 
two triangles ADCy ACF, .\ the triangles are similar, 
and 

AD : AC :: AC : AF. 

But if the point of intersection f be without the cir- 
cle, draw dH parallel to CG, then, as before, the angl^ 
HdA is equal to ACd, and the angle at A common to 
the triangles AHd, ACdy 

.-. Ad : AC :: AH : Ad :: AC : Af. 

(45.) In the diameter of a circle produced, to deter^ 
mine a point, from which a tangent drawn to the dr-^ 
cuTnference shall be equal to the diameter. 

From A the extremity of the dia- 
meter ABy draw AD at right angles 
and equal to AB. Find the centre O, 
join OD cutting the circle in C; and 
through C draw CE at right angles to 
OD meeting BA produced in E. 
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Then because the angle OAD is eqnai to OCE, each 
being a right angle^ and the angle at O is common to 
the tm) triangles OJD, OCE, and OA^OC, .\ AD:=i 
CE. But AD was made equal to AB, .\ CE:=^AB, 
and JB is the point required. 



^^^^^^i^^X'^i^i^^^^^i^i^i^^i^ii^*** 




(46.) To determine a paint in the perpendicular at 
the extremity of the diameter ofasemktrchjjrom wMeh 
if a line be drawn to the other extremity of the diameter, 
the part without the circle may he equal to a given 
straight line. 

• From B the extremity of the dia- 
meter of the semicircle ADB, let a per- 
pendicular JBC be drawn ; in which 
take BE equal to the given line ; and 
on it as a diameter describe a circle ; through the centre 
of which draw AGF, and with A as centre and radius 
AF describe a circle cutting JBC in C. Join AC; CD 
is equal to the given line. 

Join BD. Then BD being perpendicular to AC, 
(End vi. 8. Cor.) AC : AB :: AB : AD, 
and (Eucl. iii. 36.) AB : AF :: AG : AB, 
.\ ex cequo, AC : AF :: AG : ADy 
whence AG = AD, and ..DC^GF^BE. 



<^^»#>^>^»^^^^^i^»#**^^^gii#«^»»^^>^h^i^»^i^ 



(47.) Through a given point without a given circle^ 
to draw a straight line to cut the circle, so that the two 
perpendiculars drawn from the points of intersection to 
that diameter which passes through the given point, may 
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together he eqml to a given line, not greater than the 
diameter of the circle. 

Let P be the given point with- 
out the circle ABC, whose centre 
id 0\ AB the diameter which 
passes through P. On PO de- 
scribe a semicircle. From P draw 
PD at right angles to PB and equal to half the given 
line ; through D draw DE parallel to PB meeting the 
semicircle in iS; joinP-E; and produce it to C; PC 
is the line required. 

For, draw FO, EH, CJ perpendiculars to AB. Join 
OE; then the angle PEO is a right angle^ and /. (Eucl. 
iii. 3.) EF=EC; whence FG and CI together are 
equal to 2-E/f=2P/>=the given line. 



(48.) If from each extremity of any number of equal 

ad/acent arcs in the circumference of a circle^ lines he 

dtaum through two given points in the opposite circum^ 

ferenoCf and produced till they meet ; the angles formed 

by these lines will be equal. 

Let AB, BC, be equal arcs, and 
F, E two points in the opposite cir- 
cumference, through which let the 
lines AFl BEI; BFH, CEH be 
drawn, so as to meet ; the angles at / and if, will be 
equal. 

From E draw EK, EL, respectively parallel to FA, 
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FB. Sinoe EK is parallel to FA, the angle KEB is 
equal to the angle at / ; for the same reason the angle 
LEC is equal to the angle at H. But since the arcs 
ABy BC, are equal, and AK, BL being each equal to 
EF (ii. 1.) are also equal to one another, •*. KB, LC, 
are also equal, and (EucL iii. 27.) the angles KEB, 
LECy are equal, .*. also the angles at / and H are equaU 
The same may be proved whatever be the number of 
equal arcs AB, BC. 



I 



(49.) To determine a point in the circumference of a 
circle, from which lines drawn to two other given points, 
shall have a given ratio. 

Let A, B he the two given points, join 
ABy and divide it in D so that AD : DB 
may be in the given ratio; bisect the arc 
ACB in C, join CD^ and produce it to J? ; 
E is the point required. 

Join AE, EB. Since AC= CB, the angle AEC i» 
equal to the angle CEB, .'. AB is cut by the line ED 
bisecting the angle AEB, and consequently (Eucl. vi. 3.) 

AE : EB :: AD : DB^ t. e. in the given ratio. 
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(50.) Ifcmy point he taken in the diameter of a dr-- 
cle, which is not the centre ; of all the chof^ which can 
be drawn through that point, that is the least which is 
at right angles to the diameter. 

In AB the diameter of the circle ADB, let any point 
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C be taken which is not th<B centre, and let 
DEy FG be any chords drawn through it, 
of which DE is perpendicular to AB ; DE 
is less than FG, 

Take O the centre and draw OH perpendicular to 
FG. Now in the triangle OCH, the angle at ^ is a right 
angle and .*. greater than the angle OCH, .*. CO is 
greater than OH and consequently (Eucl. iii. 15.) DE 
is less than FG. 




(51 .) If from any point without a circle lines he 
drawn touching it ; the angle contained hy the tangents^ is 
double the angle contained hy a line joining the points of 
contact and the diameter drawn through one of them. 

From the point E without the circle 
ABC let EA, ECD be drawn touching 
the circle in A and C, and let ED meet 
the diameter AB^ drawn from A, in the 
point D. Join AC; the angle AEC is 
double of CAB. 

Through C draw the diameter COF, 
then the angle FCD is a right angle and /• equal to 
EAD, and EDA is common to the triangles EDA, 
COD, .-. the angle COD is equal to A ED. But COB 
is doable of CAD, .\ AEC is double of CAD. 




(62.) If from the extremities of the diameter of a 

circle tangents he drawn, and produced to intersect a tan^ 

gent to any point of the circumference, the straight lines 

joining the points of intersection, and the centre of the 

circle form a right angle. 
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From A and B the extremities of the 
diameter AB let tangents AD, BE be 
drawn, meeting a tangent to any other point 
C of the circumference, in D and E ; and 
let O be the centre ; join DO, EO ; the 
angle DOE is a right angle. 

Join CO. Then since CE^EB, CO^OB, and 
the angles at C and B, being right angles, are equal, 
.-. the angle CEO^ OEB and CEB is bisected by EO. 
In the same manner it may be shewn that the angle 
ADC is bisected by DO. And since the angles CEB, 
CD A are equal to two right angles, /. CDO and CEO 
are equal to one right angle, and .*. (Eucl. i. 32.) DOE 
is a ri^ht angle. 
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(53.) If from the extremities qf the diameter of a 
circle tangents be drawn ; any other tangent to the cir^ 
cle, terminated by them^ is so divided at the point of 
contact, that the radius of the circle is a mean proper-- 
tional between its segments. 

Let AD, BE be two lines touching the circle ABC, 
(see the last Fig.) at ^ and B the extremities of its dia- 
meter, and meeting DCE any other tangent to the cir- 
cle ; take O the centre, and join CO ; then will DC : 
CO :: CO : CE. 

Join DO, EO ; then as in the last proposition, it 
may be shewn that DOE is a right angle ; and since from 
the right angle OC is drawn perpendicular to the base^ 
.*• (Eucl. vi. 8.) it is a mean proportional between the 
segments of the base, or 

DC: CO:: CO : CE. 
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(54.) 7kb circles being given in magnitude dsnd porir 
Hon; iojind a poiat in the circun^erence of one qfihentj 
tOi which if a tangent be drawn cutting the circumference 
cf the other, the part of it intercepted between. the two 
circumferences may be equal to a given line. 

Let O and C be the centres of the 
two given circles. To any point Am 
the circumference of one of them let a 
tangent AB be drawn, and make AB 
equal to the given line. With the 
centre C and distance CB describe a circle DlBD cutting 
the olher in the point 1>, and from D driatw DE touch-- 
ing the Ibrmer given circle ; E will be the point required. 

Join CA, CB, CD, CE. Since CA^CE and CB= 
CD, and the angles at A and E are right angles^ .\ DM 
is equal to BA, u e. to die given Hne. 

If the circle DBD neither cuts nor touches DD, it 
is evident the problem will be impossible. 
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(55.) To draw a straight line cutting two concentric 
circles so that the part of it which is ir^tercepted by the 
circun^erence of the greaier may be double the part in- 
tercepted by the circumferenoe of the less. 

Let O be the centre of the two circles. 
Draw any radius OA of the lesser circle 
and produce it to B, making AB = AO. 
OnAB describe a semicircle -^iCB cutting 
the greater circumference in C; join AC, 
and produce it to JS; CE is the line required. 

Join CB ; and let fall the perpendicular OD. 

H 




Then 
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the angle ADO being a right angle is equal to the angle 
jiCB, and the vertically opposite angles at A are equaX 
and the side OA=ABy .'. AC=^AD, and DC^2AD; 
but DC is half of EC and AD half of AF, .\ EC is 
double of AF. 

Cor. The same construction will apply whatever be 
the relation required between the two chords. Take 
OB ; OA in the required ratio^ and proceed as in the 
proposition. 



^^-^^^^^^^x*^)*- * ^^f^^ > ^*'0t^'^>^<^4^^'^»^ 



(56.), ^ two circles, intersect each other, the centre 
qf the one being in the circumference of the other, and 
any line he drawn from that centre ; the parts of it 
which are cut off* hy the, common chord, and the two dr- 
cumferences will be in continued proportion. 

From any point A in the circumference 
of the circle ABG, as a centre and with 
any radius^ let a circle BDC be described, 
cutting the former in B and C Join BC, 
and from A draw any line AFE, AF : 
AD :: AD : AE. 

From A draw the diameter AG, it will cut BC at 
right angles in 1. Join GE, AC. The right angle 
AIF being equal to the right angle AEG, and the angle 
at A common^ the triangles AIF, AEG are similar^ 

r.AF.AI ::AG:AE. 

But (Eucl vi. 8. Cor.) A I : AC :: AC : AG, 

.'. ex cequo, AF : AC :: AC : AE, 

or AF : AD :: AD : AE. 




'»»i<^»<»^^^^^^^^^^^^^>^»<»|»^^l#^#^ 
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(57.) If fl* semicircle be described on the side of a 
quadrant y and from any point in the quadrantal arc 
a radius be drawn^ the part of this radius intercepted 
between the quadrant and semidrcley is equal to the per^ 
pendicular let fall from the same point on their common 
tangent. 

On AB the ^ide of a qua^rs^nt let the Af 
semicircle AEB be descnbed, and from any 
point C draw, the radius CB, and CD per- 
pendicular to AD a tangent at A\ EC= CD. 

Join AEy AC; then the angle AEB being in a semi- 
circle, its adjacent angle -^J5C is a right angle and .% 
equal to ^Z>C; and BCA=^BAC=ACD the alternate 
angle ; /. the two triangles AECy ACD have two angles 
in each equal, and one side AC common, /. £C== CD. 

Cor. Any chord of the semicircle drawn from the 
centre of the quadrant, is equal to the perpendicular 
drawn to the other side from the point in which the chord 
produced meets the quadrantal arc. 

Produce DC to F\ then CE being equal to CJ>, 
the remainder BE is equal to the remainder CF. 




(58.) If a semicircle be described on the side of a 
quadrant, and a line be drawn from the centre of the 
quadrant to ^a common tangent; this line, the parts of 
it cut off by the circumferences of the quadrant, and of 
the semidrcte, and the segment of the diameter of the 
semicircle made by a perpendicular from the point where 
the line meets itJs circumference ^ are in continued propor^ 
turn. 
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On the radius ^B of thie quadrant • p 
AGB let the semicircle j4EB be de- 
scribed, and at A draw the tangent^/). 
From B draw any line BECD meeting 
the tangent in Z>, and the circumferences 
in C, E; from E let fall the perpendicular EF; then 
BD, BC, BE J BFare in continued proportion. 

Since FE is perpendicular to BJI, it is parallel to AD, 

. . BF : BE :: (BA^) BC : Bl>, 

But (Euch vi. 8.) BF: BE :: BE : (^^=) BC, 
.% (Eucl. V. 16.) also BE : BC :: JBC : BD, 

and 5jP: 5^ :: BE : BC :: BC : BD. 
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(59.) If the chord of a quadrant be made the dia^ 
meter of a semicircle^ and from its extremities two 
straight lines he drawn to any point in the circumference 
of the semicircle ; the segment of the greater line inter^ 
cepted between the two circumferences shall be equal to 
the less of the two lines. 

Let O be the centre of the quadrant 
ADBy']o\vi AB and on it let a semicircle 
ACB be described ; from any point C in 
which let lines CA, CB be drawn to A and 
B, of which CB is the greater ; CD = CA. 

Join AD, and complete the circle ABE ; take any 
point E and join EA, EB. Since ADBE is a quadri- 
lateral figure inscribed in a circle, the angles AEB^ 
ADB are equal to two right angles, and .-. equal to 
ADB, ADC, whence AEB=ADC; but AEB is half 
of AOB which is a right angle, /. ^DC is half a right 
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angle, and ^CD being a right angle (Eucl. ii.31.), CAD 
is half a right angle, and /. equal to CD A, consequently 
CA^CD. 



(60.) If two circles cut each other so that the cir- 
cumference of one passes through the centre of the other, 
and from either point of intersection a straight line be 
drawn cutting both circumferences ; the part intercepted 
between the two circumferences will be equal to ihe chord 
drawn from the other point of intersection to the point 
where it meets the inner circumference. 

Through O the centre of the circle 
ABC, let the circle AOB be described^ 
cutting ABC in A and B. If any line 
AED be drawn from A^ and BE joined ; 
DE will be equal to EB. 

Draw the diameter AOC, join BC, BD. Then 
since the angle AOB is equal to AEB, /. the angle 
COB is equal to DEB. Also the angles OCB, EDB, 
being in the same segment, are equal to one another, 
••. the triangles OCBy EDB are equiangular, and /. 
since OB=zOCy the angle OCB is equal to the angle 
OBQ whence EDB^EBD, and . . ED^EB. 




i»>»«*>^.<'^^^<»<»>i^»#«^'*S»»<'.^^«»'^^^»^>#l^ 



(61.) If from each extremity of the diameter of a 
circle lines be drawn to any two points in the circuft^e- 
rence ; the sums of the lines so drawn to each point will 
have to one another the same ratio Aiat the^ lines have, 
which join those points and the apposite extremity cf a 
diameter perpendicular to the former. 
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From A and C the extremities of AC the diameter of 
the circle .<^£C/ let lines ^£, HC, AF^ K7 be drawn 
to any points E and F in the cir- 
cumference, and draw the diameter 
BH perpendicular to AC'y join £D, 
FD\ then 
AE + EC: AF+FC :: ED : FD. 

Join AB ; and with the centre B 
and distance BA describe a circle 
AGC; produce AB, AE, AF to the circumference. 
Join GH, HI, BE, EF, 61, BF. Then since AG and 
BD are diameters of the circles, the angles AHG, AIG 
are equal to DEB, DFB ; but BAE, EAF are equal to 
BDE, EDF, and the angle HIG heing= HAG =BDE 
=BFE, .: the angle HIA = EFD and the triangles 
GAH, HAI are similar to BDE, EDF, and 

.: AH : AI :: ED : FD, 
But (ii. 60.) EH=^EC, and FI=FC, 
.: AE+EC: AF+FC :: ED : FD. 



«»^i#^»<»«i#»»i»i#«»»»^«»^<»«*>^^^«»^^»»«»i» 



(63.)^ If from any ttoo points in the circumference of 
a circle there be drawn two straight lines to a point in 
a tangent to that circle ; they will make the greatest 
angle when drawn to the point of contact. 

Let A and B be the two points, and 
CD the tangent at C ; join AC, CB ; the 
angle ACB is greater than any other angle 
ADB formed by lines drawn to any otbar 
point D. 

Join BE. Then the angles ACBy AEB in .the {fame 




r 



I 
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segment are equal ; but ADB is less than the exterior 
angle AEB, and /. is less than ACB. 

Cor. If two circles touch each other in C, it might 
be shewn in a similar manner, that the angle formed by 
two straight Hues drawn from A and £ to C the point of 
contact; will be greater than the angle formed by lines 
drawn from the same points to any point in the exterior 
circle. 



(63.) From a given point within a given circle to 
draw a straight line which shall make with the circum- 
Jerence an angle less than the angle mcide by any other 
line drawn from that point. 

Let P be the given point within the 
circle ABC. 

Find O the centre, join OP and 
produce it to the circumference. From 
P draw PB at right angles to OA\ it is 
the line required. 

Join OBj and on it as a diameter describe a circle 
OPB, which will touch the circle ABC in jB. Then 
OBP is the greatest angle that can be included betweepi 
lines drawn from O and P to the circumference ABC 
(ii. 63. Con), .•. the angle contained by PB and the cir- 
cumference AB will be the least. 




'^'0^ i»<»«»i^«^^<»^^'^i»^^>^X»^<»»yi»^^^ 



(64.) To determine a point in the arc of a quadrani, 
from which if lines he drawn to the centre and the point 
of bisection of the raditiSy they shall contain the greatest 
pomble angle* 
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Let BC be the arch of a quadrant whose centre is A 
and let the radius AC be bisected in D. On 
AD describe an equilateral triangle ADE^ . 
and produce AE to F\ F, is the point re- 
quired« 

Join FD. Then AF^AC, and AD= • 
AE, but AD is half of ^C, and /. AE is half 
of AF, and /. equal to EF; and EA, ED, EF are 
equal ; whence a circle described from the centre E at 
the distance of any one of them will pass through the 
extremities of the other two, and touch the arc BC in 
F, because their centres are in the same straight line ; 
^xA AFD (ii. 63. Cor.) is greater than any other angle 
formed by lines drawn from any point in BC to ^ and D. 



^^i^^^^>^^ ^^ ^ ^^V^»«»i»<»»»«» ^ ^i»»»«» » » 



(65.) If the radius of a circle he a mean proportional 
to two distances from the centre in the same straight Une; 
the lines drawn from their extremities to any point in 
tfie circumference will have the same ratio tfiat the dis- 
tances of these points from the circumference have. 

Let A and B be the two points, 
such that AO: CO:: CO: BO, and 
from A and B let lines AD, BD be 
drawn to any point D in the circum- 
ference ;. these have always the same ratio, viz. AD : 
BD 2: AC : BC 

Join OD. Then since OD^OC, OA : OD :: OD : 
OCi i. e. the sides about the common angle AOD of the 
triangles AOD, BOD are proportional, and .•. the tri* 
angles are similar, consequently 

DA : DB :: OA : (qD^)OC 




Sect. 8.3 GEOMETRICAL PROBLEMS. 6B 

But since AO : CO :: CO : BO, 

div. AO : AC :: CO : CB, 

alt. AO : CO :: AC : CB, 

,-. (Eucl. V, 1*.) DA : l>iB :: ^C : CJB. 



I »*# > #»^<^t«i^^^»i^r^^4 
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(66.) 7\fci eirclew being given in ptmtitm und inag^ 
nitude ; to draw a straight line cutting them m thai 
the chords in each circle may he equal to a given Ime^ 
not greater than the diameter of the smaller circle. 

Let ABCj EFG be die given circles whose centres 
are O and M. In each place a line AB, EF^ equal U% 




the given line ; and from the centres draw the perpeh* 
diculats O/, MK\ and with these distances and centres 
O and / describe circles which will touch AB, BF in 1^ 
and K\ draw CDGH (ii. /.) which shall touch these 
circles in L and A^; each of th^ chords CD and GH 
will be equal tb the given line. 

Join OLy MN\ these lines are perpendicular to CD 
and GHy and being respectively equal to OI and MK^ 
CD=AB (Eucl. iii. 14.) and GH=:EF; but AB and 
EF are each equal to the given line, .\ CD mAOH 
are abo each equal to the given line. 

C6it. If thcf iiit€i^pl0d' ptiits ar^ required to b>Y^ 

I 
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a given ratio> take AB and EF in that ratio, and make 
the same construction as in the proposition. 



i*«<»^^>*>»<^^>»i»^^'>»i»< 




(67.) To determine a point in the arc of a quadrant ^ 
through which if a tangent be drawn meeting the sides 
of the quadrant produced, the intercepted parts may 
have a given ratio. 

Let OA, OB be the sides of a quad- 
rant produced ; and take M and N two 
right lines which are in the given ratio, 
and let OC be a mean proportional be- 
tween the radius of the quadrant and M, 
and OD a mean proportional between the radius and iV. 
Join CDy and draw the radius OE cutting it at right 
angles ; E is the point required. 

Through E draw the tangent AEB, which being per- 
pendicular to OE (Eucl. iii. 18.), will be parallel to CD, 

.'. AO : OB :: CO : OD, 
^nd since OC and OD are mean proportionals between 
3/ and the radius^ and iVand the radius respectively, 
ilf : iV in the duplicate ratio of OC : OD, 
i. e. in the duplicate ratio of AO : OB. 
But (Eucl. vi. 8. Cor.) 

AE : EB in the duplicate ratio of ^O : OB, 
/. AE : EB :: M : N, L e.\n the given ratio. 



^^»»^«».»^i»'*»»i0^^i^<»i^<»^^^«^s»^^'^ 



(68.) If a tangent be drawn to a circk at the extre* 
mity of a chord which cuts the diameter at right angles^ 
andjrom any point in it a perpeniieuiar Jbe, letJiMs the 
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segment of the diameter intercepted between that per^-^ 
pendicular and chord is to the intercepted part of the' 
tangent, as the chord is to the diameter. 

Let the chord CD he perpendicular to 
the diameter AB^ and let CE touch the 
circle at C ; from any point £ in which 
let EFhe drawn perpendicular to AB\ 
FG.CE ::CD: AB. 
Draw the diameter CH\ join ^Z> and draw CI per- 
pendicular to EF. Since EC touches the circle, the 
angle J^Ci/ (Eucl. iii. 18.) is a right angle and /. equal 
to ICD; whence, taking away from each ICH, the 
angle ECI;= HCDy and EIC, HDC are right angles, 
/. the triangles ECI, HDC are equiangular, 
whence IC : CE .i DC : CH, 
or GF : CE :: CD : AB. 



^<»^»»»^^^»^^^«»i»^^y«»»»^^«»^'^#^ 



(69.) If a straight line he placed in a circle, and 

Jrom its extremities perpendiculars be let Jail upon any 

diameter ; these perpendiculars together will have to the 

part of the diameter intefxepted between them, the same 

ratio that a line placed in the circle perpendicular to the 

former line, has to the former line itself. 

Let the line CD be placed in the cir- 
cle ABC. and from its extremities let 
CE, DF be drawn perpendicular to a di- 
ameter AB. From Z) let DG be drawn 
perpendicular to DC \ then will 

CE + DF:EFi: GD i DC. 

Join CG, which is therefore a diameter pf the circle j, 




and produce CE to /: join DI, and draw DH perpen- 
dicular to CE. Since CI is perpendicular to jiB^ CE s^ 
El but HE = DF, •• ^/= CE + DF. Now (EueL 
iii. 21.) the angle at G is equal to the angle at /, and 
CDG^ DHI are right angles^ /. the triangles C6D, 
HID are equiangular, 

and HI: HD::DG.DC, 
or CE+DF: EF :: DO : DC. 



^»l»»»^>»i»»^»»<»^i»#^>^>l#^i»«»^.<S^^ 




(70.) /n ff circle to place a straight line of given 
length, so that perpendiculars drawn to it from two given 
points in the circutJiference may have a given ratio. 

Let A and B be the given 
points in the circumference of the 
circle whose centre is Ol Join 
BA and produce it, and take AC : 
CB in the given ra\io. In the 
circle ^ace a straight line equal to the given straight line^ 
^d from the centra O let fall a perpendicular upon it. 
With O as centre, and distance eq^al to this perpendi*^ 
cular describe a circle 1>G, and from C draw CEDF a 
tangent to it ; then HF is the line required. 

For (Eucl. iii. 14.) it is equal to the given straight 
line. And if from A and -B, AE^ BI be drawn perpen- 
dicular to CF, they are parallel to each other, and the 
triangles CAE, CBI are similar, 

/. AE : BI :: CA : CB, i. e. in the given ratio. 



^^^.^^^^■^■ir^S^-^***^*^^^^^^^^*!^^^^^ 



(71.) If from any point in the arc (f a segment of 
a circle a line be drawn perpendicular to the hose ; and 




Jram ihe greater segment of the base^ and arc, parU be 
cut off respectively equal to the less; the remmsdng 
part ef ike base shall he equal to the chord of the re^ 
maming arc. 

From any point JS in the arc ABC, let 
BD be drawn perpendicular to AC ; make 
BP^BC, and DE:=.DCi join JF; AF 
will be equal to >#JS?. ^ *^^ 

Join FE, EB, FB, BC. Siijce the arc BC^the arc 
BF, the straight line BC-BF; and DE being equal to 
DC, and DB eommon, and at right angles to EC^ /. 
BE=zBC^BF, and the ai^e BFE i& equal to the 
angle BEF. Now since AFBC is a quadrilateral figure 
inscribed in a circle^ the angles AFB^ ACB are equal to 
two right angles, and /. equal to AEB, CEB^ of which 
ACB = CEB, /. AFB =: AEBi but BFE 5= BEF, 
coQiequently AFR^AEF, whence AF^AE. 



*i 



(73.) If from the point of bisection of any arc of 
a circle a perpendictdar be drawn to the diameter, 
tuhich passes through one extremity; it will bisect the 
segment of the chord cut (ff by the Hne joining the 
point of bisection of the are and the other extremity of 
the diameter. 

Let AC be the arc bisected in D. Join 
^C, and from D draw DE perpendicular 
to the diameter AB and meeting AC in G ; 
join BD I AG^GF. 

Because AC is bisected in J>, the angle CAD is 
equal to the angle DBA, i. e; *» the angle EDA (Euci. 
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vi. 8.)» .*• the right*angled triangle jiDF is equiangular 
to the two triangles BED, DBA .\ the angle GFD^ 
GDF, and consequently GD^=- GF; also GAD = GDAj 
/. AG=zGD, whence AG^GF. 



(73.) /n a ^ven circle to draw a chord parallel to 
a straight line given in position ; so that the chord and 
perpendicular draum to it from the centre may together 
he equal to a given line'. 

Let O be the centre of the circle, OA the 
straight line given in position ; draw OB per- 
pendicular to it, and equal to the given line. 
Take OA equal half of OB, and join AB cut- 
ting the circle in C; through C draw CD 
parallel to OA ; CD is the chord required. 

Because OA is half of OB, and OA, EC are parallel^ 
.-. (Eucl. vi. 2.) EC is half of EB, and DC = EB ; 
therefore DC and OE together are equal to BE and OE 
together, i. e. to BO or to the given line. 




^«^«^^^^>i»i#«^^^^i^»»^i»«^^«»^ ^ «^^»«»<^ ^ 



(74.) Through a given point within a given circle^, 
to draw a straight line such that the parts of it inter^ 
cepted between that point and the circumference mcof 



have a given ratio. 



Let P be the given point within the cir- 
cle ABD. Through P draw the diameter 
APB, and take AP : PC in the given ratio. 
With P as centre^ and radius equal to a 
xnean, proportional between BP and PC 
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describe a circle cutting ADB in D ; join DP aiid pro« 
duce it to E ; DE is the chord required. 

Since BP : PD i: PD : PC, 
and (EucL iii. 35.) BP : PD :: PE : PA, 

.'. PE : PA :: PD : PC, 
and alt. PE : PD :: AP : PC, i.eJn 
the given ratio. .» 

Cor. Since one circle cuts another in two points, 
there will be two chords which answer the conditions. 
If C coincides with A, the ratio is one of equality, and 
DE will be perpendicular to AB. 



. (73.) From two given points in the circumference of 

a given circle, to draw two lines to a point in the circum^ 

Jerence, which shall cut a line given in position,, so that 

the part of it intercepted hy them mcy be equal to a 

given line* 

Let A, B be the given points in^he 
circumference of the circle ABC; DE 
the line given in position. From B 
draw BF parallel to DE, and equal 
to the given line. Join AF, and on 
it describe a segment of a circle AGF containing an 
angle equal to the angle in the segment ACB ; and let it 
cut DE in G. Join AG, and produce it to C, and join 
JBC cutting DE in H. AC, BC are the lines required. 

Join GF. Since the angle AGF == ACB, GF is 
parallel to CB, but FB is parallel to GH, whence FGHB 
is a parallelogram, and GHzzi FB. 
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(76,) If a chord and diameter of a cirde intetsect 
each other at any angle ^ and a perpenHendar to the chard 
he draum from either extremity ef it, meeting the cir- 
cumfere^e and diameter produced; the whole perpen- 
dicular has to the part of it mthout the circle^ the same 
ratio that the greater segment ef the chord has to the 
less. 

Let the diameter AB and chord DM intersect each 
other at C\ and from D draw DG perpendicular to DE^ 




Qieeting AB produced in 6 ; 

then DG : GF :: DC :: CS. 

Through Fdraw F/ parallel to DE^ and meeting the 
diameter in /. Join FE^ cutting the diameter in O. Shvoe 
the angle FDE is a right angie^ FE is a diameter and O 
is the centre. And since the angle IFO is equal to the 
alternate angle OEC, and the angles at O are equal, and 
FO^^OEy .-. the triangles OFI, OEC are equal, and 
CE = FI. And since FI is parallel to DC, 

(End vi. 2.) GD : GF :: DC : (F/=) CE. 

In a similar manner it may be shewn that gJfT: 

gE.'.DCiCE. 



(77.) tfJroM the extremities of any chord of a cir- 
clcy perpendiculars to it he drawn and produced to cut 
a diameter ; and from the points of intersection tvith ihe 
diameter lines he drawn to a point in the chord, so as t& 



:j 
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maJce equal angles mth it ; these lines together will he 
equal to the diameter of the circle. 

Let ^B be any chord of the circle 
ABC; draw ^E and BF perpendicular to 
it, meeting the diameter CD in E and F j 
from which let the lines EH, FH^ be drawn 
making equal angles with AB ; EH and HF together 
are equal to CD. 

Take O the centre, and join fiO, and produce it ; it 
will meet AE produced in G. Produce EH^ FB to 
meet in /. Then since the angle IHB=AHE=FHB, 
and HB is perpendicular to F/, the triangles FHBy 
HBI are equal, and FH^=:HL And since EG is pa- 
rallel to FB, the angle EGO = OSF, and the verticri 
angles at O are equal, and GO^OB, .'. EG = FB==BI; 
whence JE/= GB^ and .*. EH, JBTF together are equal to 
EI i. €. to GB or CD the diameter of the circle. 



^I^^^^^NOi^^ 



(78.) IfJToin a point without a circle two straight lines 
be drawn^ one of which touches and the other cuts the 
circle ; a line drawn from the same point in any direction^ 
equal to the tangent, will he parallel to the chord of the 
arc intercepted by two lines drawn from its other ex^ 
tremity to the former intersections of the circle. 

From the point A let AB, AD be 
drawn, of which AB touches the circle 
BCDy and AD cuts it, and draw AE=^ 
AJBy in any direction; join CEy DE, 
cutting the circle in F and G ; the chord 
FG will be parallel to AE. 

K 
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Because (Eucl. iii. 36.) DA : AB :: AB : ^C, 
and AE^AB, /. D^ : AE :: ^JB : ^C, 

i. e. the sides about the angle A of the triangles ADEy 
ACE are proportional, /. (Eucl. vi. 6.) the triangles are 
equiangular, and the angle AEC is equal to the angle 
ADE> But since CDGF is a quadrilateral figure in the 
circle, the angles CDG^ CFG are equal to two right 
angles, i. e. to EFG, CFG, .\ CDG = EFG, whence 
AEF=:EFG, and FG is therefore parallel to AE. 



(79.) If from a point without a circle, two straight 
lines he drawn touching it, and from one point of contact 
a perpendicular be drawn to that diameter which passes 
through the other ; this perpendicular will he bisected by 
the line joining the point without the circle and the other 
extremity/ of the diameter. 

Let DAy DB be drawn from a point D 
without the circle ABC, touching it in A 
and J9, and from B let BE be drawn per- 
pendicular to AC the diameter passing 
through A ; join CD ; -BE is bisected by 
CD in the point F. 

For produce AD and CB to G ; join AB. Then 
since DA=^DBj the angle DAB is equal to the angle 
DBA. Now the angle ABG, being a right angle, is 
equal to BAG, SGA, of which ABD=^ BAG, .-. DBG 
— DGB, and DG=DB = DA; and ^meeAG is.pa- 
rallel to EB, ^ 

BFiGD:: CF : CD :: EF : 
and GD^DA, .-. BFt=^FE. 





» ^»i»i^#>»^ ^»^^i#'^^»»^i»<#i»»»i»»»<»<t 
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(80.) If any chord in a circle be hiseeted hy another ^ 
and produced to meet the tangents drawn from the 
extremities &f the bisecting line ; the parts intercepted 
between the tangents and the circumferences are equaL 

4 

Let AB be bisected in ]R by CD ; 
and to C and D let tangents be drawn^ 
.meeting AB produced in F and Q\ 
AF is equal to BG. 

Find O the centre; join OC, OD, 
OE, OF, OG. Since OE is drawn from the centre to 
the point of bisection of AB (]Sucl. iii. 3.) the angle 
OEF is a right angle ; and the angle OCF is a right 
angle (EucL iii. 18,) ; .*. a circle may be described about 
OEFC. Also since ODG and OEG are right angles 
a circle ma^y be described about OEDG ; and the angle 
DOG is equal to the angle DEG in the same segment ; 
but DEG is equal to FEC, i. e. to FOC, .\ DOG =: 
FOC; and ODG, OCF are equal being' right angles, 
and OC~OD, .\ OF=OG, and consequently FE^ 
JEG. But AE^EB, . , FA = BG. 



(91.) J^ one chord in a circle bisect another, and 
tangents drawn from the extremities of each be produced 
to meet; the line joining their points of intersection tmU 
be parallel to the bisected chord. 

' Let AB be bisected by the line 
CD in E, and let the tangents AF, 
BP meet each other in F, and DG, 
CG in G. Join GF; GF is pa- 
raikl to AB. 

Join AO, CO, GO, FO; then 
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GO bisects CD in H, and OHE is a right angle ; for 
the same reason FO passes through E, and AEO is a 
right angle. And since FAO is a right angle (Eucl. 
iii. 18.), and from Ay AE is drawn perpendicular to the 
base, 

(Eucl. vi. 8. Cor.) FO : OA :: OA : OE, 

for the same reason, 

(0C=) OA : GO :: OH: (OC=)OA, 

.'. ex cequo per. FO : OO :: OH : OE, 
.*. the sides of the triangles FOG, OHE about the com- 
mon angle O are proportional, and consequently the 
triangles are equiangular, and the angle GFO equal to 
EHO, and .*• a right angle, and equal to the alternate 
angle FEB, /. AB is parallel to GF. 



(83,) ^If from a point without a circle two lines he 
drawn touching the circle^ and from the exti^emities of 
any diameter lines be drawn to the points of contact^ 
cutting each other within the circle ; the line produced, 
which joins their intersection and the point without the 
circle, will be perpendicular to the diameter. 

From the point P without the circle 
ABC let there be drawn two tangents 
PC, PD. From A and B the extremi- 
ties of a diameter, draw AD, BC to the 
points of contact, intet^ecting each other 
in E ; join PE, and produce it to F ; PF is perpendicular 
to AB. 

Take O the centre ; join COy DO, CD, DB, Since 
CPDy COD, are together equal to two right angles. 
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CPD is equal to AOC, BOD together, i. e. to twice 
ADC, BCD together, .*. CPD is equal to the angle at 
the centre of a circle passing through C, E, and D ; and 
since PC=PD, P is the centre itself ;/. P^=:P/>, 
and the angle PED is equal to the angle PDE: But 
the angle DBA=^PDE^PED=:AEF, and the angle 
at A is common^ /. AFE^^ADB, and (Eucl. iii. 31.) is 
/. a right angle. 



(83.) If on opposite sides of the same extremity of 
the diameter of a circle equal arcs be taken, and from tpe 
extremities of these arcs lines be drawn to any point in 
the circumference, one of which cuts the diameter ^ and 
the other the diameter produced ; the distances of the 
points of intersection from the extremities of the diameter 
are proportional to each other. 

On opposite sides of the point A in AB 
the diameter of the circle ABC let equal 
arcs AC^ AD be taken ; from C and D let 
CE, DE be drawn to any point E in the 
circumference, of which CE cuts AB pro- 
duced in F, and DE cuts AB in G ; then 
will AF: FB :: AG : GB. 

Join AE^ BE, and through B draw 
HBI parallel to AE. Since AEB is a right 
angle, CEA and BEI are together equal to a right angle, 
ajid .-. equal to AED, DEB-, and since AC^AD, 
CEA = AED, .-. BEI= BED. Agaii> since AE is 
parallel to IH, the angle ElB is equal to CEA = AED— 
the alternate angle EHB, .*. the two triangles EIB, 
MHB having two angles in each equals and one side EB 
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common are equal, and BIssBH. And from the similar 
trianglet JGB, BGH, 

AG : AE :: BG : (BH=.)BT, 
alt. AG :• GB :: AE : BI :: AF : BF, 
since the triangles AEF, FIB are similar. 



' «»«» ^^i^X»^^^^i#^>^^^i»«^^«^»i»^»»«^ 



(84.) If from the extremities of any chord in a circle^ 
perpendiculars he drawn to a diameter ^ and from either 
extremity of that diameter a perpendicular be drawn to 
the chord; it will divide it into segments, which are 
respectively mean proportionals between the segments of 
• the diameter made by the perpendiculars. 

Let AB be any chord, and CD a 
diameter of the circle JBC^ AE, BF 
perpendiculars from A and B to the 
diameter^ and DG perpendicular frooi 
D to AB ; the segment GB is a mean 
proportional between DF and CE\ 
and AG 2L mean proportional between 
DE and CF. 

Join ACy AD, BC, BD. Then the angle DBA 
being equal to DCA and the angles DGB, DAC, AEC 
being right angles, the triangles DGB, DAC, ACE are 
similar; also the triangles DBF, DBC are similar; 
whence 

DF : DB :: DB : DC :: BG : AC 
but DB : BG :: AC : CE, 
.\ ex cequo DF: BG :: BG : CE. 
And in the same manner it may be proved that 

DE : AG :: AG : CF. 




rf'^»i.^^«»^<»^^»i^^«^i#^i#'^>»'»^ '^*^'*^ 
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(85.) If from any point in the dumeter ^ u semi- 
circle, a perpendicular be drawn, meeting the circum- 
ferencCj and on it as a diameter a circle be described, to 
the centre of which a line is drawn from the farther 
extremity of the diameter of the semicircle, joutting its 
circumference ; and through the point of intersection 
another line be drawn from the extremity cf the perpen^ 
dicular, meeting the diameter of the semicircle; this 
diameter will be divided into three segments which are 
in continued proportion. 

From any point D in the diameter 
ACoi the semicircle AB'C, let a per- 
pendicular DB be drawn, on which 
describe a circle DBG. Find its cen- 
tre Hy join HC cutting the circumference in Q ; join 
;BG and produce it to £; AD : DE ..BE : EC. 

Join BC, and draw EF parallel to BD; join Z>G, 
GF, AB. Since EF is parallel to DB, and DBh bi- 
sected in H, .\ EF is bisected in 1. Also the a^gle 
HBG is equal to the alternate angle GEI and BUG^ 
GIE, .-.the triangles BHG^ GIE are equiangular, 

and BHiHG:: EI: IG, 
or HD : HG :: Fl : IG, 

i. e. the sides about the equal angles are .proportional, 
.". the triangle FGI is equiangular to HDG, and the 
angle FGI is equal to HGD ; whence HI being a 
straight line, FGD is also. Again the angle GDE is 
equal to the angle in the alternate segment DBG, 
whence the triangles BDE, FDE are similar, 

..BD : DE :: DE : EF, 

but AD : DB :: EF : EC, since the tri- 
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angles ADB, EFC are similar^ 

/. AD : DE :: DE : EC. 



(86.) If from a point without a given circle^ any 
two lines be drawn cutting the circle ; to determine a 
point in the circumference, such that the sum of the per- 
pendiculars from it upon these lines may he equal to a 
given line. 

From the point A without the circle 
BDC let JB, AC be drawn cutting the 
circle ; draw AF perpendicular to AB, 
axid equal to the given line ; FG parallel 
to ABy and meeting AC produced in 
G; from G draw GH bisecting the angle AGF, and 
j(if the problem be possible) meeting the circle in /T; H 
is the point required. 

Through H draw KL perpendicular to AB^ and ITI 
perpendicular to ACy then the angle KGH being equal 
to HGIy and the angle at K to the angle at /, and the 
side HGy opposite to one of the equal angles in each 
common^ HK= HI; whence HI and HL together are 
equal to HK and HL together, i. e. to AF, i. e, to the 
giveh line. 

If GH cuts the circle^ there are two points which 
answer the conditions. 

(87.) ^ two circles cut each other, and any two 
points be taken in the circumference of one of them, 
through which lines are drawn from the points of inter- 
section and produced to the circumference of the other ; 
the straight lines joining the extremities of those which 
are drawn through the same point, are equal. 
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Let the two circles ACB, AEB 
cut each other in A and B, and in 
JiCBlet any two pomts C and D 
be taken, through which draw 
ACG, BCE, ADH, BDF; and 
3omEG,FH; EG=;FH. 

For the angles CAD^ CBD being on the same cir- 
cumference CD jSLte equal to one another, /. the circum- 
ference EF is equlal to the circumference GH. Add to 
each FG, and the circumference EFG is equal to FGHj 
•% (Eucl. iii. 29.), the straight line EG = FH. 



J^ i ^^ir^w i wMi^* »<>>»•'»•»»»■»<*«» *i^w 




(88.) If two circles cut each other , the greatest line 
that can be drawn through the point of intersection is 
that which is parallel to the linejoinh^ their centres. 

Let the two circles ABE, AFD 

cut each other in A. Join O, C 

their centres, and through A let 

BAD be drawn parallel to OC; 

SAD is greater than any other line 

EAF which can be drawn through A. 

Draw OG, CH, perpendicular to BD, and O/, CK 

perpendicular to EF. ThetiAG being half of AB, and 

AH of AD, GH is half of iBA- For the same reason 

IK is half of EF. Draw CL parallel to EF and therel 
£3re at right angles to 01^ and equal to IK. Then since 
the angle CLO is a right angle, it is greater than COL, 
.•• the side CO is greater than CL^ and GH than IK^ 
consequently BD is greater than EF. In the same way 
JBD may be ^hewn to be greater than any other line 
drawn through A. 



^ » ^>^#»^^^^'»^^^^^^^^.»^^^'Or^^ 
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(89.) Having given the radii of two circles which 
cut each other y and the distance of their centres ; to 
draw a straight line of given length through th^ point 
of intersection^ so as to terminate in their circumferenced. 

Let the two circles JFD, BOB 
cut each other in D ; on OC the 
line joining their centres O and C, 
describe a semicircle CEO; and in it, from C place CE 
equal to half the given line, and through D draiv FDG 
parallel to it ; FO will he the line required^ 

Through E dnnw O^^y which (EucL iii. 31.) wifl 
be perpendicular to FG ; and draw CI parallel to OH, 
and •*• perpendicufor to DG; then (Eucl. iii. 3.) FX> 
and DG are bisected in Hand I, and .\ FG is double of 
HI; but JETEC/ being a parallelogram, HIz=:EC; 
.-. FG is double of EC, and consequently equal to the 
given line. 



i#S»^i»'l»'l»^i»^^^^<»i^^>^i»^i»^^^»^^ 



(90.) If ttvo circles cut each other ; to draw from one 
of the paints of intersection a straight line meeting the 
circles, s(> that the part of it intercepted between the 
circumferences nujty be equal to a given line. 

Let the two circles 'ABC, ADB cut each 
other in -4 and B. Jpin AB, and draw BC 
touching the circle ABD. Join AC; and 
take AF a fourth proportional to BC, BA 
and the given line ; join BF and produce it 
to E', BFE will be the line required. 

Since the ang^ AFB together with the angle in the 
segment ADB or (Eucl. iii. 32.) its equal ABC, are 
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equiBtl to two right angles^ L e. to the angles AFB, AFE^ 
.\ABC^AFE and ACB ^ AEF hein^ in the same ' 
segment^ /• the triangles ACBy AEF are equiangular, 

and AB : BC :: AF : FE, 
but AB : BC :: AF : the given line, 
whence FE is equal to the given line. 



*''»*V»#'i^^<»^ ^>0>i0 ^■^^i»<»i^#'»^^^^ ^ 



. (91 .) If two circles cut each other ; to draw Jrom 
the point of intersection two lines j the parts of which in- 
tercepted between the circumferences may have a given 
ratio. 

Let the two circles ABC^ ABD cut 
each other in A and jB; in the circle 
ABD place BE, BF which have to each 
other the given ratio ; join AEy AFy and 
produce AE to G ; EG will have to HF 
the given ratio. 

Draw the diameters ACj AD; join 
GBy-BH, BC, BD; then ^DjBJ5 being a quadrilateral 
figure inscribed in a circle, the angles AEB, ADB are 
equal to two right angles, and /. equal to BEA, BEG, 
.:. BEG = BDA = BFA. And since AGBH is a quad- 
rilateral figure inscribed in a circle, AHBy AGB are 
equal to two right angles, i. e. to AHB, BHF, .*. AGB 
=zBHF; hence the triangles GBE, FBH are equi- 
angular, 

.-. GE : HF :: BE : BF, i.e. in the given ratio. 




^i^^#»#»^^^^^»#»^'^»^>^»^»^'^^^»^^N^^'^i» 



(92w) If d semicircle be described on the common 
chord of two intersecting circles, and a line be drawn 
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Jrom one extremity of this chord cutting the two eirekg $ 
the part intercepted between the two shatt he divided by 
the semicircle into segments proportional to perpendicnUtrs 
drawn in those circles from the other extremity of the 
chord. 

Let the two circles u4CB, ADB 
cut each other in A and B ; and on 
AB^ the line joining the points of inter- 
section, as a diameter describe the • 
semicircle AEB, and draw any line 
AFBG cutting the circumferences in 
I] E, G, and from B draw BC, BD 
perpendiculars to AB ; then will EF : 
EG'zBD: BC. 

Draw the diameters AC, AD ; and 
join FB, EB, GB. Then AFBD being a quadrilateral 
figure inscribed in a circle, the angles AFB, ADB are 
equal to two right angles, i. e. to AFBy BFEy .\ ADB 
= BFE, and the aiigle FEB in a semicircle is equal to 
ABD, whence the triangles FEB, ABD are equiangular;^ 

and r. FE : EB :: DB : BA. 

Again, because the vrngle AGBs^ACB, vtttdBEG » 
a right angle, and .\ equal to ABC^ thetrkngies EBG, 
ABCnve equiangular, and 

BE : EG :: AB : BC, 

but FE : EB :: DB : BA, 
.-. ex oeqm FE : EG :: DB : BC. 




^^^^>^i^at^i»«»^^i»i»^i»^^^«»^^i^'^^>^» 



(93.) Two circles being given, the dramferenoe of 
one of which passes through the centre of the other ; to 




draw a chord from that centre mchy that a perpendicular 
let fall upon it from a given pointy may bisect that part 
of it which is intercepted between the cireumferefte^. 

Let O and C be the centres of the 
two given circles^ the circumference of 
the former passing through C, and let 
D be the given point. Join CO and 
produce it both ways to A and B. 
Join BD, and produce it to JS^ making 
^DE^DB. Draw EF touching the circle AF in jF; 
join CF and produce it to G ; and on it let fall the per- 
pendicular DH\ then CG is the chord required, and 
FG is bisected in H. 

Draw £/ parallel to CG, meeting BG produced in /; 
produce DH to K* Then BG being perpendicular to 
CG (Euol. iii. 31.), is parallel to DHK, 

. . BD : DE :: IK : KE, 
but BD = DE, r. IK—KE, whence FH=^HG, and 
.•. jFG is bisected in //. 

CoR. If it be required to draw CG such, that the 
peipendicular DH may divide FG in any given ratio, 
take DE : DB in that ratio, and proceed as in the pro- 
position. 



(94.) If any number of circles cut each other in the 
same points y and from one of these points any number of 
lines be drawn ; the parts of these which are intercepted 
between the several circumferences have the same ratio. 

Let any number of circles ABC, ABE, ABH cut 
each otber in ^ same points A and B, and from A draw 
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AOEC, AHFD, meeting the . circamfe- 
rences ; then HF : GE :: FD : EC. 

Join BG and produce it to i^; 
then (Eucl. iii. 35.) JL: LB :: LG : LH, 

and AL : LB :: IL : LF 

and also :: KL 

.'. (Eucl. V. 15.) IL : LF:: GL 

and (Eucl. v. 19.) IG : HF:-. IL 

For the same reason, IK : FD :: IL 

.-. IG : HF :: IK 
In like manner, GE :GI::GB: GA::GC: KG :: ^C: IK, 

.-. ex cejuo G:E : HF:: EC : FD. 



LD, 
LH, 
LF. 
LF, 
FD. 



^^'*«o^>^^'«*i^^'^^»#«^»*^-^^«*^^»»^ 




(95.) In a given circle to place a straight line cut- 
ting^ two radii which are perpendicular to each other ^ in 
such a manner that the line itself may he trisected. 

Let ABC be the given circle, 
AO and OB being two radii at 
right angles to each other ; bisect 
the angle AOB by OC; at C draw 
the tangent CD^ and make it equal 
to 3 CO ; produce OB to E ; join 
OB, and from Fdraw FGIK parallel to DC; it will be 
trisected at the points G and /. 

Since the angle at C is a right angle^ and COB is 
half a right angle, .-. also CEO is half a right angle, and 
equal to COE ; whence CO = CE. And since HF is 
parallel to CD, 

CEiED::HG: GF, 
but ED is double of EC, .-, FG is double of HG. 
But HG ssHI, since HO bisects the angle lOGy and. is 
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perpendicular to IG; .: FG =s GL Also HK = HF, 

..iK=iGFi r=: 

whence FG=z GI=IK, and FK is trisected. 



^^■^■*>^^^'»«#'»^i»^^«i»^»«<S»^N»'^<»'^«^^ 




(96.) If a straight link he divided into any two 
paris, and upon the whole line and one of the pdrts, as 
diameters y semicircles be described; to determine a point 
in the less diameter ^ from which if a perpendicular be 
drawn cutting the jcircumferences, and the points of if^ 
tersection and the extremities of the respective diameters 
be joined, and these lines produced to meet ; the parts of 
them without the semicircles may have a given ratio, * 

Let AB be divided into any two 
parts in the point C, and on AB, AC 
let semicircles be described. Take -^G : 
AC the duplicate of the given ratio, 
and make CJD i CB :; AG : GB; 
D will be the point required. 

From D draw the perpendicular DFE ; join BE^ 
CF, and produce them to if; join AEj CI, and. from 
K draw KL parallel to EA. 

Since CD : CB :: AG : GB, 
comp. and inv. DB : CD :: AB : AG^ 
>and since C/ is parallel to BE, and KL to EA, 
BD : CD :: BE : CK :: BA : CL, 

whence (Eucl. v. 15.) AB : AG :: AB . CL, 

..AG^CL; 
consequently AG : AC : : » CL : CA, 
t. c. in the duplicate ratio t)f CK : CF, 
or (by sipiilar triangles) of HE : HF. 
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But AG : AC k th^ duplicate of the given ratip^ 

': (jtJIE : HF is in the given rat^K 




(97.) If a straight line be divided into ant/ two 
partSy and from the pcint of s&^tum a perpendicular he 
erected, which is a mean proportumal between one of the 
parts and the whole line, ami a drde described through 
the extremities of the line and the perpendicular ; the 
whole line, the perpendicular^ the aforesaid party and a 
perpendicular drawn from its extremity to the drcum- 

ference will be in continued proportion. 

• 

Let Aff be divided into any two 
parts in C, and from C draw the per- 
pendicular CD equal to a mean pro- 
portional between AB and AC; and 
through A^ B, D let a circle be de* 
scribed, and draw AE perpendicular to AB ; AB, CD, 
ACy AE are in continued proportion. 

In AB produced take BFszAC. Jam FD meeting 
the circumference in G ; join AG, AD, GE. Then 
because BF == AC, r. CF = AB,. nnd CD is a mean 
proportional between, AC and CF, .•. ADG is a right 
angle, whence (Eucl. iii. 21.) AEG is also a right angle, 
and equal to EAC; /. EG is parallel and equal to 
AB, L e. to CF; whence (Eucl. i. 33.) EC and GF 
are equal and parallel, and the angle ACE^CFDs: 
ADCy and the triangles AEC, ADC, CDF are similar, 
/. {CF=^)AB : CD :: CD : CA :: CA : AE. 
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(98.) If the tangents drawn to every two of three 
unequal circles be produced till they meet ; the points of , 
intersection will be in a straight line. 

Let A, B, C be the centres of the three circles ; and 
let DE^ FGy HI be respectively tangents to each of two 




circles, meeting the lines joining the centres in the 
points P, Qy R; P, Q, R are the points in which two 
tangents to the circles would intersect. Join PQ, QR ; 
they are in the same straight line. 

Join -4 A ^F, BE, BH, CG. CI, and draw BK 
parallel to PQ. Then BE and AD being perpendicular 
to PD are parallel^ 

BE :: AP : BP, 
BH :: AP : BP :: AQ : QK. 
: AF :: CQ : AQ, 

: BH :: CQ : QK. 
: BH :: CR : BR, 



AD 

or AF 
But (CG = ) CI 
.'. ex cequo CI 
But CI 



.-. (Eucl. V. 15.) CR : BR :: CQ : QK, 

and CR : CB :: CQ : CK; 

also the vertically opposite angles at C are equals .\ the 
triangles CBK, CQR are similar, aod the angle CQR 
(Eucl. vi. 6.) is equal to BKQ ,-. CQR and CQP are 

M 
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together equal to BKC, CQP, t. e. (Eucl i. 29.) to two 
right angles, whence (Eucl. i. 14.) PQ and QR are in 
the same straight line. 



^«^«^»^»»^^t»i* j«»»^»#i»i#»»i**ii»^i*i» » 



(99.) If from the extremities of the diameter of a 
circle any number of chords he drawn, ttvo and two in- 
tersecting each other in a perpendicular to that diameter ; 
the lines joining the extremities of evert/ corresponding 
two will meet the diameter produced in the same point. 

From A and J5, the extremities of the diameter AB 
of a semicircle, let AC, BD be drawn intersecting each 




other in FHj which is perpendicular to AB. Join CD, 
and produce it to meet BA in P ; P is a fixed point, 
or the line joining the extremities of every other two 
chords intersecting each other in FH will pass through P. 
Join BC\ and bisect BG in O; and with the centre 
O, and radius OS, describe a circle HGB, which will cir- 
cumscribe the quadrilateral figure HGCB, Take E the 
centre of the semicircle, and join ffC, EC. The angle 
PCE is equal to PCA, ACE together, i. e. to DBA, 
CAE together ; and the angle CHE is equal to ACH, 
CAH together, i.e. to DBA, CAH together, .\ PCE 
s CHE, and the angle at E being common, the triangles 
CEH, CPE are equiangular ; 

whence EH i EC :: EC : EP, 
in which proportion the three first terms being invariable, 
EP is also, and th/e point E being fixed, P is also. 
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(100.) If from a given point in the diameter of a 
semicircle produced, three straight lines be drawn, one of 
which is inclined at a given angle to the diameter , another 
touches the semicircle, and the third cuts it, in such a 
manner, that the distance of the given point from the 
nearer extremity of the diameter, and the perpendiculars 
drawn from that extremity on the three (foresaid lines 
may he proportional ; then will the lines, which join the 
extremities of the diameter and of that part of the cut^ 
ting line which is unthin the circle, intersect each other 
in an angle equal to the given angle. 

From a given point C, in the diameter AB produced 
of the semicircle AGB, draw CD inclined at a given 




angle to AQ CG touching, and CIH cutting the circle 
in such a manner that BD, BE, BF being drawn re- 
spectively perpendicular to them, CB may be to BD as 
BE to BF; then if ^/, jBH be joined, the angle ALH 
or BLTmW be equal to BCD. 

Join OHf OG i and draw OK perpendicular to /T/.' 
Now the angles at E and F being right angles, as also 
those at G and K, BE is parallel to OG, and BF to OK; 
.'. {0G=) OH : BE :: CO : CB :: OK : BF, 
.'. OH : OK :: BE : BF :: BC : BD; 
also the angle at D ts equal to OKH, /.. (Eucl. vi. 7.) the 
triangles OHK, BCD are equiangular, and the angle 
OHK is equal to BCD. But OHB is equal to OBH, 
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i. e. to AIH (End. iii. 31.), .*. OHK is equal to AlH, 
LHI tf^tber, t. e. to ALH (Eucl. i. 33.) ; wherefore 
ALH is equal to BCD. 



Sect. III. 

(L) ^Any side of a triangle is greater than the differ- 
ence between the other two ^des. 

Let ABC be a triangle ; any of 
its sides is greater than the difference ' 
of the other two. 

Let AC be greater than AB\ a 
and cut off AD = AB ; join BD ; then the angle ABD 
is equal to ADB. But the exterior angle BDC is greater 
than DBA, i. e. than BDA, and /. greater than DBC 
(Eucl. i. 16.); whence JBCis greater than DC, i. e. than 
the difference of the sides AC and AB. In the same 
way it may be shewn that AB is greater than the 
difference of AC and BC; and AC greater than the 
difference of AB and BC. 




i»^ i^»i^» »^i^ ^»»i»»»^^^<»^»»»#ii»^i# ^ 



(3.) In any right-angled triangle, the istraight line 
joining the right angle and the bisection of the hypo^ 
tJienuse is equal to half the hypothenuse. 

Let ACB be a right-angled triangle^ whose hy^o- 
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thenuse AB is bisected in D; join 
DC; i>C is equal to the half of ^fi. 
From D draw DE parallel to AC, 
.-. (Eucl. vi. 2.) BE=zEC, and ED 
is common and at right angles to BC, 
i. e. the half of AB. 
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DC::cSD, 
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(3.) Ifjrom any. point within an equilateral triangle 
perpendiculars^ be drawn to the sides ; they are together 
equal to a perpendicular drawn from any of the angles 
to the opposite side. 

From any point D \yithin the equi- 
lateral triangle ABC let perpendiculars 
DEy DF, DO he drawn to the sides, 
they are together equal to BH a perpen- 
dicular drawn from B on the opposite side 
AC. 

Join tfAy DB, DC. Since triangles upon the same 
and equal bases are to One another as their altitudes^ 

ABC : ADC :: BH : DE, 

also ABC : BDC :: BI^ : DF, 

and ABC : ADB :: BH : DG; 

whence ABC : ADC + BDC + ADB :: BH : DE + 

DF-^-DO^ in which proportion the first term being 

equal to the second, /. DE + DF+DG=^BH. 



•^■^t^^f im0 ^ <0 <»^^v^»<^i^i<MM»*»#^M^^ 



•(4.) y the points of bisection of the sides of a given 
triangle he joined; the triangle so formed unu he one 
fourth of tfie given triangle. 
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JLet the sides of the triangle ABC a, 

be bisected in the points D, E, F; J X'^^'^^. t 

join DE, EF, FD; the triangle ^^V-"^ 
DEF is one fourth of the triangle 
ABC. 

m 

Since AB and AC are bisected in D and F, (£ucU 
vi. 2.) DF is parallel to £C; and for the same reason 
FE is parallel to AB^ and DFEB is a parallelogram^ 
/• the triangle DFE is equal to DBE. In the same 
way it may be shewn to be equal to FEC and ADF; 
and /. it is one fourth of ABC. 



'^^^^»^^^^^»^^^»^^'^»#^»»»»<#»#^^ 




(5.) The difference of the angles at the base ef any 
triangle is double the angle contained by a line drawn 
from the vertex perpendicular to the base^ and another 
bisecting the angle at the vertex. 

From B .the vertex of the triangle 
ABC let BE be drawn perpendicular 
to the base, and BD bisecting the 
angle ABC; the difference of the 
angles BAC, BCA is double the 
mg\e EBD. 

The angle BAC is equal (Eucl. i. 32.) to the differ- 
ence of the angles BEC and ABE, i. e. of a right angle 
• and ABE. Also the angle BCA is equal to the difler-^ 
ence of a right angle and EBC, .'. the difierence of the 
angles BAC and BCA is equal to the difierence of the 
angles ^5JS: and EBC, i.e. (since ABD=DBC) to 
twice the> angle EBD. 



^i»i»^i»»»<^>^^^# ^ ^ #^ 
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(6.) If from one of the equal angles of an isosceles 
triangle any line he drawn to the opposite side, and from 
the same point, a line he drawn to the opposite side pro^ 
disced, so that the part intercepted hetween them may he 
equal to the former ; the angle contained by the side of 
the triangle and the first drawn line is double of the 
angle contained by the base and the latter. 

Let ABC be an isosceles triangle, 
having the side AB equal to AC. 
From B draw any line BD, and also 
BE cutting off DE equal to DB-, 
the angle ABD is double of CBE. 

For the angle DCB is equal to the two DEB, CBE, 
i. e. to the two DBE, CBE, or to DBC and twice 
CBE; but DCB is equal to ABC, /. ABC is equal to 
DBC and twice CBE, and taking away the angle DBC, 
which is common to both, the angle ABD is equal to 
t^ice CBE. 




(7.) If from the extremity of the base of an isosceles 
triangle, a line equal to one of the sides be drawn to 
meet the opposite side ; the angle formed by this line and 
the base produced, is equal to three times either of the 
eqtml angles of the triangle. 

Let ABC be an isosceles triangle 
having the side AB equal to AC. 
From C to AB (produced if neces- 
sary) draw CD equal to AC, and 
let BC be produced -, the angle DCE 
is equal to three times the angle ABC. 




96 GEOMETRICAL PROBLEMS. [SecU 3. 

Since CJ is equal to CD, the angle CjiD is equal 
to CD J, .'. CD A and twice ABC are together equal 
to two right angles, and /. are equal to CDA, CDB ; 
whence CDB is double of ABC. Now (Eucl. i. 32.) 
the angle DCE is equal to the two angles CDB, CBD 
and consequently is equal to three times the angle ABC. 




(8.) The sum of the sides of an isosceles triangle is 
less than the sum of the sides of any other triangle on the 
same base and between the same parallels. 

Let ACB be an isosceles triangle, 
and ADB any other triangle on the 
same base, and between the same pa- 
rallels AB, ED', AC and CB to- 
gether will be less than AD and DB. 

Since EC is parallel to AB, the angle ECA is equal 
to CAB', and for the same reason DCB is equal to 
CBA ; but CAB being equal to CBA, ECA is equal 
to DCB; .'. AC and BC drawn from two given points 
A and B on the same side of the line ECD given in 
position make equal angles with the line, .*. (i. 6.) they 
are together less than any other two lines AD, DB^ 
drawn from the same points to that line. 



■* i»<»^»^»^«i»i#^»^i»^^^w 



(9.) If from one of the equal angles of an isosceles 
triangle a perpendicular be drawn to the opposite side ; 
the part of it intercepted by a perpendicular from the- 
vertex will have to one of the equal sides, the same ratio 
that the segment of the base has to the perpendioulcar 
upon the base. 



% 
» 
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Xiet ABC be an isosceles triangle^ 
havittg the side AB equal to AC. Prom 
J? and A let fall perpendiculars BDy A£; 
then will BF : AC :: jB£ : EA. 

Since the angles BDA, AEC are 
right angles, and the angle DAF common to the two 
triangles FAD^ EAC, /. the triangles are similar. But 
Ihe triangle BFE is similar to AFD, and /. to EACt 

whence BF : BE :t ^C : ^iS, 
and BF : ^C :: BE : ^J. 



Jr»^<» ^»^»»»^<»t w ^«>i Jwl> j>^^^^ j>^^«>^ 



(lO.) ^ from any paint in the base cf an isOsfcelei 

triangle lines be drawn to the opposite sides, making 

equal angles with the base ; the triangles formed by 

these lines, the segments of the base, and the lines joining 

the intersections of the sides and the angles opposite^ 

will be equaL 

• 

From any point D in AC the base o( 
the isosceles triangle ABC let DE, DF be 
drawn making the angles CDE, ADF 
equal to one another; join AE, CF; the 
triangles AED, CDF are equal. 

Since the angle ADF is equal to the angle 1Slt)C^ 
and /WD= ECD, the triangles ECD, FAD are equi- 
angular, and AD : DC \x FD : DE. Also since the 
angle FDA is equal tp EDC^ add to each the angle 
FDE, .\ the angle ADE:=CDF; hence the sides about 
the equal angles are reciprocally proportional^ and .** 
(£ucL vi. 14.) the triangles ADE, FCD are equah 




i>»^ip»^^ » #'^#«»#^»*'^ *>»•*»>#» #■*/»< 
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(11.) if fTomany point in the base of an isosceles 
triangle perpendictHars be drawn to the sides; these 
together shall be equal to a perpendicular drawn from 
either extremity of the base to the opposite side. 

Let ABC be an isosceles triangle, from 
any point D in the base of which^ let 
DEy DF be drawn perpendicular to the 
sides; and from JSIet JSGbe drawn per- 
pendicular to AC; BG is equal to DE 
and DF together. 

Since the angle EBD is equal to the angle at C, and 
the angles at E and F are right angles^ the triangles 
BED, DFC are equiangular, and 

/. BD : DC :: DE : DF, 

comp. BC : DE-^-DF :: DC : DF. 

But BG being parallel to DF, DC : DF :: BC : jBG, 

whence BC : BG :: BC : DE^DF, 

and ..BG=DE+DF. 




. (12.) Of all triangles having the same vertical angle, 
and whose bases pass through a given point, the least is 
ihat whose base is bisected in the given point. 

4 

Let BAC be the vertical angle of 
any number of triangles^ whose bases 
pass through a given point P, and let 
BC be bisected in P : ABC is less than 
any other triangle ADE. 
' From C draw CF parallel to ^^B; 
then the angle DBF is equal to PCF, and the vertically 
opposite angles Z)P5, CPF^ve equals andSJP=PC, 




i 
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.*. the triafigle DBF is equal to the triangle PCF, and 
••. DPB is less than CPE; add to each the trapezium 
ADPCy and ABC is less than ADE. In the same 
manner ABC may be proved to be less than any other 
triangle whose base passes through P. 



^^ i^»^«^«^*»^^»^»#«^^V»S»i^^'^>^^<#S<i^ 



(13.) If from the angles at the base of a triangle 

perpendiculars he let fall on a line which bisects the 

vertical angle; the part of this line irdercepted between 

these perpendiculars will be bisected by a perpendicular 

from the middle of the base. 

From A and B let perpendiculars 
AD, BG he drawn to the line CD 
which bisects the angle at C'; the part 
GD will be bisected by a perpendi- 
cular EF from E the middle point of 
the base AB. 

Produce BG, FE to H and /. Then IB being 
parallel to/ffl, and AE^EB, .\ (Eucl. vi. 2.) AI^ ISt. 
Also since AD is parallel to HG and ZP, 

DF : FG :: AI : IH, 
whence DF=FG, and 2>G is bisected in F. 




(14.) If from one of the angles at the base of a tri- 
angle a line be drawn parallel to the opposite side, and 
from any point in it lines be draum making any angles 
with the sides (produced, if necessary ) r they will have 
the same ratio that lines have, which are drawn parallel 
to them from - the other angles, and terminated by the 
same sides. 
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From A oq« of the angles of (be tri<- 
angle ABC let AD be drawn parallel 
to BC the opposite side ; and from any 
point D in it, let DE, DH be drawn 
malting an}r angles with the sides; draw 
BF, CG parallel to them respectively ; 
DE : DH:: BF : CG. 

Since DE ia parallel to BF, and DA to BC, the 
triangles DEAf BFC are equiangular, 

. . DE : DA :: BF : BC; 
and ia a similar manner it may be shewn, that 

DA : DH :: BC : CG, 
.\ DE : DH :: BF : CG. 



«>»»'^^o^»r^^»»^^»^»*'»^#i^»»»'» 



(15.) To bisect a given triangle by a line drawn 
from one of its angles. 

Let ABC be the given triangle, and 
A the angle, from which the bisecting 
line is to be drawn. Bisect the opposite 
side AC in A and join AD ; ^Z> bisects 
the triangle. 

For the 'bases BD, DC beihg equal, (EucL i. 38.) 
the triangles ABD, ADC are also equal. 




^^^»'»i x 



^^i^<r» »!»■#«»#*< 



(16.) To bisect a given triangle by a Une drawn 
from a given point in one of its sides. 

Let ABC be the given triangle, 
)and P the given point. Bisect BC 
in D, join ADy PD; arid .from A 
drsLvrAE parallel to PD; join PJB; 
PE bisects the triangle ABC. 
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Since AE is psfftUel to PD^ the triangle APD is 
equal to the triangle EPD ; from each of them take 
away the triangle PFD, and AFP^EFD. Ako since 
BD is equal to DC, the triangle ABD is equal to the 
triangle ADC; parts of which EFD, AFP are equal, 
.\ ABEF is equal to PFDC; i/vhence ABEF and AFP 
t^ether, or ABEP will be equal to PFDC and FED 
together, i.e^ to PEC; and .\ the triangle ABC is 
bisected by PB. 



«^^i^< 




(17.) Tq determine a point within a given triangle^ 
Jrom which lines drawn to the several angles, will divide 
the triangle into three equal parts. 

Let ABC be the given triangle ; bisect 
ABy BC, in E, and D; join AD, CE, 
BF; Fis the point required. 

Since BD =; DC, the triangle BAD is ^ 
equal to DAC; and for the same reason the- triangle 
BFD is equal to DFC; /. the triangle BFA is equal 
to AFC Again, since BE = EA, the trianglfe BEC is 
equal to the triangle AEC; parts of which, thi trianglcfs 
BEF, AEF are equal; /.the triangle BFCis equal to 
' v*FC; and .•. the three BFC, BFA, AFC are eqWl 
to one another. 



^^^V*»*i»«#>»>*«^i^#»»»l*^**^»*l#'#i^i» 



(18.) 7b trisect a given triangle from a given point 
fvithin it. 

Let' ABC be the given triangle, and P the ^ren 
point within it. . Trisect the side B€ ixt B and E ; join 
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PD, PE ; and from A draw AF^ 
AG respectively parallel to them. 
Join PF, PG, AP. Those three 
lines will divide the triangle into three 
equal parts. 

Join AD, AJE. Since AF is parallel to PD, the 
triangle yijPJF' is equal to ADF; to each of these add 
ABF, /. APFB i& equal to ADB. In the same man- 
ner APGC is equal to AEC; and .*. the remainder 
FPG is equal to DAE. Now the triangles ABD, ADE, 
*AEC, being on equal bases and of the same altitude, are 
equal, .-. APFB, PFG, APGC are also equal ; and the 
triangle ABC is trisected. 



l»«^<^<^^»^^^»^<ii<»0»*i^^>'^0^»«^i*»^'^ 




(19.) From a given point in the side of a triangle, 
to draw lines, which will divide the triangle into parts 
which shaU have a given ratio. 

Let ABC be the given triangle^ 
and P the given point in the side 
BC. Divide BC, in the points 
D^ E, F, into parts which shall 
have the given ratio. Join AD, 
AE, AF, AP ; and draw DG, EH, FI parallel to AP. 
Join PG, PH, PI; they will divide the triangle^ as 
required. 

For the triangles ABD, ADE, AEF, AFC being as 
their bases will be in the given ratio. And since DG is 
parallel to AP, the triangle; DGA, DGP are equal, 
.-. DBA, GPB are equal. And since the triangle A DP 
=AGP, and AEP^AHP, .. ADE^HPG. Also 
APE^AHP, and APF=AIP, . . AEF^AHPI, and 
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AFC^PTC; .'. the parts PBG, GPH, HPIA, IPC 
are equal to ABD, ADE, AEF, AFC, and are/, in the 
given ratio. The same may be proved whi^tever be the 
liumber' of parts. 



««>»«>^^«^'^i»»^*i^^»< »^«J'i^^^«J>^<p>^^ 



(20.) If tvoo exterior angles of a triangle be bisected, 
and from the point of intersection of the bisecting lines ^ 
a line be drawn to the opposite angle of the triangle ; it 
will bisect that angle. 

Let the exterior angles EBC, BCF, of the triangle 
ABC, be bisected by the lines BDy 
CD meeting in D. Join DA ; it will 
bisect the angle BAC 

Let fall the perpendiculars DE, 
DF, DG. Then the angles DBE, 
DBG being equal, and the angles at E, and G being 
right angles, and DB common to the triangles DBE, 
DBG, /. DE^DG. In the same manner DGz=:DF; 
and /.DE = DF. Hence in the right-angled triangles 
DAE, DAF, DE is equal to DF and DA is common, 
.'• the triangles are equiangular, and the angles DAE 
DAF are equal, i. e. BAC is bisected by AD, 




(^L) If in two triangles the vertical angle of the 
ene be equal to that of the other, and one other angle of 
the former be equal to the exterior angle at the base of 
the latter ; the sides about the third angle of theform& 
shall be proportional to those about the interior angle at 
the base of the latter. 
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Let ABC, DEF be two triangles having the angle 
BAC equal to EDF, 9Xid ABC equal to the exterior 
apgle DFG, made by producing the side EF; 

then AC : CB :: DE : EF. 

At the point D in the line FD, make the angle JPjDCr 
equal to the angle EDF or BAC, and meeting £F pro^ 





i G 



duced in G. Since the angle FDG is equal to the angle 
BAC, and DFG is equal to ABC, ••. the triangles -4i3C, 
DFG are equiangular, and 

JC : CS :: DG : GF. 
But since the angle GDE is bisected by JDF, /. (Eucl, 
vi. 3.) 

DG : GF :: DE : EF, 
•\ ^C : CB :: DE : EF. 



'^'^i^*>»i»^-»^^«>i»'^>»^^>^>*<#^»^^^>^«^ 



(22.) /n a given triangle to draw a line parallel to 
one of the sides, so that it may be a mean proportional 
between the segments of the base. 

Let ABC be the given triangle ; in 
the base of which take a point E, such that 
^E may be to EC in the duplicate ratio 
of AC : CB; draw ED parallel to BC; 
ED is the line required. 

Since ED is parallel to BC, AE : ED :t AC : CB. 
But^E : EC in the duplicate ratio of ^C : CB, and 
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therefore also in the duplicate ratio of yiE : ED; 
whence from the definition of the duplicate ratio^ 

^E : ED :: ED : EC. 



(23.) 7b draw a line parallel to the common base 
o/* two triangles which have different altitudes^ so that 
the parts of it intercepted hf the sides may have a given 
ratio. 

\jefi ABCj DBCbetwo triangles on the same base 
BCf the vertex D being in the side AC. Divide BC 
in Ey so that BC : CE may be equal to 
the given ratio. Join AEy cutting BD 
in 6r; and through G draw FH parallel 
to BC; FH is the line required. 

Since Fff is parallel to BC, FH : 
OH :: BC : CEy i. e. in the given ratio. 

But if the vertex / is not in AC, draw ID parallel to 
BC; join BD ; divide the base BC, as before ; join AE^ 
and draw FK parallel to BC. Then it is evident that 
GH=zLK, and .-. FH : LK in the given ratio. 

Cor. If the triangles be upon equal bases^ but in the 
same straight line, the line may be drawn in a similar 
manner. 




(24.) j^ the base of a triangle be produced, so that 
the whole may be to the part produced in the duplicate 
ratia of the sides ; the line joining the vertex and the ex* 
iremity of the part produced will be a mean proportional 
between the whole line produced and the part produced. 
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Let AC be produced to D, so 
that AD may be to DC in the 
duplicate ratio of AB.: BC; join 
BD; it will be a mean propor- 
tional between AD and DC. 

Draw CiE parallel to AB; then AB : CE i. AD : 
DCf i. e. in the duplicate ratio of AB : BC, whence 
AB : BC :: BC : CE, i.e. the sides about the equal 
angles ABC, BCE are proportional ; therefore the tri- 
angles /4BCf BCE are similar, and the angle at A is 
equal to the angle CBD ; .\ the triangles ABD, CBD 
are equiangular, and 

AB : BD :: BD : DC. 



(25.) To determine a paint within a given triangle, 
which wilt divide a line parallel to the base into two seg- 
ments, such that the excess of each segment above the 
perpendicular distance between the parallel lines may be 
to each other in the duplicate ratio of the respective 
segments. 

Let ABC be the given triangle. 
From C draw CD perpendicular to AB, 
and from D draw DJB, DF bisecting the 
angles ADC, BDC. Join BE, cutting 
CD in P; P is the point required. 

Through P draw GHIK parallel to AB ; then the 
angle PDH is equal to the angle HDA, i. e. to the 
alternate angle PHD; and .'.HP, and in like manner 
PI will jpach be equal to PD the pei*pendicular distance 
of GK from AB ; and GH, IK will be equal to the ex- 
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cess of each segment above that distance PD. And 
since GP is parallel to j^B, 

GP : PK :: JD : DB :: GH ; {HP=)PI, 
hence (Eucl. v. 19. Cor.) GH : (P/=) PH :: PH : /K, 
and /. OH : /K" in the duplicate ratio of OH : HP, 
i.e. of OP: PK. 



^^«i^^i^^«»«#»»'»>»^>»^<'^^^'^^^^^^^^^ 



(26.) If perpendiculars be drawn to two sides of a 
triangle from any two points therein ; the distance of 
their concourse from that of the two sides unll be to the 
distance between the two points, as either side is to the 
perpendicular drawn from its extremity upon the other. 

From any two points E, F in the 
sides AB, AC of the triangle ABCy let 
perpendiculars ED, FD be drawn^ meet- 
ing in D. Join AD, EF, and from C 
draw CO perpendicular to AB-, AD : 
FE :. AC : CO. 

Produce ED to H. And since the angles AED, 
AFD are right .angles, a circle described on AD as a 
diameter will pass through F and E, and .*. the angles 
FAD, FED standing in the same segment are equal ; 
.% the triangles AHD, HEF^re equiangular $ 

, and .-. AD : FE :: AH : HE :: AC : CO, 

since HE is parallel to CG. 




i^^X>i^<»^i^«#>»^<»ii^^^>^^>^^^l^i^^^^>,^ 



(27.) If the three sides of a triangle be bisected, the 
perpendiculars drawn to the sides at the three points of 
bisection, will meet in the same point. 
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Let the sides of the triangle ABC be 
bisected in the points D, E,JF. Draw 
the perpendiculars EG^ FG meeting in 
O. The perpendicular at D also passes 
through G. 

Join G A GJ, GB, GC. Since AF = FC, and 
FG is common to the triangles AFC, CFG, and the 
angles at F are right angles, .-. AG=: GC. In the same 
way it may be shewn that GC tz GB\ .•. AG^sxGB; 
but AD = DB^ and DG is common to the triangles 
ADGy BDG, .*. the angles at D are equal and /. right 
angles, or the perpendicular at D passes through 6. 

CoR. The point of intersection of the perpendiculars 
is equally distant from the three angles. 



(38.) If from the three angles of a hiangk lines he 
drawn to the pdints of bisection of the opposite sides^ 
these lines intersect each other in the same point. 

Let the sides of the triangle ABC be 
bisected in Z>, £, F. Join AE, CD, 
meeting each other in G. Join J9G/ 
GF; BGFis a straight line. 

Join JEF, meeting CD in H. Then 
(Eucl. vi. 2.) FE is parallel to AB, and .-. the triangles 
DAGy GEH are equiangular, 

.-. DA : DG :y HE : HG, 
or DB : DG :: HF : HG, 
i. e. the sides about the equal angles are proportional ; 
.-. the triangles BDG, GHF are similar^ and the angle 
DGB==HGF; and .\ BG and GF are in the same 
straight line. 
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{f9.) The three straight lines, which bisect the three 
angles of a triangle, meet in the same paint. 

Let the angles BACy BCA be bisect- 
ed by the lines AE^ CD, and through G 
their point of intersection draw BGF; 
it bisects the angle at -^. ^ 

For (Eucl. vi. 3.) BC : CF :: BG : GF :: BA : AF, 

.'. BC.BA:: CF : FA, 
or FB bisects the angle ABC, 




i»»'^i»^^»'»»^^i^»^*'.#^^<»i^^«^i»^^^ 



(30.) If the three angles of a triangle be bisected, 
and one of the bisecting lines be produced to the opposite 
ride ; the angle contained by this line produced, and one 
i^the others is equal to the angle contained by the third, 
and a perpendicular draumjrom the common point of in" 
tersection of the three lines to the aforesaid side. 

Let the three angles of the triangle ABC 
be bisected by the lines AD, BD, CD ; 
produce BD to E, and from D draw DF 
perpendicular to AC\ the angle ADE is 
equal to CDF. 

Since the three angles of the triangle ABC are equal 
to two right angles^ .*. the angles DAB, DBA, DCF 
are together equal to one right ang{e> i. e. to DCF, and 
CDF; whence the two angles DAB, DBA are togethe/' 
equal to the angle CDJP; but ADE is equal to the same 
two angles, and /. ADE is equal to CDF. 




«^i*>^^^i^^i»i^^^^<>^'^«^^>^^.^^^i^i».^ 



(3L) In a right-angled triangle, ijf a straight Rne 
be drawn parallel to the hypothenuse, and cutting the 
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perpendicular drawn from the right angle ; and through 
the point of' intersection a line be drawn from one of the 
acute angles to the opposite side, and the extremity of 
this line and of the perpendicular be joined ; the locus of 
its intersection with the line parallel to the hypothenuse 
will be a straight line. 

Let EF be drawn parallel to AC 
the hypothenuse of the right-angled 
triangle ABC; and from the right 
angle B let the perpendicular DB be 
drawn, meeting ^Fin G-, through 6 draw CGH; join 
HD i the locus of /^ the intersection of EF and HD is 
a straight line. * 

Because EG is parallel to AC the base of the tiiangles 
AHQ ABD, AK : KD :: EI : IG :: AD : DC. 
But AD and DC are invariable^ .*. the ratios of AK : 
KD, and EI : IG are also. In the same manner if any 
other line be drawn parallel to the hypothenuse, and a 
similar construction be made, the point of intersection 
will divide the part intercepted between AB an4 BD in 
the ratio of AD :■ DC^ or AK : KD, and will .-.be in 
the line BK, which is the locus required. 



■»i»#>»i»^^^>^<»^i»^t>»^^^^>^«i 



(33.) If from the angles of a triangle, lines, each 
iqual to a given line, be drawn to the opposite sides 
{produced if. necessary); and from any point within, 
lines be drawn parallel to these, and meeting the sides of 
the triangle ; these lines shall together be eqtml to the 
given line. 

From the angles of the triangle ABC let the lines 
Aa, Bb, Cc be diawn to the opposites sides, each equal 
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to a given line Lj; and parallel to them respectively draw, 
from any point P, the lines PD, PE, PF ; these to- 
gether will he equal to L. 

Join PJ, PB, PC. Then since the triangles ABC, 
APC are on the same base AC, they are to one another 




as the perpendiculars from B and P, i. e. by similar tri*- 
angles, as jBft : PE, or as L : PE. In the same way^ 

ABC : ABP :: L : PF, 
and ABC : BPC :: L : PD; 
.. ABC : APC+ABP + BPC :: L z PE+PF+PD-, 
and since the first term is equal to the second, the third 
will be equal to the fourth, or L = PD + PE + PF. 



.^^<»^^««^«^ ^•^■^•^^^ ^ ^^i^i^t^*^^^*^^^!^ 



(33.) If the sides of a triangle be cut proporttohally, 
and lines he drawn from the points of section io the oppo^ 
site angles ; the intersections of these lines mil be in the 
same line, viz. that drawnjrom the vertex to the middle 
of the base. 

Let the sides of the triangle ABC be 
cut proportionally, so that AD : AE :: 
DF : EG :: FH : GL z: HB : LC. 
Join BE, BG, BL, CD, CF, CH; these h 
lines will intersect each other in the line 
j4K drawn from ^ to i^ the, middle of the base BC. 
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Join DE. Then since wheo any number of mag^ 
nitudes are proportional^ as one antecedent is to its con-* 
sequent, so are all the antecedents taken together to all 
the consequents together, •% AD : AE :: AB : ACy and 
I>E is parallel to BQ. Join KO, and let it meet DE 
in /. The triangles BOK^ lOE are similar, and there- 
fore, 

BK : KO :: EI : /O, and for the same reason, 
CKiKOiDI: 10, whence EI^DI, and DE is 
bisected by KO\ and it is ako bisected by AK^ /. AK 
passes through O. In the same manner it may be shewn 
that BG and CJP, as also 5/, CH intersect each other 
in points which are in the line AK. 



(34.) If from any point in one side of a triangle y 
two lines he drawn, one to the opposite angle, and the 
other parallel to the base, and the former intersect a line 
drawn from the vertex bisecting the base ; this point of 
intersection, that of the line parallel to the base and the 
third side, and the third angular point are in the same 
straight line. 

From any point D in the side AB 
of the triangle ABC, let DE be drawn 
parallel to ACy and DC joined ; and let 
DC meet BF drawn* from B to the 
middle of AC in G; A, G, E are in 
the same straight line. 

Let DE cut BFiaK. The triangles J>GA, CGF 
are equiangular, and 

••• DG : GC :: DK : FC :: DE ; AC; 




heifice the tridng}^ DGE, AGC, havitUg one angle in 
€aoh equal, viz. EDG, GCA^ atid the sides about them 
propoftional, are therefore sinoiilar; whence the angks 
AGQ DGE are equal; and ZKrC being a straight line, 
AGE is also. 



^^^<»iri»^»^^yi^i^»»^i»i»i»«»»#>»<M«»«>»' ^ 



(35.) If one side of a triangle he divided into any 
two parts 9 and from the point of section two straight 
lines he drawn parallel to, and terminating at the other 
sides J and the points if termination be joined ; and am/ 
other line be drawn parallel to either of the two former 
lines, so 04 to intersect the other^ and to terminate in the 
sides of the triangle ; then the ttoo extreme parts of the 
three segments into which the line so draum is divided 
will always be in the ratio of the segments (f the first 
divided line. 

heiAB be divided into any two parts 
in D, from which draw DE, DF paral- 
lel to the other two sides of the triangle ; 
Join EF, and draw GH parallel to DE, 
ateetiDg DF and EF in / and Ki 
Gl : KH :: AD i DB; and if LM be parallel to DF, 

LK : MN :; AD . DB. 

Since GI is parallel to AF, and NK to DF, 

GI.AF :: {ID = ) NK : FD :: NE : DE :: KH : FC, 

,\ GI ; KH'.: AF -. FC :: AD : DB, since DF is parallel 

to BC. Again since ML is. parallel to BC, 

MN : BE :: ND : DE :: KF : FE :: KL : EC, 

.-. MN : KL >:: BE : EC :: BD : DA. 




ir^ir»>^«^i»^i»'*«^^^*'^«*»^^^^i»i»i^»» 
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(36.) If through the point of bisection of the base 
of a triangle any line be drawn^ intersecting one side cf 
the triangle, and the other produced, and meeting a 
parallel to the base from the vertex ; this line will be 
cut harmonically. 

From the vertex B of the 
triangle ABC, let BE be 
drawn parallel to the base AC, 
and through the middle point 
JD let any line EGFhe drawn 
meeting AB, BC, BE, in F, 
0,E; 
EG : D6 :: FE : FD. 
Since AD is parallel to BE, 

FE : FD :: BE : AD, 
hut BE : (Z)C=) DA :: EG : GD, 
since the triangles BGE, DGCare equiangular, 
/.(Eucl. V. 16.) EG : GD ;: FE : FD, 
or the line is divided harmonically. 




> *»»^«^^^»^^>»^^«^«»^^^i 



(37.) If from either angle of a triangle a line be 
drawn intersecting thjLt which joitis the vertex and the 
bisection of the base, the opposite side, and the line from 
the vertex parallel to the base; it will be cut harmonic 
cathf. 

Ytom the vertex A of the tri- 
angle ABC, let AE be drawn pa- 
rallel to the base BC, and AD to 
its point of bisection D ; and from 
C draw any line CFGE; then will 

CE : CF :: EG : FG. 




Sea. 3. J GEOUGTRICAI. PROBLEMS. 115 

Draw GH parallel to BC. Since A E and BC are 
parallel, (Eucl. vi. 2.) 

BA '. AG :. CE EG. 
and since GH is parallel to BD, 

BA : AG :: BD : GH :: DC : GH, 

:: CF : FG, 
since the triangles DFC, GHF are similac ; 

. . CE i EG '.: CF : FG, 
and CE : CF :: JBG : FG. 



^»»i».^^<»#^^^\»i#»^^#>^«^^i»«»i^i»i*^^^i» 



(38.) To draw a line from one of tlie angles at the 
hose of a triangle^ so that the part of it cut off' by a Une 
draumfrom the ve^^tex parallel to the base, may have a 
given ratio to the part cut ojf by the opposite side. 

From A let AE be drawn parallel 
to jBC. Divide JB in G, so that 
AB : AG in the given ratio ; join 
CG, and produce it to meet AE in 
JE. CGE is the line required. 

For the triangles AGE, BGC are equiangular, 
/. CG : EG :: BG : AG, 

whence (Eucl. v. 18.) CE : EG :: BA : AG, 
i. €• ip the given ratio. 




(39.) To determine that point in the base produced 
of a right-angled triangle, fr'om which the line drawn to 
the angle opposite to the base shall have the same ratio to 
ihe base produced, which the perpendicular has to the 
base itself. 

Let AB be the base^ and CB the perpendicular of 




a right-angled triangle. Draw CE 
at right angles to AC, meeting AB 
produced in E. At the point C 
make the angle BCD :=^ CAB. . Dis 
the point required. 

From Ddraw DJP perpendicular to AC, and .•. parallel 
to CE. Since the angle FDC is equal to the altenunte 
angle DCE, i. e. to CABy and the angles at F and B 
are right angles, .*. the triangles DCF, ACB are equi* 
angular ; and DAF is also equiangular to ACBy hence 

FD : DA :: BC : CA, 

and DC : DF :: AC : AB 

/. €x asquo per. CD : DA : : CB : BA. 



(40.) If the base of any triangle be divided into two 
parts by a line which is a mean proportional between 
them, and which being draum parallel to the second side 
is terminated in the third ; any line parallel to the base 
will be divided by the mean proportional (pi'oduced if 
necessary) into segments^ tJQhich will be to each other in- 
versely as the whole mean projfortional to that segment 
which is terminated in the third side of the triangle. 

Let AC the base of the triangle 
^BCbe divided into two parts in 
Z), by a line DE which is parallel 
to BCj and a mean proportional 
between AD and DC ; then any 
line FG parallel to AC, and meeting 
DE (produced if necessary) in Hy will be divided into 
segments FH^ HG, which are to each other inversely as 
the lines DE, HE. 
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For BioGe FHie parallel to AD, 

FN : AB :: HE : BE, 

but AD I BE :: BE : {DC^)HG, 

.-. Kff : DE :: ^E : HG. 



(41.) If from the extremities tf the base of any 
triangle, two straight lines be drawn intersecting each 
other in the perpendicular, and terminating in the oppo- 
site sides ; straight lines drawn from thence to the in- 
tersection of the perpendicular with the base, wUi make, 
equal angles with the base. 

From A and C, the extremities ' 

of AC, the base of the triangle 
ABC, let AE, CF be drawn inter- 
secting the perpendicular BD in 
the same point G. Join FB, 
ED; theselines make equal angles 
FBA, £DCwith the base. 

Draw EI, FH perpendicular, and KGL parallel to 
the base, then Fff is parallel to BB, 

and .-. BG : BD :: FM : FH. 
And in the same manner il may be shewn that 
BG : BD :: EN : EI; 
whence FM : FH :: EN : EI; 
and .-. FM : EN :; FH : EI. 
But FM:EN:: FG : GN:: KG :GL :-. HD : BI^ 
.'.HB : BI :: HF .EI, 
whence fhe two triangles DFH, BEI, having the angle 
at H equal to the angle at /, and the sides about the 
equal angles proportional, are equiangular j .'. the angle 
J3'DF is equal to EDT. 
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(43.) In every triangle^ the intersection of the per- 
pendiculars drawn from the angles ,to the opposite sides, 
the intersection of the Unesjrom the angles to the middle 
of the opposite sides^ and the intersection of the perpen- 
diculars Jrom the middle of the sides, are aU in the same 
straight line. And the distances of those points from 
one another are in a given ratio. 

From the angles A and B of 
the triangle ABC, let AD, BE 
be drawn perpendicalar to the 
opposite sides, H will be the in- 
tersection of the three perpendi- 
culars (vii. 34.). From A and JB 
draw AG, BF to the points of bisection of the opposite 
sides^ intersecting in K, which /. is (iii. 38.) the inter- 
section of the lines drawn from the angles to the middle 
of the opposite sides ; and from F and G draw the per- 
pendiculars FT, G/ meeting in /, which ,*. (iii. 27.) is the 
intersection of the three perpendiculars. Join HK, KI; 
HKI is a straight line. 

Join GF. (Eucl. vi. 2.) AB is parallel to, and double 
of GF; .-. by similar triangles ABK, KFG, BK is 
double of KF, and AK double of KG. And the tri- 
angles AHB, FIG are equiangular, .*. AH is double of 
IG, and BH is double of /F; 

and .-. BH : IF :: 2 : I :: BK : KF, 
whence the triangles BHK, KIF having the angles at 
B and F equal, and the sides about them proportional, 
are similar, .*. the angle HKB is equal to IKF, .*• H, 
Ky and / are in the same straight line. 

And since BK is double of KF, HK is double of KI, 
and •« . their distances from each otHer will be in an in- 
variable ratio. 



i»^'»*>#^^^^^^»»»»<»iO*#«»*'^i»*^^*«* 
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(43.) If straight lines be drawn from the angles of 
a triangle through any point, either within or without 
the triangle, to meet the sides, and the lines joining these 
points of intersection and the sides of the triangle be 
produced to meet i the three points of concourse will be 
in the same straight line. 

Let ABC be a triangle from the three angles of which 
let lines AF, BE, CD be drawn through a point P with- 
in the triangle. Join DE, DP, EF, and produce them 




to meet the sides in H, G, I; these three points will be 
in the same straight line. 

Join GH, HI. Then the three angles of the tri- 
angle DHG being equal to two right angles, as also the 
three EHI, EIH, and {HE I or) DEF, as also the 
two DFI, GFI; .'. the three angles of the triangle 
DHG together with the angles EHI, EIH, DEF, 
DFI, GFI are equal to six right angles. Now the 
angles of the triangles DEF, FGI aie together equal to 
four right angles, whence DHG, DHI are equal to two 
right angles ; or GHy if/ are in the same straight line. 



r^^««s^«>^ 
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H»>*-Shcx. IV. 

(1.) Tlie diameters of a rhombus bisect each other at 
right angles. 

Let ABCD be a rhombus, whose 
diameters are ACj BD; they bisect 
each other at right angles in E. 

Since AB^AD^ and ^C is com- 
mon to the two triangles ABC, ADC, 
the two BA, AC are equal to the two 
DA, AC, each to each, and BC=^DC, .\ the angle BAC 
IS equal to the angle DAC. Again, since BA, AE are 
equal to DA, AE, each to each, and the included angles 
are equal, .-. BE = ED, and the angled AEB, AED 
are equal, and /. are right angles. For the same reason 
AE = EC; also the angles BEC, DEC are right angles. 




(2.) If the opposite sides or opposite angles of a 
quadrilateral ^gure be equal, the jigwre will be a paral- 
lelogram. 

Let ABCD bea quadrilateral figure, 
whose opposite sides are equal. Join 
BD. Smce AB^DC, and BD is 
common, the two AB, BD are equal to 
the two CD, DB, each to each, and^D=5C, /. the 
angle ABD^BDQ whence (Eucl. i. 27.) ^fi is parallel 
to DC; also the angle AI)B=^DBC, whence AD is 
parallel to BC\ and the figure is a parallelogram. 
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Again^ let the opposite angles be equal. Thei^ since 
the four anglies of the quadrilateral figure ABCD are 
equal to four right angles, and that BAD, ADC toge- 
ther are equal to DCB, CBA, /. BAD, ADC together 
are equal to two right angles; whence AB is parallel to 
CD. In the same way it may be shewn that AD is 
parallel to BC, and /. ABCD is a parallelogram. 



^i*«i»«jr«««i»«#>^.»^s^^^^»^»^«^«^ 




(S.) To bisect a parallelogram by a line drawn from 
a point in one of its sides. 

Let ABCD be a parallelogram, 
and P a given point in the side AB. 
Draw the diameter JSD, which bi- 
sects the parallelogram. Bisect BD 
in jP; join PF, and produce it to E. PE bisects the 
parallelogram. 

Since the angle PBD is equal to the angle BDE, 
and the vertically opposite angles at F are equal, and BF 
=:FD, .-. the triangles PBF, DFE are equal. But 
the triangle ABD is equal to BDC, .*. APFD is equal 
to BFEC; and to these equals adding the equal tri- 
angles DFE, PFB, the figure APED = PECB; and 
AC is ••. bisected by PE. 

Cor. Any line drawn through the middle point of 
the diameter of a parallelogram is bisected in that point. 
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(4.) If from any point in the diameter (or diameter 
produced) of a parallelogram straight lines he draum to 
ike opposite angles ; they' mil cut off* equal triangles^ 

Q ^ 
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Frpm tny point E, in AC 
the diameter of the parallelo- 
gram ABCD, let lines EB, 
ED be drawn ; the triangles ABE, A ED are equal ; as 
also the triangles BEC, CED. 

Draw the diameter BD. The bases BF, FD being 
equal, the triangles BFA, DFA (Eucl. i. 38.), as also 
the triangles BFE, DFE are equal, hence /. BAE, 
DAE are equal. And ABC being equal to ADCy the 
triangles BEC, DEC are also equal. 
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(5.) From one of the angles of a parallelogram to 
draw a line to the opposite side, which shall he equal to 
that side together with the segment of it which is inter- 
cepted between the line and the opposite angle. 

Let ABCD be the paral- 
lelogram, A the angle from 
which the line is to be drawn. 
Produce DC to E, making 
CE=CD. Join AE, and at 
the point A make the angle 
EAF^AEF\ AFis the line 
required. 

For CE being equal to CD, EF = DC and CF 
together; and the angles FEAy FAE being equal, FA:=^ 
FEy and .-. ^F= DC and CF together. 

Cor. In the same manner if CE^CB, AF^ EF^ 
BC and CF together. 
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(^•) fffi*^^^ *^^ ^ '^^ angles of a paraHehgram a 
straight line be drawn cutting the diameter and a side 



produced; the segment intercepted between the angk 
and the diameter, is a mean proportional between the 
segments intercepted between the diameter and the sides. 

From B, one of the angles 
of the parallelogram ABCD, 
let any line BE be drawn 
cutting the diameter AG in 
F, the opposite side in G, and 
AD produced in E ; BF is a mean proportional between 
F6 and FE. 

Draw DH parallel to BFy and /. equal to it ; /. also 
AH^ FC, and AF= CH. Since HD is parallel to BG, 
FG : DH{:: CF : CH :: AH : AF) :: DH : FE, 

or FG : BF :: BF : FJS. 
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(7.) 7%e ^fi?o triangles, formed % drawing straight 
limes from any point within a parallelogram to t1^ ex^ 
tr^mities of two opposite sid^, are together ha(f of the 
parallelogram. 

Let P be any point with- 
in the parallelogram ABCD, 
from which let lines PA, 
PD, PB, PC be drawn to 
the extremities of the oppo- 
site sides; the triangles PAD, 
PBC are equal to half the parallelogram ; as also the 
trwingles APB, DPC. 

Through E draw ^PJF parallel to AD or BC; then 
(BucL i. 410 the triangle APD is half of ^JSFJD, and 
BPC is half of BEFC, .\ APD, BPC are together half 
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of A BCD* In the same manner if a line be drawn 
through P parallel to AB or DC, it may be shewn that 
APB, DPC together are half of A BCD. 



^^^^^i^<^^i»«^<»*^0i«»0#«#«0^»«0» 



(8.) If a straight line be drawn parallel to one of 
the sides of a parallelogram, . and one extremity of this 
line he joined to the opposite one of the parallel side, hy 
a line which also cuts the diameter; the segments of. the 
diameter made by this line will be reciprocally propor-^ 
tional to the segments of that part of it which is inter- 
cepted between the side and the parallel line. 

Let EF be drawn parallel to AD 
one of the sides of the parallelogram 
ABCD, cutting the diameter BD in 
G. Join AFy cutting it also in H; 
then will BH : HD :: HD : HG. 

For the angle ABH being equal to HDF, and AUB 
DHFy the triangles AHB, DHF are equiangular, and 
.-. BH : HD :: AH : HF :: DH : HG, since the 
triangles AHD, FHG are also equiangular. 
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(9.) If two lines be drawn parallel and equal to the 
adjacent sides of a parallelogram ; the lines joining their 
extremities y if produced^ will meet the diameter in the 
same point. 

Let Hly FG be drawn equal and parallel to the ad- 
jacent sides ABy BC of the parallelogram A BCD. 
Join HFy GI; these lines prAduced will meet the dia« 
meter DB in the same point. 
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Produce AB, CB to K and L. Then the triangles 
-^AFH, LBF haviflg the vertically opposite angles at F 
equsil, and the alternate angles AHFy FLB also equal> 
are equiangular, 




whence AF : FB :: (HA^) IB : BL, 
and in the same manner it may be shewn that 
{GC^)FB : CI :. BK : BI, 
.\ AF : CI r: BK : BL. 
But AF=:DG, and CI:=DH, .-. DG : DH :: B^ v 5L, 
and .*. HF, DB, GI converge to the same point. 
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(10.) ^ in the sides of a square, at equal distances 
Jram the ^ four angles^ Jour other points be taken, one in 
each side; the Jigure contained hy the straight lines 
which join them shall also he a square. 

Let Ey Fy Gy H he four points at 
equal distances from the angles of the 
square ABCD. Join EF, FG, GH, 
HE; EFGH is also a square. 

Since AH^EB, and AE^BF, and 
^he angles at A and jB are right angles^ /. HE = EFj 
and the angle AEH is equal to the angle BFE. lit 
the same way it may be shewn that HG and GF are 
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each of them equal to HE and EF, .*. the figure HEFO 
18 equilateral. It is also rectanguiai ^ for since the ex- 
terior angle FEA is equal to the interior angles EBF, 
EFB ; parts of which AEH and EFB are equal ; .\ the 
remaining angle FEH is equal to the remaining angle 
FBE, and /. is a right angle. In the same manner it 
may be shewn that the angles at Fy G, H are right 
angles, and •*. J^jFG^ being equilateral and rectangular, 
is a square. 
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(11.) The sum of the diagonals of a trapezium is 
less than the sum of any four lines which can he drawn 
to the four angles from any point within thejigurej^ 
except from the intersection of the diagonals. 

Let ABCD be a trapezium, whose 
diagonals are AC^ BDj cutting each other 
in E ; they are less than the sum of any . 
four lines which can be drawn to the 
angles from any other point within the 
trapezium. 

Take any point P, and join PA, PB, JPC, PD. 
Then (Eucl. i. 20.) AC is less than AP, PC; and BD 
is less than BP, PD ; .-. AC, BD are less than AP, 
PB, PC, PD. 
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(12.) Every trapezium is divided by its iiagofuds 
into four triangles proportional to each other. 

Let ABCD be a trapezium (see last Fig.) divided by 
its diagonals AC, BD into the triangles AEB, BEC, 
AED, DEC I these are proportional to each other^ 
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For (Eucl. vi. 1.) JEB : 3EC :: ^E : EC, 

and JED : DEC :: JE : EC, 
.'. AEB : EEC :: JED : DEC. 
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(13.) If two opposite angles of a trapezium he right 
ungles ; the angles subtended hy either side at the two 
opposite angular points will he equal. 

Let the two angles ACB, ADB of the 
trapezium ACBDy be right angles. Join 
AB, CD; the angles A CD, ABD, sub- 
tended by ADy are equal. 

. Bisect AB in E. Join CE, ED, and 
produce CE to F. Then (iii. 2.) AE, EB, EC, ED 
are equal to one another. Also the angle AED is equal 
to the two EDB, EBD, i. e. to twice EBD ; and DEF 
is equal to the two DCJE, EDC, i.e. to twice DCE; 
and AEF is equal to twice ACE; .\ twice -4C^ and 
twice ECD, or twice ACD will be equal to AED, i. e. 
to twice EBD, .. ACD = ABD. 

The same may be proved for the angles standing on 
any of the other sides. 
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(14.) To determine the fgure formed htf joining the 
points of hisection of the sides of a trapezium ; and its 
ratio to the trapezium. 

Let ABCD be a trapezium, whose sides are bisected 
in E, F, G, H. Let the points of bisection be joined ; 
and draw the diagonals AC, BD. 

Since AB^ AD ace bisected in E and /r/(EucL vi. 2.) 
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£H is parallel to BD ; and for the same reason FQ is 
parallel to BD^ and .•. to EH. In the same way it 
may be shewn that EF is parallel to HG, and /. the 
figure EFGH is a parallelogram. 



Again (EucL vi. 19.) the triangle EBF'v& to the tri- 
angle ^fiC in the duplicate ratio of EB : AB, i. e. in the 
ratio of 1 : 4, .*. EBF is equal to one fourth of ABC; 
for the same reason HDG is one fourth of DAC, whence 
EBF and HDG are together equal to one fourth of the 
trapezium. For the same reason /f^jB and GFC are 
together equal to one fourth of the trapezium ; therefore 
the four triangles together are equal to half the trapezium ; 
and consequently HEFG is equal to half of ABCD. 

CoR. 1 . Hence two lines, drawn to bisect the oppo- 
site sides of a trapezium, will also bisect each other. 

Cor. 2. If the sides of a square be bisected and the 
points of bisection joined, the inscribed figure is a square, 
and equal to half the original sqtiare. 
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(15.) To determine the figure formed by joining the 
points where the diagonals of the trapezium cut the pa^ 
rallelogram ; and its ratio to the trapexium. 

Let /, K, Ly M be the points of intersection ; (see 
last Fig.) join IK, KL, LM, MI. And let O be 
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%fae tntersecticm of the diagonals* Since EK is parallel 

3K : KO r: BE : EJ, t. e^ in a ratio of equality:* 
For the same reason AI^ 10. Whence the sides of the 
tmngle AOB being cut profK)rtionally, /i^ is parallel to 
AB. In the same manner it may be shewn that KL^ 
LM, MI are respectively parallel to BC, CD, DA\ 
vrhenee the iigrure IKLM will be similar to ABCD^ 
Also since the triangle MIK is half the parallelogram 
HK, and MLK half of GK, .-. the figure IKLM is half 
of HFy and /. equal to one fourth of the trapezium 
ABCD. 
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(16.) If two sides of a trapezium he parallel; its 
area is equal to ka^thut of a parallellogram, whose base 
is the sunt of those two sides ^ and altitude the perpen^ 
dicular distance between them. 

Let ABCD be a trapezium^ whose 
side ^B is parallel to DC. Produce 
DC to E, making CE^^AB. Draw 
BP, and CG, EH parallel to AD, 
meeting AB produced. Then AE is a parallelogram of 
the same altitude with the trapezium, and its baae is 
equal to the sum 0f the sides AB, DC-, and ABCD i^ 
half of AE. 

Since DF=CE, the paraHelograifts AF, GE an? 
equal (Eucl. i. 36.) ; and the diameter BC bisects tke 
panOIelogram FG; whence ABCD^BCEff, and •• 
the trapezium is half of the parallelogram AE. • ^ 
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(17.) If from any angle of a rectangular parallelo^ 
gram a line be drawn to the opposite side, and from the 
adjacent angle of the trapezium thus formed another 
be drawn perpendicular to the former; the rectangle 
contained by these two lines y is equal to the given pa^ 
raUelogram. 

From A, one of the angles of the rectan- 
gular parallelogram ABCD, let ahy line AE 
be drawn to the opposite side, cutting off the 
trapezium ABCE; from B let fall the per- 
pendicular BF; the rectangle contained by AE, BF, is 
ec^iial to tbe parallelogram A BCD. 

For BA being parallel to ED, the angle BAF = 
AED, and the angles at F and D are right angles, /. 
the triangles BAF, AED are similar ; whence 

BF : BA :: AD : AE, 
and the rectangle AE, BF is equal to the rectangle BA^ 
AD, i. e. to ABCD. 
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(18.) To divide a parallelogram into two parts which 
shall have a given ratio, by a line drawn parallel to a 
given line. 

Let ABCD be the given parallelo- 
gram, and EF the line whose direction 
is given. Divide AD in G in the 
given ratio^ and make GH=AG. Join 
BH; bisect it in /, and through / 
draw KL parallel to EF; KL divides the parallelogram 

in the given ratio. 

For (Eucl. vi. 1. and i. 41.) 

ABH ; ABCD :: AG : AD. 
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But the triangles BIL^ KIH are equal, since BI=iIH^ 
and BL is parallel to KH; .\JBH=ABLK, and 

ABLK : ABCD :: AG : AD, 
.-. ^^LJiT : LKDC :: AG i GD, «. e. in the given ratio. 
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(19.) To ii^ecj a trapezium by a line drawn from 
one of its angles. 

Let ABCD be the given trape- 
zium^ and A the angle from which it 
is to be bisected. Draw the diagonals 
ACy BD ; and bisect BDy which is 
opposite to the angle Ay in the point E. Join AE, CE ; 
and through E draw FEG parallel to AC. Join AG ; 
AG bisects the trapezium. 

Since DE is equal to EB, the triangles AED, AEB 
are equal ; as also DECy BEC; .-. the figure AECD is 
equal to the figure AECB. Also (Eucl. i. 38.) the tri- 
angles AEG, CEG are equal ; take away .\ the common 
part EHGy and AEH^ GHC. To the figure AECD 
add AEHy and take away its equal GHC; and to 
AECB add GHCy and take away AEH; and the. tri» 
angle AGD is equal to the trapezium AGCB, ot) the 
given trapezium is bisected by AG, 



(20.) To bisect a trapezium by a line drawn from 
a given point in one of its sides* 

Let ABCD be the given trapezium^ and P the given 
point. 
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Join PA, and from the angle P 
bisect the trapezium APCD (iv. 19.) 
by the line PE. On P£ make the 
tmngie PEF equal to ^BP. Bi- 
sect EF'm G; join PG. PG 
bisects the trapezium. 

Since FG is equal to GE, the triangle PGF is equal 
to the triangle PGE. But PGE is equal to half the 
triangle ABP ; and PEC is half the figure PABC; 
whence PGC is half of the trapezium ABCD*, which is 
••► bisected by PG. 




s> Q> 



(21.) If two sides of a trapezium be parallel ; the 
triangle contained hy either of the other sides^ and the 
two straight' lines draivnjrom its exfretnities to the W- 
section of the opposite side, is half the trapezium. 

Let ABCD be a trapezium, having 
the side AB parallel to DC. Let 
AD be bisected in £; join BE, CE; 
the triangle BEC\% half of the trape- 
zium. 

Through E draw FEG parallel to BC, meeting CD 
in G, and BA produced in F. The alternate angles 
FAE, EDG being equal, as also the angles at jE, and 
AE = ED, .-. the triangles AEF, DEG are equal; 
whence the parallelogram BFGC is equal tp the trape- 
zium ABCD. But BFGC and the triangle BEC, be- 
ing on the same base BCj and between the same parallels 
BQ FG, the triangle BEC k half ^ BFGC, wid /. 
also half of ^fiCD. 



GoR. ^rom the demanstratimi it appeats; that a tra- 
pezknn which has two wdes parallel, wiay he reduced to 
a parallelogram equal to it, by drawing through the 
point of bisection of one of the sides^ which are not pa- 
rallel, a line parallel to the other of those sides, and meet-* 
ing the parallel sides. 



^»^<>^^^«^i»'*' ^ o^^^^^s»>*«*-»^i X '» 




(22.) To divide a given trapezium whose ^opposite 
sides are parailely in a given raiio^ bg a line draton 
through a given pointy und terminated by the turn por- 
raUel tides. 

Let A BCD be a trapezium 
whose sides AB, DC are parallel, 
and P the given point. Bisect AD 
in JB, and draw iSF parallel to ^S, 
meeting jBC in F. Divide EF 'm 
G in the given ratio ; and tihroogh O avid Pdraw IPH; 
IPH will divide the tmpeflsium/inthegiiFeh ratio* 

Draw KGL, il/FiV parallel to AD ; then EA^KQ 
^MF, and ED^GL^FN^ but AE^ED, .\ KG^ 
GL, and MF = FN; whence (iv. 21 . Cor-) ADUi = 
AL,2ivdJIICB=KN. 

Now AL : KN :: EG : GF, 
. . ADIH : HICB :: EG : GJs 
i. e, in the given ratio. 



(23.) If a trapezium^ u)hich has two o/* its HLjjjajcent 
armies right angles^ he bisected by a line dratvnjrom the 
w^dtHe 0^! me ^^f' those 64Ses wMch ure nst parallel t tf^ 
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sum of the parallel sides mil have to one of them the 
same ratio, that the side which is not bisected has to that 
segment of it which is adjacent to the other. 

Let ABCD be a trapezium, having the 
angles at A and D right angles, and •*. j4B, 
DC parallel ; and let the trapezium be bi- 
sected by EF; if AD be bisected in E, 
AB + DC : AB :: BC" CF; 
but if BC be bisected in F, 

AB+DC : AB :: AD : DE. 

Produce DA, CB to meet in G. Join AF, DF, 
BE, CE, and let fall the perpendiculars AH, DI. 
Since AE^ED, the triangles ^F-B, DFE are equal, 
/. the triangles DFC, AFB are equal; /. the rectangles 
FC, DI and BF, AH are equal, 

and FC : FB :: AH : DI :: AB : CD, 

..AB + CD : AB :: (FC+FB=:)BC : FC. 

But if BC be bisected, the triangles ^' -^ 

EBFy ECF being equal, the triangles 

JEB; EDC are also equal, 

.-. (Eucl. vi. 15.) AB : CD :: DE : EA, 

and AB^-CD : AB :: {DE + EA=)AD : DE. 
In like manner AB^DC : DC :: AD : AE. 




(34.) TjT the sides of an equilateral and equiangular 
pentagon be produced to meet ; the angles formed by these 
"lines are together equal to two right angles. 

Let ABCDE be an equilateral and equiangul^ 
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pentagon ; and let the sides be pro- 
duced to meet in F, G, H, I, K; 
the angles at these points are to- 
gether equal -to two right angles. 

For since BCG is the exterior 
angle of the triangle FCI^ it is equal 
to the angles at F and /. For the 
same reason the angle CBG is equal to the angles at K 
znd H; and /. the angles at F, G, H, /, K are equal 
to the three angles of the triangle BCG, i. e* to two right 
angles. 




(25.) If the sides of an equilateral and equiangular 
hexagon be produced to meet; the angles formed hy 
these lines are together equal to four right angles. 

Let JBCDEF'he an equilateral 
and equiangular hexagon ; and let 
the sides be produced to meet in G, 
Hy I, K, Ly M; the angles at these 
points are together equal to four right 

angles. 

For GLI being a triangle, the 
angles at G, /, L are equal to two 
right angles ; and for the same reason, the angles at H^ 
K, M are equal to two right angles; /. the six angles 
are equal to four right angles. 




i (36.) The area of am/ two parallelograms describe^ 
an the two sides qfatriangfe is equal to that of a pqralr 
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lehgram on the base, whose side is eqmsd and pm'aUdio 
the line drawn from the vertex of the triangk to the in* 
tersection of the two sides of the former paraUekgrams 
produced to meet. 

Let BE and CG be pa- 
rallelogratns described on the 
sides ABi BC of the triangfe 
JBC; and let EF, HG be 
produced to meet in D. Join 
lyB; produce it, and make 
IK:s DB ; through A d.raw 
AL equal and parallel to IK ; 
and complete the parallelo- 
gram AM. AM is equal to AF and CG together. 

Produce LA, MC to N and O ; since ND is parallel 
to ABy and AN to BD, NABD is a parallelogram, and 
equal to EB, which is oa the same base, and between the 
same parallels. It is also equal to AK\ because they are 
upon equal bases DB, IK, and betweea the same pa- 
rallels; .'.AK=:EB. In the same manner IM^BH, 
,•. AM is equal to AF and CG together. 




r^^^^^^^**^' >^^ ^««^<i«>^^^ 



(27.) The perimeter of an isosceles triangle is greater 
than the perimeter of a rectangular parallelogram,, which 
is of the same altitude with, and equal to the given tri^ 
angle. 

Let ABC be an isosceles triangle, 
whose base is BC. Draw AE perpendi- 
dttkf to BCy aiKi .*. bisecting it; and draw 
AD, CD paitliel t^epetix^^y to BC, 




Sect. 4.3 GEOMiKrRICAL PROBLEMS. 137 

r 

AE ; then DE is a rectangular paraUelogram of the 
same altitude with^ and equal to the triangle j4BC (EucI. 
i. 42.). The perimeter -of ABC is greater than that of 
DE., 

Bec2Lme AB = ACy and jBJ5 = JBC, the perimeter of 
ABC is double of AC and iBC together ; also the peri-, 
meter of DE is double of AE and EC together. But 
since A EC is a right angle, -^Cis greater than AE ; and 
/. the perimeter of ABC greater than that of DE. 



«^i#«^i^>^*s»>^^^BiO^>^'<k<«^<r«#v»<f^'<jy^^ 



(28.) If from ^ne of ike acute angles of a right- 
angled triangle, a line be drawn to the opposite side ; 
the squares of that side and the line so drawn are toge- 
ther equal to the squares of the segment adjacent to the 
right angle and of the hypothenv^e. 

Let ABC be a right-angled triangle, 
and from A let AD be drawn to the oppo- 
site side; the squares oi AD and BC are 
together equal to the squares of AC and 

BD. . 

For the squares of -^D and BC together are equal to 
the squares of j^jB, BD and BC, i.e. to the squares of 
AC and BD ; since the squ^s of AB and BC are 
equal to the square AC 




^■^^^^>»^>^^^^^^^i^^i»«^^^#«^^>^^^#» 



(29.) In any tiiangle if a line be drawn frofni th^ 
^ertett at right angles to the bascy the difference qfthe 
Si^ares of the sides is equal to the difference of the 
^squares qf the >s^me9^s qfthe base. 

s 



^ 
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From A the vertex of the triangle ABC, 
let AD be drawn perpendicular to the 
base ; the difference of the squares of AB, 
AC is equal to the diflference of the 
squares of BD, DC. 

For since ABD is a right-angled triangle, the square 
of AB is equal to the squares of AD^ BD ; and since 
ADC is a right-angled triangle, the square of AC is 
equal to the squares of AD, DC; whence the difference 
of the squares of AC and AB is equal to the difference 
of the squares of CD and DB. 



^«^«^^^>^»»^>»»»i^«^i^^«^»i#^»»i^#i^^i*<»«»ii»«» 



(30.) In any triangle y if a line he draton from the 
vertex' bisecting the base ; the sum of the squares of the 
two sides of the triangle is double the sum of the squares 
of the bisecting line and of half the base. 

From the vertex A of the triangle 
ABC, let AD be drawn to the point of 
bisection of the base ; the squares of AB, 

AC, are together double the squares of 

AD, DB. 
From A draw AE perpendicular to BC\ 

Then (Eucl. ii. 12.) AB^^AD^+DB' + aBDx 
and (Eucl. ii. 13.) AC^^AD'+DC^^fiCDxDE 

^AD^^DR--2BDx DE, 
whence AB'+AC^:=^2AD^+2DB\ 




i^»^<»»«^i»<»^i#<»«»^>»i»-*»»«»^i#^ »^^ ^ 



. (31.) Hffrom the three angles of a triangle lines be 
drawn to the points of bisection of. the opposite sides ^ 
the squares of the distances between the angles and the 




Sect. 4.] GEOMETRICAL PROBLEMS. 139 

common intersection are together one third of the squares 
of the sides of the triangle. 

From the angles of the triangle ABC, 
let lines be drawn to the middle points of 
the opposite sides, intersecting each other 
in G ; the sum of the squares of ^G, 
QBy GC is one third of the sum of the 
squares of AB, BC, CA. 

Join EF. Then AB^ + AC^ = 2AE' + 2 EB\ 

AB' + BC^ = 2AF* + 2FB\ 
AC^ + BC = zAD' + 2DC\ 
.'. AB" + BC^ + CA* = AE* + BF*+ Cir+AF^+ 

lEB* + AD", 

Now the sum of the squares of ^F, EB, AD is equal 
to one fourth of the sum of the squares of AB^ BC, CA; 
whence three fourths of the sum of the squares of AB, BC, 
CA will be equal to the sum of the squares of AE, BF, 
CD ; or three times the sum of the squares of AB, BCy 
CA is equal to four times the sum of the squares o{*AE, 
BF, CD. 
NowBG : GF :: BA : EF :: BC : CE :: 2 : l, 

/. BG : BF :: 2 : 3, and SG' : BF^ :: 4 : 9, 
whence 4BF*=z gBG*. And the same being true of 
each of the rest, three times the sum of the squares of 
ABy BC, CA, is equal to n-ine times the sum of the 
squares of AG^ BG, CG; .•. the sum of the squares of 
AB, BC, CA is three times the sum of the squares of 

AG, BG, CG. 

Cor. If from the angles of a triangle lines be drawn 

to the points of bisection of the opposite sides, the squares' 
of those lines together are to the squares of the sides of 
the triangle as 3 : 4. 
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(39.) If fmm any point within or mthout anf ree^ 
tilinealjigurey perpendiculars he let faU on eimfy side ; 
the sum of the squares of the altemate segments made 
by them will be equal. 

Let ABCD be any quadrilateral 
figure (the demonstration being the 
same whatever be the number of sides). 
From any point / let perpendiculars 
IE, IF, IG, IH be drawn; AE' + 
BF*+GC' + DW=^EB'^FC' + GD'+AH\ 

From /draw lines to each of the angles i 
then AE" + EP ^ (AP = ) AH^ + HI\ 
BF^ + FP = (BP = ) BE^ + EP, 
CG* + GP = {CP = ) CF^ + FI\ 

DH^ + HP = {DP = .) DG' + GI\ 

whence, 

AE' + BF'+CG'+DH'^EB'+FC'+GD^+HA'. 




i»»i»i»^^o»^i»«»^>»»^i»i^^ ^^^^^^ 
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(33.) tf front any point within a rectangular pa^ 
ratlelogram lines be drawn to the angular points ; the 
sums of the squares of those which are drawn to the 
opposite angles are equal. 

Let ABCD be a rectangular paralle- 
logram^ and Fany point within it; join 
FA, FB, FQ FD ; the squares of FA 
and FC are together equal to the squares 
of FB and FD. 

Draw the diagonals AC, BD ; and join FE. Be- 
cause the triangles ADC, BDC are similar and equal, 
AC^BDi and .-. their halves^ AE and DE, are equaL 
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Now (iv. 30.) FD*+FB'=2DE* + 2EF', 

si2AE*^2EF*^AF*'i'FC\ 



i»«#<»»^i^i»<»'^<^»i^»^>#»^^^'^'^>^>^^«i#«^i^«^ 




(34.) 'The squares of the J&agonab of a parallelo- 
gram are together equal to the squares of the four sides. 

Let ABCD be a parallelogram, whose 
diagonals are AC, BD % the squares of 
ACy BD are together equal to the squaret 
oiAB, BC, CD, DA. 

Since DB is bisected by AC, 

2AE^ + 2 ED* = AD" + AB^y 
and for the same reason, 

aCJS:* + 2ED^ = CD"^ CB", 
.'. 4AE*+AED' = AD'+AB^+CR+Ct)r, 
i.e. AC^+BD^rzAD' + AJP + CB' + CD^. 



* ■ » »^^^^»<M'^«*'^»*^^»» ^Mo ^^»*^'» 



(350 If two sides of a trapezium be parallel to 
each other ; the squares of its diagonals are together 
equai to the squares of its tux> sides which are not pa^ 
rallel and twice the rectangle contained by its parallel 
sides. 

Let the sides AB, DC of the trape- 
zium ABCD be parallel ; draw the dia- 
gonals AC J BD ; the squares of AC and 
JiJO, are together equal to the squares of 
At} and £C, and twice the rectangle AB, DC, 

Liet fell the perpendiculars CE, DF. 
Then (EucL ii. 12.), DB^::^DA^+AB'+3ABxAF, 

and AC^^Cff +AR+aABxBB, 
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whence, * 

AC*+DB*=Aiy+CB'+2AB*+2ABxBE+2ABxAF. 

Now (Eucl. ii. l.)t 

ABx FE=ABxFA+ABx AB+ABxBE, 

. . AC' + DB*==^Aiy+CB'+2ABxDC. 



^^^«^^ f^^^^t^^ ^ ^^^i^^»^^<#«#^»>*«^^ 




(36.) TAe squares of the diagonals of a trapezium 
are together double the squares of the ttvo lines joining 
the bisections of the opposite sides. 

Let ABCD be a trapezium^ whose 
sides are bisected in £, jP, G, H. 
Join EG^ FH; and draw the diagonals 
AC, BD. The squares of AC, ED 
are tc^ether double of the squares of 
EG, FH. 

' Join EF, FG, GH, HE. Then (iv. 14.) EFGH is 
a pa,rallelogram^ and BD is double of EHi 

/. BIT =4EH^ = 2EH^ + 2FG\ 
and for the same reason AC* = 2 EF* + 2HG\ 
.-. AC^ + BD'=2EF^+2FG^+2GH^ + 2HE\ 

= 2EG'+2HF\ (iv,34.) 



■^^ O l^^^^O-^^Oi/^^^^^i^^i^N^^I^^^^I^^ 



(37.) The squares of the diagonals of a trapezium 
are together less than the squares of the Jour sides^ by 
\four times the square of the line joining the points of bi- 
section of the diagonals. 

Let ABCD be a trapezium 'whose diagonals AO, 
BD are bisected in J?^ F; join JSF; the squares oiAC\ 
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%i> are less than the squares of the four 
sides by four times the square of EF. 

Since BE bisects AC the base of the 
triangle ABC, 

AB'+BC*=2AE* + 2EB'; 
and for a similar reason, 

Aiy + DC*=s2AE* + iiED'i 

.'. AB'+BC'+CD* + DA^ = 4^^+ 3 ER + a Ejy 

= AC +2EB' +3E1>» 
= AC* +4BF*+4FB' 

= AC + BD* +4FE^. 



^»<«^i^«^»^'^^'^'»^<»i^^i»^^^'»^i»^«»'i^^ 



^38.) In any trapezium^ if, two opposite sides be bi- 

^ected ; the sum of the squares of the two other sides, 

together with the squares of the diagonals, is equal to 

the sum of the squares of the bisected sid^ together with 

four times the square of the line joining those points of 

bisection. 

Let AB, DC, two opposite sides of 
the trapezium ABCD, be bisected in E, 
^and JP; join EF\ and draw the diago- 
nals AC, BD. The squares of ^2>, BC, 
AC, BD are equal to the squares of AB, 
DC, and four times the square of EF. 

Join AF, BF. Since AF bisects DC the base of 
. the triangle ADC, 

AD* + AC^ = 2DF* + 2FA^; 

apd in the same manner, 

BC + BD' = 2DF' + 2FB*i 




144 G£OM<TRlCAL PROMLEMB. [^Sect. 4. 

whetice JD' + BC + AC* + BI>»£= 4 DF* + fi F^ *+ sFff 
= DC*+^B»+4£F». 



^«»<»^»^<»ii*«*»#»»^»*i»»»>»>»«*«»i^^^«»»^^ 



(39.) /jT squares be described on the sides of a right- 
angled triangle; each of the lines Joining the acute 
angles and the opposite angle of the squure^ will cut off 
frwn the triangle an obtuse-angled triangle, which will 
be equal to that cut off from the square by a line drawn 
from the intersection with the side to that angle of the 
square which is opposite to it. 

From the angles B, C 
of the right-angled triangle 
BAQ let lines BG, CD be 
drawn to the angles of the 
8(|Uiire6 described upon the 
sides^ and from the inter- 
sections H and / let HE, IF 
be drawn to the opposite angles of the squares ; the tri- 
angle BIC^AIF, and CHB=AHE. 

Join AO, AD. Then (EucL i. 37.) the triangle 
AFI^=^ AIG; to each of which add ABI, .*. the tri- 
angle B/F= BAG = BCA (Eucl. i. 37.) From each 
of these equals take away the triangle BIA, and B1C=: 
AlF. In the same manner it may be shewn that CHB 
^AHE. 




i»i*^i»i^«»0»*»»i»^li4»^«»#«^^<«i#>#«#»»< 



(40.) If scares be described on the two sides of a 
light-angled triangle; the lines joining each of the acute 
angles of the triangle and the opffosite angle of the 
square will meet the perpendicular drawn from the right 
angle upon the hypothenuse^ m the same point. 
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Let BEy CF be squares described on the sides J?-^, 
^C containing the right angle. Join DCy BG ; they 




intersect AL, which is perpendicular to BC, in the same 
point O. 

Produce DE, GF, to meet in H. Join HA, HB, 
HC. Let BH, Cfi^ respectively meet DC, BG in / 
and K. Since EH^AF^AC, and EA^AB, and the 
angles HE A, BAC are right angles^ the triangles HEA, 
BAC are equal, and the angle EHA^BCA=zBAL, 
i. e. since EH and BA are parallel^ HAL is a straight 
line, or LA produced passes through H, and HL is per* 
pendicular to BC Again, since ^0= CG, AH=z BC, 
and the angle HAC = BCG, .-. the triangles HAC, 
5CG are equal ; /.the angle CBK^CHL; but BCA: 
= HCL; .*. BKC^:nHLCi i. e. is a right angle, and 
JSiiL is perpendicular to HC. In the same manner it 
may be shewn that CI is perpendicular to BH^ Hence 
••• HL, Clf BK are perpendicular to the sides of the tri- 
angle HBC, and .*. they intersect each other in the same 
point 



i»'^i»l»^^-»<>^^>*«^^^»^<S^«l#»^l»<^»>»^l#l 



(41.) If squares he described on the three sides of 
a right-angled triangle, and the extremities of the ad" 

T 



1 
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jacent sides be joined; the triangles so formed are equal 
to the given triangle and to each other. 

On the sides of the right- 
angled triangle ^AClet squares 
be described, and join GH, 
FD.IE. The triangles ^G//, 
BFD, ECl^Lxe equal to ABC, 
and to each other. 

It is evident that AGH=^ 
ABC. Produce FB, and from 
D draw DS perpendicular to 
it. Since ABS and CBD are right angles, /. the angles 
ABC, SBD are equal; and BAC, BSD are also right 
angles, and BC=BD, .\ DS=AC. And the triangles 
ABC, FBD being upon equal bases AB, FB are as 
their altitudes AC, DS (Eucl. vi. 1.) ; and .-. are equal. 
In the same manner if IC be produced, and ER drawn 
perpendicular to it, it may be shewn that ER is equal to 
AB, and the triangle ECI to ABC. And since each of 
the triangles is equal to ABC, they are equal to one 
another* 




(43.) If the sides of the square described upon the 
hypothenuse of a right-angled triangle be produced to 
meet the sides (produced if necessary) of the squares de- 
scribed upon the legs ; they will cut off triangles equi- 
angular and equal to the given triangle. 

* 

Let DBy EC, the sides of the square described on 
BC the hypothenuse of the right-angled triangle ABC^ 
be produced to meet the sides of the squares described 
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upon BAj AC, iuJJL and L; the 
triangles BFK, CIL cut off by 
them are equal and equiangular 
to ABC. 

Since FBA and KBC are 
right angles, the angles FBKy 
ABC are equal ;' also the angles' 
at F and A are right angles, and 
FB=rBA, .-. FK-AC, and the 
triangles FKB, ABC are equiangular and equal. 

In like manner it may be proved that the triangles 
ABC, LCIvLve equiangular and equal. 




(43.) If from the angular points of the squares de- 
scribed upon the sides of a rightrangled triangle perpen- 
diculars be let Jail upon the hypothenuse produced ; they 
will cut off equal segments ; and. the perpendiculars will 
together be equal to the hypothenuse. 

Let FM, IN be drawn from 
the angles F, I of the squares 
described upon BA, AC, per- 
pendicular to BC the hypothe- 
nuse produced; MB will be m b o c ir 
equal to NC; and FM, /Altogether equal to BC 

From ^ draw AO perpendicular to BC Since FBA 
is a right angle, the angles FBM and ABO together are 
equal to FBM and BFM, . . ABO is equal to BFM, 
and the angles at M and O are right angles, and AB = 
BF, .-. BM^AO, and FM=BO. In the same manner 
it niay be shewn that CN^AO, and lN=COi .-. MB 
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r=:NC, and FM and IN together are equ^ to BO and 
CO together, i. e. to BC. 

Cor. The triangles FBMy ICN are together equal 
to ABa 



(44.) If on the two sides of a right-angled triangle 
squares be described, the lines joining the acute angles: 
of the triangle and the opposite angles of the squares will 
cut off* equal segments from the sides ; and each of these 
equal segments will be a mean proportional between the 
remaining segments. 

On AB, AC the sides of the 
right-angled triangle BAC, let 
squares be described, and J37, CF 
joined; the segments AP, AQ 
are equal, and each of them is a 
mean proportional between BP and CQ. 

Since ACI is parallel to HI, and AP to FG, 

BH : HI :: BA : AQ, 
and (C4=) HI : CG :: AP : {FG=) AB, 
.\ BH: CG :: AP : AQ, 
and BH being equal to CG, AP=AQ. 
Again, the triangles BPF, ACP being similar, as also 
ABQ, ICQ, 

BP : {BF=)AB :: AP : AC, 
and BA : AQ :: {IC=)AC : CQ, 
.\ ex cequo BP : {AQ^)AP :: AP : CQ. 




(45.) If squares be described on the hypothenuse and 
sides of a right-angled triangle, and the extremities of 



i 
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the sides of the former and the adfa^ent sides of the 
others be joined ; the sum of the squares of the lines join- 
ing them will be equal to Jive times the square of the 
hypothenuse. 

Let squares be described on 
the three sides of the right- 
angled triangle ABC ; join DF; 
El'y the squares of DF and 
EI together are equal to five 
times the square of BC. 

DmwFKy /L perpendicular 
to DB, EC produced, and AM 
to BC. The angle FBK is 

equal to ABCf and the angle at K to the right angle 
AMB, and FB^BA, .\ BK=BM. In the same way, 
CL^CM. 
Now (Eucl. ii. 12.) FD" = DB^ + BF^ + 2DBxBK 

z=BC^+BA'+2BCx BMy 
and EP^BC* + CA' + 2BCx CM, 
r. FD* + EI^^2BC^ + BA' + AC\ + 2BC x BM+ 

[2 BCx CM 
= 2BC^+BC'+2BC^=^5BC\ 




(46.) If a line be draton parallel to the base of a 
triangle^ and terminated in the sides ; to draw a line 
cutting it, and terminated also by the sides, so that the 
rectangle contained by their segments may be equal. 

Let ED be parallel to CB the base of the triangle 
ABC; from D draw DF, making with AC (produced if 
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necessary) the angle DFE equal to 
ABC, and draw any line GH parallel 
to FDy cutting ED in /; the rectangle 
EI, ID is equal to the rectangle GI, 
IH. 

For the mg\eAGH=^AFD= ABC 
= ADEy and the vertical angles at / are equal, .*. the 
triangles GEI^ HID are equiangular ; 

andjy/: ID :: IE : IG, 
/. the rectangle EI, ID is equal to the rectangle HI, 
IG. 




^*S#,0^.#>i#s#«^^«Oi^«^<i^^^»^^N»^^^«^ 




(47.) If the sides, or sides produced, of a triangle 
be cut by any line ; the solids formed by the segments 
which have not a common extremity are equal. 

Let ABC be a triangle having 
the sides (produced if necessary) 
cut by the line DEF\ then AF ' b'V 

yiCDx BE=zAE>i DBx CF. 

Draw BG parallel to AC, the triangles AEF, BEG 
will be similar, as also CDF, BDG; 

/.AF I AE :: BG : BE, 
and CD : CF :: BD : BG, 
.-. AFx CD : AEx CF :. BD : BE, 
.-. AFx CDxBE = AExDBx CF 



(48.) If through any point within a triangle, three 
lines be drawn parallel to th^ sides; the- solids formed 
by the alternate segments of these lines are equal. 
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Through any point D within the ; 
triangle ABC, let HG, EF, IK, be 
drawn parallel to the sides ; then ID x 
DGxDF^EDxDKx DH. 

Since the lines are drawn parallel to 
the sides, the triangles lED, GDK, HDF are similar to 
ABC, and to one another ; 




. . ID : DE 
GD : DK 



: AC : CB 
: AB : AC 
: BC : AB, 



DF : DH 

whence IDxDGxDF : DExDKx DH :: ACx 

ABxBC : BCxACxAB, 

i, e.in a ratio of equality. 



'^S^<^4>^*»^^S^S^i#S^<^»i^S^>^^»i^N^.^S^^<^^«^.^ 



(49.) If through any point within a triangle lines 
be drawn from the angles to cut the opposite sides ; the 
segments of any one side will be to each other in the 
ratio compounded of the ratios of the segments of the 
other sides. 

Through any point Z) within the 
triangle ABC, let lines AE, BF, CG 
be drawn from the angles to the op- 
posite sides ; the segments of any one a. 
of them as AC^ will be in the ratio compounded of the 
ratios AG : GB, and BE : EC. 

Draw /Biif parallel to AC, meeting AE and CG pro- 
duced in JET and /. Then the triangles GCA, GBI, and 
E^O, EBH, as also ADF, BDH, and FDC, IDB, are 
respectively equiangular, 

whence BH : AC :: BE : CE, 
and AC : BI :: AG : BG, 
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/. BH : BI :: AOyiBE : GByi CE. 
But BH : «7 :: ^F : FC, 

.-. AF : FC :: AGxBE : GBx CE. 
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(60.) If ft'om each of the angles of any triangle^ 
a line be drawn through any point within the triangle^ 
to the opposite side ; the solid contained by the segments 
thereof intercepted between the angles and the point, 
will have to the solid contained by the three remaining 
segments^ the same ratio that the solid contained by the 
three sides of the triangle^ has to either of the {equal) 
solids contained by the alternate segments of the sides. 

Let ABC be the given tri- 
angle, and through any point D 
within it, let AE, BF, CG be 
drawn from the angles to the 
opposite sides ; then will AD x 
DBxDC: EDxDFxDG:: 
ABx BCxCA : AF x CE x 
BG. 

Let fall the perpendiculars AH, BI, CK; EL, GM, 
FN. 

Since EL is parallel to BI, CB : CE :: BI : EL, 
and Gil/ being parallel to^H, BA : BG :: AH : GMy 
alsoFiVand CJC being parallel, ^C : AF :i CK : FN^ 
.ACxABxBC: CExBGxAF:: BIxAHxCK : 

lEL X GMx FN. 
Again, since EL is perpendicular to DC, and CK to 
DK, the triangles DEL, DCKzre equiangular, 

and /. DC : DE :: CK : EL. 
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In the same manner, J)B : DG :: BI : GM, 

and DA : DF :: ^fl^ : FN, 
.-. DJxDBxDC : DExDFx DG :: BIxJH>i 
CK : £Lx GMx iW:: ABxBCx CA : ^Fx CCx 
£6. 



Sect. V. 



(1 .) A straight line of given length being drawn 
Jrom the centre at right angles to the plane of a circle ; 

to determine that point in it, which is equally distant 
from the upper end of the line and the circumference of 

the circle. 



From O the centre of the circle, let 
iyA be drawn at right angles to its plane ; 
draw OB perpendicular to OA-^ join AB, 
and make the angle ABC equal to BAC. 
C is the point required. 

Since the angle ABC^ CAB, /. AC^ 
CB. 




(2.) To determine a point in a line given in position, 
to fvhich lines drawn from two given points may have 
the greatest^ difference possible. 

Liet A and B be the given points, and CD the line 
given in position. Let fall the perpendicular BC, and 

U 
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produce it, so that CE may be equal to ^' 
CBi join jiE^ and produce it to meet 
CD in D. Join BD. D is the point 
required. 

For DE = DB ; and .*. ^£ is equal to 
the difierenoe between ^D and DB. If 
then any other point F be taken, BF 
siEF; and the difference between -^Fand BF is equal 
to the diflference between AF and EF, which is less than 
AE (iii. 1.). The same may be proved for every other 
point in CD. 




*»^^i»^»>»*i^i#^ii»o^ »^»»#<*»»»#^^i*' 



(3.) A straight line being divided in ttvo given 
points ; to detenhine a third point such that its distances 
from the extremities may he proportional to its distances 
from the given points. 

Let AB be the given line, divided 
in C and D. On AD and CB let 
semicircles be described intersecting in 
E. From E let fall the perpendicular EF; F is the 
point required. 

For (Eucl. vi. 8. Cor.) AF : FE :: FE : FD, 

and FE : FB :: FC : FE, 
..Af" : FB :: FC : FD. 




(4.) /n a straight line given in position, to deter^ 
mine a pointy at which two straight linesy drawn from 
given points on the same side, will contain the greatest 
angle. 



Sect, 5.] 



6BOMBTRICAL PROBLEM^. 



155 



Let A and B be the given points, and 
CD the given line. Join BA^ and produce 
it to meet CD in D. Take DC a mean 
proportional between DA and DB. C is 
the point required. 

Join AC^ BC; and about the triangle ^jBC describe 
a circle ; DC is a tangent at the point C (Eucl. iii. 37«)> 
and .\ the angle is the greatest (ii. 62.). 




^»»«* ^^»#^^i»i^i^i^i^^>^i»i»^»#i^^ ^^^m 



(5.) To determine the position of a pointy at which 
lines drawn from three given points^ shall make with 
each other angles equal to given angles. 

Let ^, £, C be the three given points ; 
join AB, and on it describe a segment of a 
circle containing an angle equal to that 
which the lines from A and B are to in- 
clude. Complete the circle, and make the angle ABD 
equal to that which the lines from A and C are to in- 
clude. Join DC, and produce it to the circumference 
in JS. E is the point required. 

Join AE, BE. Then the angle AEC^ABD, and 
AEB is of the given magnitude^ by construction. 




^^^»*>i»^»»»i*>»^»*i^ *»*<*^i#<»*>^»»»i» 



(6.) To divide a straight line into two parts such^ 
that the rectangle contained by them may be equal to the 
square of their difference. 

Let AB be the given line ; upon it describe a semi- 
circle ADB. From B draw BC at right angles and 
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equal to AB. Take O the centre^ ami 
join OC; and from D draw DE perpen- 
dicular to AB ; AB is divided in the point 
Bf as was required. 

Since BC is double of BO, DE is 
double of OE (Eucl. vi. 2.), and OE 
being half the difference between AE and EB^ DE is 
equal to the difference. Also (Eucl. vi. 13.) the rectangle 
AEy EB is equal to the square of DE. 




■»'i^»l»«^^«#>^»'»«»^^^>^«»i»^i^^O^^^^^ 




(7.) If a straight line be divided inte any two part^ ; 
to produce it, so that the rectangle contained by the 
whole line so produced, and the part produced may be 
equal to the rectangle contained by. the given line and one 
segment. 

Let AB be the given line divided into 
two parts in the point C On AB as 
diameter describe a circle ADB. From 
jB draw BE at right angles to AB, and 
.'. a tangent to the circle ; and make BE a mean pro- 
portional between AB and AC, Take O the centre; 
join EOy and poduce it to F. Produce AB to G, 
making J3G equal to ED. Then will the rectangle 
AG, GB be equal to the rectangle BA, AC. 

Since DE=^BG, the rectangle BG, GA is equal to 
the rectangle DE, EF, i. e. to the square of EB, or to 
the rectangle AB, AC, by construction. 

Cor. 1. If it be required to produce the line, so that 
the rectangle contained by the whole line {produced and 
the part produced, may be equal to tbe recittogle con-^ 



i 
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tained by two given iines ; find BE a mean proportional 
between the two given lin^s, and proceed as in the pro*- 
po^tion. 

Cor. 2. If it be required to produce the line, so that 
the rectangle contained by the whole line produced and 
the part produced, may be equal to a given square ; take 
BE equal to a side of the square, and proceed as in the 
proposition. 



«^i^»^^<^^<»»^'»«»»»^'^«^«^«^'^i^^«^«^^«^ 



(8.) To determine, tioo lines such that the sum of 
their squares may he equal to a given square, and their 
rectangle equal to a given rectangle. 

Let AB be equal to a side of the given /^^^T!^^>^<^ 
square. Upon it describe a semicircle i^^^^^^^^"''''^ \ 
ADB ; and from B draw BC perpendi- * 

cular to AB, and equal to a fourth proportional to AM 
and the sides of the given rectangle. From C draw CD 
parallel to BA. Join AD, DB ; they are the linea re- 
quired. 

Since CB touches the circle at B, the angle CBD is 
equal to DAB, and the angles DCB, ADB are right 
angles; .*. the triangles DCB, ADB are equiangular, 

and AB : AD :s DB : BC, 
whence the rectangle AD, DB 'n equal to the rectangle 
AB, BC, i. e. to the given rectangle. Also the squares 
of AD, DB are equal to the square of AB, t. c. to 
given square. 



^«^«^^^»^<» #<»<» i»^i^^i»^«^i^<»^»^«»>»^^ 



(9.) To divide a straught line into two parts, so that 
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the rectangle contained by the whole and one of the parts 
may he equal to the square of a gwen line, which is less 
than ihe line to be divided. 

Let^JS be the given line to be divided. 
Upon it describe a semicircle, in which 
place the line ytC s= to the given line. 
Join CB ; and on it describe a semicircle 
CDB. cutting jiB in D ; Dh the point required. 

Since the angle ACB is in a semicircle, it is a right 
angle, /. j4C touches the circle CDB (Eucl. iii. l6. Cor.) ; 
whence the rectangle Bj4, AD is equal to the square 
of ACy L e. to the square of the given line. 




«*#>»«..i»»»^i»i»^^i»«»«*»<w»^>»^^j>»^ 




(10.) To divide a given line into two such parts that 
the rectangle contained by the whole line and one of the 
parts may be (m) times the square of the other part^ m 
being whole or fractional. 

Let AB be the given line, and in it 
produced, take J3C = an nfi" part of AB. 
On AC describe a semicircle, and from B cob 
draw BD perpendicular to AC. Bisect 
C£ in O; join OD, and take OE^OD; and AB will 
be divided in Ey as required. 

On BC describe a semicircle, cutting OD in F; joia 
FE. Then the angle DOE being common to the tri* 
angles DOB, EOF, and DO, OB respectively equal to 
EOj OF, the triangles will be similar and equal, and /• 
the angle OFE equal to OBD, and .'. a right 
angle ; whence FE is a tangent to the circle CFB. 
Hence the rectangle AB, BC is equal to the square of 
DBy i. €. to the square of FE, or the rectangle CE, ER. 
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From €wh of these equals take aiway thfe rectangle 
CB, BE; and the rectangle ^£',C& is equal to the 
square oi BE^ .•. (m) times the r^tairgle -4J5, CB, i.e. 
the rectangle ^B, AE is equal to (m)' times the square 
of BE. 



**^>»>^*»»^*^^^»i»^i^^«»i*^'*#*«W< * 



(11.) 7b divide a given line into two such parts 
that the square of the one shall be equal to the rectangle 
contained hy the other and a given line. 

Let AB be the given line to be divided, (see last Fig.) 
and BC the other given line. Let them be placed so as 
to be in the same straight line. On'^C describe a semi- 
circle and draw the lines, as in the last proposition ; and 
E is the point required. 

For the rectangle AE, CB is equal to the square of 
BE. 



^^**^«#^^^»^^#^^^^^^^^<^^N^^^^^^p^^^^F^^ 



^13.) A straight line being given in magnitude and 
position ; to draw to it from a given point, two lines, 
whose rectangle shall be equal to a given rectangle, and 
which shall cut off* equal segments from the given line. 

Let AB be the given line, and C the 
given point. Bisect AB in Z), and from 
2> draw DO at right angles to AB, and 
let fall the perpendicular CE. With the 
centre C, and radius equal to a fourth proportional to 
a CE and the sides of the given rectangle, describe a cir- 
cle cutting DO in O. Join OC; and with the centre O^ 
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and radius OC, describe a circle CFG, cutting AB in F 
and G; join CF, CG'; they are the lines required. 

For (Eucl. vi. C.) the rectangle CF, CG is equal 
to the rectangle contained by 2 CO and CE, i. e* to the 
given rectangle. And since ADssDB, and FD^DG, 
.\ AF^ GB. 



^^^•^^^^^^^»^^«>»>^*-***'^ 



(13.) To draw a straight line which shall touch a 
given circle^ and make with a given line, an angle equal 
to a given angle. 

Let AB be the given line, and O 
the centre of the given circle. From 
any point A in the given line, draw 
AC making with it an angle equal to 
the given angle; from O draw OD 
perpendicular to AC, and through the point JE where it 
meets the circle, draw EF parallel to DA ; EF is the 
line required. 

For being parallel to -^C it is perpendicular to OD, 
and **• a tangent to the circle ; and the angle JBFB = 
DAB » the given angle. 




^*^»i^'»*»^i*»<^j><^»»#«>*i»»\#^<> 



(14.) Through a given point to draw a line termi^ 
nating in two lines given in position, so that the rectangle 
contained by the two parts may he equal to a given 
rectangle. 

Let AB, CD be the lines given in position, E th« 
given pwit; from B di-Jtw ^iP perpendicular to 4B, and 
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and produce FE to G, so that the 
rectangle FJS, EG may be equal 
to the given rectangle. On EG 
describe a circle, cutting CD in H. 
Join HEy and produce it to ^ ; 
AH is the line required. 

Join GH. The angle GEH is equal to AEF, and 
the angles GHE, AFE are right angles, /. the triangles 
GEH, AEF are equiangular, and 

EH : EG :: EF : EA, 
whence the rectangle AEt EH is equal to the rectangle 
EG, EF, L €. to the given rectangle. 



♦»»»^»<»i»i>»i»o»»^«»i#^<»i^i*«^.»i^«*«»^^ 



(15.) From a given point to draw a lin^ cutting tuuo 
given parallel lines ^ so that the difference of its segments 
may be equal to a given line. 

Let AB, CD be the given 
parallels, and P the given 
point. From P draw any 
line PBy meeting the given 
lines in B and E. Make 
EF = EP, and draw JPG 
parallel to AB. With any point O as centre, and radius 
equal to the given line, describe a circle cutting GF in 
H. Join OH, and draw PGA parallel to it. PGA 
will be the line required. 

Since PE is equal toEF, .\ (Eucl. vi. 2.) PI^IG%. 
and AG is equal to the difference of A I and /P» the 
s^gioents of PA; and AGss OH ^ the given line. 
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(16.) From a given point withaat a circle^ to dram 
a straight line cutting the circle j so that the rectangle 
contained by the part of it tvithout and the part within 
the circle shall be equal to a given square^ 

Let A be the given point, and BCD 
the given circle. From A draw AB 
touching the circle; and on it as a 
diameter describe a semicircle, cutting 
the given circle in C. Join AC, and 
produce it to D. Now if the side of the given square 
be equal to BC, the problem is possible. 

For the rectangle AC, AD is equal to the square of 
ABy i. e. to the squares of AC and BCi take away from 
each the square of AC^ r. the rectangle AC, CD is equal 
to the square of jBC • 




i»^^S^^^^<>^^S^i»^'i^^^^i»^^^V^«»^>^^' 



(17.) From a given point in the circumference of a 
semicircle, to draw a straight line meeting the diameter, 
so that the difference between the squares of, this line 
and a perpendicular to the diameter from the point of 
intersection may be equal to. a given rectangle. 

Let A be the given point in the circumfe- jl^—^ 
rence of the semicircle ; from it draw AD per- f\^ \ 
pendicular to the diameter. Take O the * 
centre, and divide DO in B, so that the rectangle con- 
tained by 2 OB, BD may be equal to the given rectangle. 
Join AB ; and draw BC perpendicular to DB. AB, 
BC are the lines required. 

For (EucL ii. 13.) the square of AB together with 
twice the rectangle OB, BD is eqiial to the difference of 
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the squares of OA and OB, i.e. tpthe square of BC; 
r. the difference between the squares of AB and BC is 
equal to twice the rectangle OB, BD, i. ^. to the given 
rectangle. 



^^'■^»>»^»^»i^^^^#«»i^^#«^^^»»i^«^^>^ 




(18.) From a given point to dram two lines to a third 
given in position, so that the rectangle contained iy 
' those lines may he equal to a given rectangle, and the 
difference of the armies which they make with that part 
of the third which is intercepted between them may he 
equal to a given angle. 

Let ^ be the given point, and BC the 
line given in position.- From A draw 
AD perpendicular to BC; make the 
angle DAE equal to the given angle ; 
and produce AE, till the rectangle DA, 
AE, is equal to the given rectangle. On AE as a dia- 
meter describe the circle AFG, cutting BC in F and G^ 
Join AF, AG ; they are the lines required. 

Draw GH perpendicular to the diameter AE ; then 
the arc HA is equal to the arc AG, and the angle AGH 
to AFG ; .*. the angle HGF is equal to the difference of 
the angles AGF, AFG. Now the right-angled triangles 
AIK, KDG have the angles at K equals .*. the angle 
KAI:=^ KGD ; but KAI was made equal to the given 
angle; /. the difference of the angles AFG, AGF is 
equal to the given angle. And (Eucl. vi. C.) the rect- 
angle AF, AG is equal to the rectangle DA, AE, i. e^ 
to the given rectangle. 



^»»i»i»ir#»r^'»'i»#i^»'^r<N»^»*^>»«#^»'*s#» 
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(19«) Two paints being given wtthoui a given dr- 
cle ; to determine a ^ point in the circumference, Jrm 
which linee drawn to the two given points shall contain 
the greatest possible angle. 

Let A and B be the given 
points^ and EDF the given circle 
ifhose centre is O. Describe a 
circle through A, JB, 0. Join EF, 
BAt and produce them to meet in 
G. From G draw GD touching 
the given circle in D. Through 
D, Ay B describe another circlrf; then since the square of 
GD is equal to the rectangle EG, GF, i. e. to the rect- 
angle AG, GB, ••. GD touches the circle ABD. Join 
AD, DB. D is the point required, as is evident from 
(ii. 2.) 




^^i^»^i»>^^^i^»<#^^ j«^i^^»^^.^^^^ 



(20.) From the bisection of a given arc of a circle 
to draw a straight line such that the part of it inter-^ 
cepted between the chord of that and the opposite circum* 
ference shall be equal to a given straight line. 

Let DAE be the given arc of the ^ 
circle ABC, bisected in A ; AFC the 
diameter, and HI the given straight line. 
Produce Ht to K, so that the rectangle 
HK, KI may be equal to the rectangle 
FA, AC. From A plade in the circle AB^HK\ iB 
is the line required. 

Join BC\ then the angle AFG being a right angle 
is equal to the angle ABC, and the angle at ^ is com- 
moxi, /• the triangles AGF^ ABC are equiangular^ 
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and AF : AQ :: AB : AC, 
.*. the rectangle GA^ AB is equal to the rectangle EA, 
AC, i.€. to the rectangle iJA; KL But AB m HKy 
.\ AG=zKI, and consequently GjBs 




(21.) To draw a straight line through a given 
point, so that the sum of the perpendiculars to itjrom 
two other given points may he equal to a given line. 

Let Ay By C .be the three given 
points/ A being that through which the 
line is to be drawn. Join AC, and pro-> 
dace it^ making AD^AC. Join BD, 
and on it describe a semicircle ; in which place BE equal 
to the given line. Join DE ; and through A draw FAO 
parallel to DE ; it is the line required. 

For let fall the perpendicular CG, and draw DH 
parallel to BE ; then the triangles ACG, AHD being 
similar, and AC=iAD,.\ CG^HD;=FE, FD being 
a parallelogram ; .*. BF and CG together are equal ta 
EE, i. e. to the given line ; and FH being parallel to^ 
ED, BF is perpendicular to FG. 



(23.) To draw a straight line through one of thre^ 
paints given in position ; so that the rectangle contcdned 
hy the perpendiculars let fait upon it from the other 
twq may be equ^l to a given square. 

Let 4, B, C be the three given points, and A the 
point through which the line is to be drawn. Join AB, 
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AC; and draw CD parallel to BA, 
and take CE a third proportional to 
JIB and a side of the given square- 
On j4C describe a semicircle; and 
from E draw EF at right angles to 
CDj and meeting the semicircle in F. Join AFy and 
produce it ; it is the line required.- 

Join CF, which will be perpendicular to AD ; and 
from B draw BG perpendicular to AG. Since CE is 
parallel to BA, and CF to BG, the triangles ABG, CEF 
will be similar^ 

/. AB : BG :: CF : CE, 
/. the rectangle BG, CF, is equal to the rectangle AB, 
CE. But since the side of the given square is^ by con* 
struction^ a mean proportional between AB and CE, the 
rectangle AB, CE, is equal to the given square; .** the 
rectangle BG, CF is equal to the given square. 



(33.) A given straight line being divided into two 
parts ; to cut off* a part which shall be a mean propor- 
tional between the tivo remaining segments. 

Let AB be divided into two parts 
in the point C; bisect CB in D, and 
draw DE perpendicular, and equal • to 
ADi and through the points B, C, E 
describe a circle; produce JSZ) to F. 
Join AE, and bisect EF in O ; and from O draw OG 
parallel to AB, meeting AE in G ; and since AD=iDE^ 
.-. GO^OE, and G is a point in the circumference. 
From G draw GH perpendicular to AC; H is the 
point required. 
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For HGy being perpendicular to AD, is perpendi- 
cular also to GO, and /. is a tangent at G ; ♦•. the square 
of HG is equal to the rectangle Cff, HB. But since 
AD=^DE, .'. AH=HG, and consequently the square 
of AH is equal to the rectangle CHy HB ; and AH\% a 
mean proportional between the two remaining segments 
CH and HB. 




(34.) To draw a straight line making a given angle 
with one of the sides of a given tinangle, so that the tri- 
angle cut off* may be to the whole in a given ratio. 

Let ABC be the given triangle; 
make the angle ACD equal to the 
given angle which the cutting line is 
to make with AC. Produce AB to 
Z>; and make AE : AB in the ratio 
of the part to be cut oflf to the whole. Take AF a mean 
proportional between AE and AD ; draw FG parallel to 
CD ; FG is the line required*. 

Join EC. Then the triangle ADC : AFG :: 
AD* : AF^ :: AD : AE :: ACD : ACE, and .-. AFG 
=ACE. 

But ACE : ACB :: AE : AB, 
/. AFG : ACB :: AE : AB, L e. in the given ratio* 



(25.) Between two given straight lines containing 
a given angle, to place a straight line of given lengthy 
and subtending that angle, so that the segment of the owe. 
qf them a^acent to the angle may be to the segment of 
the other which is not a^acent, in the ratio of two given 
lines. 
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Let ED, EF be the lines given in 
length and position. Produce one of 
them FE, till EG : ED in the given 
ratio. Join DO ; and with the centre 
Ey and radius equal to the given line to 
be placed, describe a circle cutting DG 
in H; join EH, and draw HI parallel to EF, and IC 
parallel to HE. IC is tlie line required. 

For (Eucl. vi. 2.) HI : ID :: GE : ED, 
and HC being a parallelogram, HI=EC, 
/. EC : ID :: OE : ED, i. e. in the given ratio; 
and JCszEHssthe given line. 
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(26.) From two given points to draw two lines to 
a point. in a third, such that the difference of their 
squares may he equal to a given square. 

Let A and B be the given points ; 
join AB ; and from A draw AE perpen- 
dicular to it, and equal to a side of the 
given square. Join BE, and bisect it in 
F', from F draw the perpendicular FG, 
meeting AB in G ; and from G draw 
OD perpendicular to AB, meeting CD 
in Z); join AD, DB ; these are the lines required. 

Join GE, it is equal to GB. And Civ. 30.) the 
difierence between the squares of BD and ^D is equal 
to the difference between the squares of BG and GJy 
i. e. between the squares of EG and GA, or it is equal to 
the squarie of AE, i. e. to the given square. 
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(27.) To divide a given straight line into two such 
parts^ that the square of one may be to the excess of a 
given. 7'ectangle above the square of the other ^ in a given 
ratio. 

Let AB be the given straight line. 
From B draw BC at right angles to AB, 
and make AB^ : jBC* in the given ratio. 
Join AC. Find a mean proportional 
between the sides of the given rectangle ; 
and with it as radius, and B as centre describe a circle 
cutting AC in D. Join -B/>, and draw DE parallel to 
BC\ -B is the point required. 

For (Eucl. vi. 2.) AE"^ : JBD» :: AB^ : BC^. 
Now the square of ED is equal to the difference of the 
squares of BD and BE^ i. e. to the difference of the 
given rectangle and the^ square of BE ; /. the square of 
AE is to the difference between the given rectangle and 
the square of BE as AB"^ : BC^^ i. e. in the given ratio. 

N. B. The given rectangle must not be less than the 
square. of the perpendicular from B upon AC\ and when 
BD is less than BCy there are two points E. 
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(28.) From any angle of a triangle, not isosceles 
about the angle, to draw a line without the triangle to 
the opposite side produced, which shall he a mean pro^ 
portional between the segments of the side. 

Let ABC be the triangle^ and B the 
angle from which the mean proportional 
19 to be drawn. About the triangle 
^escribe a circle^ and to the point B 

Y 
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draw a tangent BD meeting the side CA produced in D. 
BD is a mean proportional between AD and DC. 

(EucL iii. 36.) the rectangle AD^ DC is equal to the 
square of DB; and .-. AD : DB :: DB : DC. 
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(29,) jFVom the obtuse angle of any triangle^ to 
draw a line within the triangle to the opposite sidey 
which shall be a mean proportional between the seg- 
ments of the side. 

Let ABC be a triangle having the 
obtuse angle ABC. Describe a circle 
about it| and produce BA to Z>, making 
AD^AB. From D draw DE parallel 
to AC, meeting the circle in JE; join BE^ cutting AC 
in -F; BF will be a mean proportional between AF and 
FC. 

For (Eucl. vi. 2.) BF : FE :: BA : AD, 
and since BA = AD, .\ BF=: FE. 
Now the rectangle AF, FC is equal to the rectangle BF, 
FE, i. e. to the square of BF; 

.\ AF : FB :: FB : FC 
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(30.) From the common extremity <(f the tUameters ef 
two semicircles given in magnitude and position ; to drauf 
a line meeting the circumferences, so that the rectangle cwi- 
tained by the two chords may be equal to a given square. 

Let AB, AC be the diameters drawn from A, and 
given in magnitude and position. With the centre A, 
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and radius^ual to a side of the given square^ 
describe a circle, cuttipg the lesser semicircle 
in D. Draw DE perpendicular to AC, 
and meeting the other semicircle in F. Join "| 
AF, and produce it to 6 ; AG is the line 
required. 

For joining GC^ the triangles AGC, AFE are similar, 
.-. AC : AG :: AF : AE, 
and .*• the rectangle FA, AG }& equal to the rectangle 
CAj AEy i. €. to the. square of AD, which is equal to 
the given square. 




(31.) 7b draw a line parallel to a given line, which 
shall be terminated hy two others given in position, so as 
to form with them a triangle equal to a given rectilineal 
Jigure. 

Let ABy AC be the lines given in 
position, AD the line to which it is re- 
quired to draw a parallel. Describe 
a rectangular parallelogram AEFG 
equal to the given figure. Produce EF 
to H ; and take AK a mean proportional between DH 
and 2EF1 draw KC parallel to AD\ KC is the line 
required. 

For the angles DHA, CAK being equal, as also 
DAH, ACK, the triangles DAH, AKC are equiangular, 
and similar ; whence 

AKC : AHD :: AK' : DW :: 2EF: DH :: 2EP 

IxAE : DHxAE. 
Now the rectangle DH, AE is double of the triangle 
AHD, .*. AKC is equal to the rectangle EF, AE, i. e. 
to the given rectilineal figure. 
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(32.) To. bisect a triangle hy a line drawn parallel 
to one of its sides. 

Let ABC be a triangle to be bi- 
sected by a line parallel to its side AB, 
On BC describe a semicircle; bisect 
BC in O, and draw the perpendicular ^ 
OD ; join CD ; and with C as centre, and radius CD, 
describe a circle cutting CB in E ; draw EF parallel to 
AB ; EF bisects the triangle. 

(Eucl. vi. 8.) BC : CD :: CD : CO, 

/. BC^ : (CD^^:) CE" :: BC : CO :: 2 : 1 ; 
but the triangles ABC, FEC are in the duplicate ratio 
pf BC : CE^ and /. in the ratio of 3 : i, i.e. EFC is 
Jialf of -4jBC, and JSF bisects the triangle. 



(33.) To divide a given triangle into any mimhet 
of parts having a given ratio to each other, by lines 
drawn parallel to one of the sides of the triangle. 

Let ABC be the given triangle ; 
divide AC into parts AE, EF, FC 
having the same ratio to one another 
that the parts of the triangle are to 
have. On AC describe a semicircle, 
and draw the perpendiculars EG, FH; and with the 
centre A, and radii AG, AH, describe circles meeting AC 
in /and K, from which points draw IL, JOf parallel to 
BC; these will divide the triangle in the ratio required. 

For the triangles ALI, AKM, ABC^re to one another 
ill the duplicate ratio of the sides A I, AK, AC, i. e. iix 
the ratio of the rectangles JC, AE-^ AC^ AF; and the 
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square of 2IC; or in the ratio of the lines AE, AF^ AC\ 
whence ALI^ LIKM, MKCB are in the ratio of AE^ 
EFy FC, i. €. in the given ratio. 




Tc 



(34.) Ta divide a given triangle into any number of 
equal parts by lines drawn parallel to a given line. 

Let ABC be the 'given 
triangle ; from the angle C * 
draw CD parallel to the 
given line ; and let it be re- 
quired to divide the triangle 
into five equal parts. On 
AD, BD describe semi- 
circles AID, BMD ; divide AB into five equal parts in 
the points^, F, G,H% draw El, PK, GL, HM per- 
pendicular to AB ; and make AN, AO, AP respectively 
equal to AT, AK, AL, and BQ^BM% and draw NR, 
OS, PT, aV, parallel to DC, they divide the triangle 
as required. 

(Eucl. vi. 1.) the triangle ABC : ADC :: AB : AD, 
(EucL vi. 19.) ACD : ANR :: AD" : AN"" :: AD : AE. 
.\ ex oBquo, ABC : ANR :: AB : AE :: 5 : 1, 
L e. ANR is one fifth of ABC. 

In the same manner ABC : AOS ;: 5 : 2, 
whence NRSO is also one fifth of ABC 
And by a similar manner^ OPTS and BQV, may each 
be shewn to be onq fifth of ABC, .•: TPf^F viiW ako 
be one fifth of ABC. 

CoR. In nearly the same manner the triangle may 
be divided into any number of parts having a given ratio.^ 
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(35.) To dmde a trapezium which has two sides 
paraUel, into atny nawber of equal parts, by Knes draam 
parallel to those sides. 

Let A BCD be the given trapeziam 
•having the sides AB, DC parallel. On 
jtB the longer side describe a semi- 
circle AFB ; from D draw DE parallel 
to BC ; with the centre J5, , and radius 
BE, describe the arc EF, and from F 
let fell the perpendicular FG ; and di- 
vide AG into the given number of equal parts, e.g. three, 
in H and /; and draw HK, IL at right angles to AB. 
Make BM, BN respectively equal to BL, BKi and 
draw MO, NP parallel to BC; and PQ, OR parallel to 
AB ; and produce AD, BC to S. 

Since DC^BE^BF, and ORz^BM=BL, and 
Pa=BN=^BK, the triangle ORS is to DSC in the 
duplicate ratio of OR to CD, or of BL to iBJP^ i« e. in the 
ratio of jB/ : BG; 

whence ODCB : Z)5'C :: G/ : G5. 

In the same manner PDCQ : D5C :: GH : Gi?, 

/. ODCR : PDCQ :: G/ : GH, 

and ODCB : POUQ :: GI : IH^ 

i. e. in a ratio of equality. 

And in a similar manner APQB may be shewn to be 
equal to PORQ. And so on, whatever be the number 
df equal parts. 

Cor. In nearly the same manner, -the trapezium 
might be divided into parts having any given ratio. 



**#*#»i»<^»<»i»»»i»«#^^ii»»»»>»i#»<^i# 



Sect. ^J] 



GEOMETRICAL PROBLEMS. 



175 




(S6.) From one of the angular pointis of a given 
square to draw a line meeting one of the opposite sides, 
and the other produced^ in such a manner, that the ex* 
terior triangle Jormed thereby may have a given ratio to 
the square. 

Let ABCD be the given square, and 
* M : N the given ratio. From A to DC 
(produced if necessary) draw a line AO, 
such that M : M+ N :: DC : AO. With the centre 
O and radius OA, describe a semicircle meeting DC pro- 
duced in E and F. Join AFy which will be the line 
required. 

Join AE. Then M : M+N :: DC : AO :: ABCD : 
the rectangle AO, AD. Now the triangle ADE is 
similar to ABG, and equal to it, since AB=AD; 
.\ the trapezium AECG is equal to ABCD ; and the 
rectangle AO^ AD is equal to the triangle AEF, 
whence ilf : M+N v. AECG : AEF, 
.-. M : N:: AECG : GCF 

:: ABCD : GCF 



(37.) From a given point in the side produced, of a 
gi9en rectangular parallelogram, to draw a line which 
shall cut the perpendicular sides and the other side pro* 
diiced, so that the trapezium cut off, which stands on the 
aforesaid side, may be to the triangle which stands upon 
the produced part ^ the opposite side, in a given ratio. 

LiCt AKCD be the given rect- 
angle, and E the given point in 
the side CD produced. On EC 
describe a semicircle, and in it place 
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EP=^ED; join FC; and divide EC in G, «o that EG : 
6rC in the given ratio, and draw GH at right angles t<y 
EC. In ^Jt produced take BK a fourth proportional to 
EG, GH &nd FC. Join J3£ ; it is the line required. 

For (Eucl. vi. 19.) the triangle ECM : EDI :: 
EC' : Elfy 
.: div. CDIM : ECM :: EC*-ED^ : EC\ 
but j;Ci»f : BMK :. JEC» : BK', 
.'. ex ceguo CDIM : BMK :: ^C* - EF* : B«« 

:: JTC* : BK^ 

: : EG* : GH\ by construcUon, 
:: EG : GC, 
t. e. in the given ratio. 




(38.) Through a .given point, bettveen two straight, 
lines containing a given angle, to draw a line which shall 
cut off a triangle equal to a givenjigure. 

Let ABy AC be the lines containing 
the given angle BAC, and D the given 
point. Through D drvLW DE parallel 
to AC, and describe a parallelogram EG 
equal to the given figure. Draw GH h 

perpendicular .to ACy and equal to DE ; and make IfC 
tsiDF; join CD, and produce it to meet AB in B ; CJff 
is the line required. 

. For the triangles EBD, DIP, GIC being similar, 
are to one another in the duplicate ratio of the sides 
DE, DFy GCi but the square of HC is equal to the 
squares of HG, GC ; and /• the . square of JXF id equal 
to th£ squares of DEy GC; whence the triangle DJF is 
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equal to the triangles DBE, GIC; .\ the triangle ABC 
is equal to AEFO, i. e. to the given figure. 
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(39.) Betwem two lines given in position^ to draw 
a line equal to a given lincj so that the triangle thus 
Jvrmed may he equal to a given rectilineal Jigure. 

Let AB, AC be the lines 
given in position, and DE the 
line whose magnitude is given. 
Bij^ect it in F, and on DF de- 
scribe a rectangular parallelo- 
gram equal to the given figure. On DE describe a seg- 
ment of a circle containing an angle equal to the angle at 
A^ and cutting HG in /. Join 2>/, IE ; and make 
AK=1D, and AL=zIE. Join KL; it is the line re- 
quired. 

Since AK^IDy and AL^^IE, and -the angle at Asz 
DIE, .'.KL^DE, and the triangle AKL^IDE^ 
HGFD = the given figure. 
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(40.) From two given lines to cut off two others ^ so 
that the remainder of one may have to the part cut off 

from the other a given ratio ; and the dfference of the 
squares ef the other remainder and part cut offjrom the 

first may be equal to a given square. 

Perpendicular to AB one of the given lines, draw^C 
equal to a side of thel given square ; and take AD to the 
other given line in the given ratio of the part remaining 
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from tine first to the part cut off Irom the 
second. Join DC; and with the centre A^ 
and radius equal to the second given line, 
describe a circle cutting DC in E; join 

AE, and draw C6F parallel to it, meeting 

AF, drawn parallel to EC, in F. ITien 
BO and GFare equal to the parts to be cut off. 

For the difference between the squares of CGy OB 
is equal to the square of BC, i. e. to the given squate ; 
and AO : OF :: AD : AE^ i. e. in the given ratio. 





(41.) From two given lines to cut off* two others 
which shall have a given ratio^ so that the difference of 
the squares of the remainders may be equal to a given 
square. . . 

Let AC be one of the two given lines^ 
From C draw CD perpendicular to AC^ 
and equal to a side of the given square. 
Take JIE to the other given \mk in the 
given ratio of the parts to be cut off. 
Join ED, and produce it ; and with the 
centre A, and i*adius equal to that other given line, de* 
scribe a circle cutting ED in B. Join AB ; and let it 
meet DF^ which is parallel to AC^ in F. Draw FG 
parallel to CD. CO and BF are the parts required to 
be cut off. 

For (DF^yCG : FB :: EA : AB, le. in the 
given ratio of the parts to be cut off, and the difierence 
between the squares of FA and AG is equal to the square 
of GF, i. e. to the square of CD, or the given difference 
of the squares of the remainders. 
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(42.) JFirom two given lines to cut off two others 
so that the remainders may have agivenratioy and the 
sum of the squares of the parts cut off may be equaUto 
the square of a given line* 

Let AB be one of the given fines, 
and in it take ^C to the other given line, 
in the given ratio of the remainders. 
From C draw CD perpendicular to AB^ 
and equal to the second given line. Join 
AD^ and draw CE parallel to AD ; and with the centre 
By and radius equal to the side of the given square, 
describe a circle^ cutting CE in E. , Draw EF parallel 
to DC. Then BG, GE will be equal to the parts to be 
cut oflf! 

Join BE. The squares of BG, GE are equal to the 
square of BE, i- e. to the given square ; 

and AG : GF :: AC : CA 
i. e. in the given ratio of the remainders* 



(43.) ^ Two points being given in a given straight 
line ; to determine a third such that the rectangles con- 
tained by its distances from each extremity and the given 
point adjacent to that extremity may be equal. 

JL^tAB be the given straight 
line, C and D the given points 
in it. On AC and DB as dia- 
meters let circles be described, 
and let EF touch them in E 
aind-F. Bisect EF in 6, and let fall the perpendicular 
Gff; H is the point required- 

From G draw any lines GNK, GLM cutting the 
circle. Take O the centre of the circles ACE, and draw 




I 
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OP perpendicalar to GK. (EugK ii. 6.) the rectangle 
NGf OK together with the square of PN is equal to the . 
square of jPG; to each of these add the square of PO; 
and the rectangle iVG, OK together with the squares of 
OP^ PN (i. 6. the square of OC) is equal to the squares 
of OPj POi i. e. to the square of OG, or to the squares 
of OH, HO. But the square of OH is equal to the 
rectangle CH, HA together with the square of OC; 
whence the rectangle NO, GK is eqijal to the rectangle. 
CH, HA together with the square of HG. In the same 
manner it may be shewn that the rectangle LG^ GM is 
equal to the rectangle DH, HB together with the. 
square of HG. But since the rectangle NG, GK, is 
equal to the rectangle LG, GM, the rectangle CH, HA 
is equal to the rectangle DH, HB. 

CoR. If IH be a mean proportional between CH 
and i/^i/G=G£. 
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(44.) Through the point of intersection of two given 
circles, to draw a line in such a manner that the sum of 
the respective rectangles contained by the parts thereof 
which are intercepted between the said point and their 
circumferences, and given lines A and B, may be equal* to 
a given square. 

Let the two circles CIU, CEK 
cut each other in the point C; from 
C draw the diameters CD, CE. In 
CD take the point Fsuch, that CD : 
CF :: A : B. Join EF; and on 
it as a diameter describe a semicircle^ in which place EG 
a third proportional to A and the side of the given square* 
Draw ICK parallel to EG ; it will be the line required. 

Join FG, and produce it to H. The angle DIC is 
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equal to FGJSj i.e. to FHC, .\ FH is parallel to DI; 

and CI : CH :: CD : CF :: A : B, 
.'.. the rectangle A, CH, is equal to the rectangle B, CI. 
Now since EG is a third proportional to A and the side 
qf the given square, the rectangle Ay EG will be equal to 
the given square. But the rectangle A, EG, is equal to 
the rectangles Ay HC, and A, CKy i. e. to the rectajagles 
By IC, and A, CK; /. the' rectangles Aj KC^ and B, 
ICy are equal to the given square.' 



(45.) Through a given 'point y to draw an indefinite 
line, such, that if lines be drawn from two other given 
points, and forming given armies with it, the rectangle 
contained by the segments intercepted between the given 
point and the two lines so drawn, shall be equal to the 
sifmare (f a given line. 

Let A be the given point through 
which the line is to be drawn ; B and 
C the other given points. Join AB, 
AC ; and on them describe segments 
of circles ADB, AEC, containing 
angles equal to the given angles. Draw either diameter 
AFy pn which produced take AG such^ that the rect- 
angle FA, AG, may be equal to the given square. Draw 
GE perpendicular to GF; join EA, and produce it both 
ways ; it is the line required. 

Join DF. The angles at G and D being right 
angles^ the triangles AGE, ADF are similar, 

.-. EA : AG :: FA : AD, 
.'. the rectangle EA, AD is equal to the rectangle FA, 




180 GEOMETRICAL PROBUEM». [Sict. 5. 

AGy i. €. to the given square ; and CEf SD form with 
JED angles equal to the given angles. 

If GE does not meet the circle, the problem is im- 
possible. 
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(46.) Through a given point between two straight 
lines ^containing a given^angle, to draw a line such that 
a perj)endicular upon it from the given angle may have a 
given ratio to a line draum from one extremity of it, 
parallel to a line given in position. 

Let jiB, AC be the lines forming, 
the given angle J?^C, and D a point 
between them, and AE the line given 
in position. Dr^w any line FG pa- 
rallel to AE, and take AH : FG in 
the given* ratio ; and with the centre A, .and radius A^, 
describe a circle, to which draw FJK a tangent. Join 
AI; and through D draw LMN parallel to FK^ and 
]LO parallel to FG. LN is the line required. 

For A I is perpendicular to JFX, and .•. AM to LN; 
and LO is parallel to AE, 
and FG : LO :: AF : AL :: (AI^) AH : AM, 

.'. AM : LO :: AH : FG, i. e. in the given ratio. 




(47.) Through a given point between tux> indefimte 
straight lines not parallel to one another, to draw a fine 
which shall be terminated by them, so that the rectangle 
(^ntained by its segments shall be less than the rectangle 
contained by the segments of any other line drawn 
through the same point 
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Let AB, AC he the 
given lines meeting in A. 
In AC take any point Z), 
and make AE = AD. Join 
DE; and through / the 
given point draw FIG pa- 
rallel to DE. FIG is the line required. 

Draw the perpendiculars FO, GO meeting in O4 
Then since ED is parallel to FG, and the angles AED, 
ADE are equal, *\ AFG and AGF are equal. But 
AFO^AGO, each being a right angle^ .-. OGF=:OFG, 
and OF:rz OG ; a circle .\ described from the centre O, 
and radius OG, will pass through jF, and touch AB, AC 
in 6r and F, since the angles at G and F are right angles. 
Let now any other Kne HKLM be drawn through I, 
and terminated by ABy AC. Since all other points ia 
AB but G are without the circle, if is Without the circle ;* 
/. HM cuts the circle in K ; and for the same reason also 
in L. Now the rectangle KI, IL is equal to the rect- 
angle G/, IF. ' But the rectangle KI, IL is less than 
the rectangle HI, IM; .\ the rectangle G/, IF is less 
than the rectangle HIj IM. In the same manner it may 
be shewn that the rectangle G/, IF is less than the 
rectangle contained by the segments of any other line 
drawn through /, and terminated by AB^ AC . 
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Sect. VI. 

(1.) To describe an isosceles 'triangle on a given 
^nite straight line. 

Let AB be the given straight line. Pro- 
duce it^ if necessary ; and make AC and BD, 
each equal to one of the equal sides of the tri- _ — ^^ 
angle. With A and B as centres, and radii 
AC, BD, describe circles, cutting each other in E ; join 
AE, BE ; ABB is the triangle required. . . ' 

For AE=AC=BD==BE. 





ft 

(2.) To describe a square which shall he equal to the 
difference of two squares, whose sides are given. 

Take a straight line AB terminated at 

A, and cut off AO equal to a side of the 

greater, and OB lequal to a side-of the lesser ^ ^ ^ 
square. With O as centre, and radius OA, describe 
a circle OCD; and from B draw BC at right angles to 
AD. The square described upon BC is . the square re- 
quired. 

Join OC. (Eucl. i. 48.), the square described upon 
BC is equal to the difference of the squares on OC and 
OB, i. e. on AO and OB. 

CoR. Hence a mean proportional between the sum 
and difference of two given lines may be determined. 
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(3.) To describe a rectangular parallelogram which 
shall he eqtml to a given square j and have its adjacent 
sides together equal to a given line. 

Let AB be equal to the given litie. ^^ 
Upon it describe a semicircle ADB. 
From A draw AC perpendicular to AB^ ^ 
and equal to a side of the given square. Through C draw 
CD parallel to AB^ and let fall the perpendicular DE. 
The rectangle contained by AE^ EB wHl be the rect- 
angle required. 

For the rectangle AE^ EB is equal to the square of 
ED^ which is equal to the square of AC, t. e. to the 
given square ; and AB is the sum of the adjacent sides 
AE.EB. 



*N<'i»^^i»»^^»»i^i»^i»*^>» ^i^i^OO^iT^^ 



(4.) To describe a rectangular parallelogram which 
shall be equal to a given square, and have the difference 
of its a^acent sides equal to a given line. 

m 

Let AB be equal to the given line. On 
it as diameter describe a circle. From A 
draw AC at right angles to AB, and .% a 
tangent to the circle at A i make AC equal 
to a side of the given square. Take O the centre ; join 
CO, and produce it to D. The rectangle contained by 
EC, CD is the rectangle required. 

For the rectangle J? C, CD, is equal to the square of 
AC, i. e. to the given square ; and the diflerence of the 
sides containing the rectangle is ED ^AB=:i the given 
line. 




AA 
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(5.) To describe a triangle which shall be equal to 
a given e^pnlateral and equiangular pentagon, and of 
the same altitude. 

. Let ABDCE be the given pentagon. 
Join AC, AD\ and produce CD inde- 
finitely both ways. Through B and E draw 
BO, EF respectively parallel to AD and 
AC. Join AF, AG. AFG is the tri- 
angle required* 

Sroce AD is parallel to BG, (Eucl. i. 37.) the tri- 
angles ABD, AGD are equal ; and for a similar reason^ 
AECzsAFCy •*. the triangle ABD, ^£C are equal to 
AGD, AFC; to these equals add the triangle ADC', 
and the pentagon ABDCE is equal to the triangle 
AGF; and they have the same altitude, viz. the perpen- 
dicular from A upon DC. 
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(6.) To describe an equilateral triangle equal to a 
given isosceles triangle. 

Let ABCh^ the given isosceles tri- 
angle. On ^C describe an equilateral 
triangle ADC,iitiA from D draw DE 
perpendicular to AC; it will also bi- 
sect AC and pass through J3. On DE 
describe a semicircle; and from It draw 
BF perpendicular to DE, meeting th* circle in F. 
With the centre E, and radius EF, describe a circle 
meeting ED in G; draw GH, G/ parallel to DA, DC 
respectively ; the triangle GHI is equilateral, and equal 
to ABC. 
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Since GH is parallel to ^D, and Of to JDC, the tri- 
angles GHI, ADC are sinoilai- ; bu^ ADC is equilateral, 
and .*. also GHI is equilateral. 
Also (Eucl. vi. 8. Cor.) ED : EG :: EG : EB, 
and (Eucl. vi. 2.) ED : EG :: ^A : Eff. 

.'.EG I EB :: EA : Eff, 
and .'. (Eucl. vi. 15.) the triangles EGH, EBA are 
equal. But GHEz^GIE, and BAE=BCE,..\ also 
GH1=BAC. 
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(7.) To" describe a parallelogram^ the area and perU 
meter of which shall be respectively equal to the area 
and perimeter of a given triangle. 

Let ABC be the given triangle. Pro- 
duce jiB to Df making BD^zBC; bisect 
AD in E ; draw BF parallel to AC; and 
with the centre A^ and radius AE, describe 
a circle cutting BF in G. Join AG; and 
bisect AC in H. Draw HF pamllel to AG. AGFH 

is the parallek^ram required. 

For HF=AG^AE, .-. HF and AG together are 

equal to AD, i. e. to ^£ and BC together ; and 6F=x 
AH^HCf .\ the perimeter of AGFH is equal to the pe- 
rimeter of ABC; and AGFH is double of a triangle on 
the base AH and between the same parallels, and /. is 
equal to the triangle ABC. 
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(8.) To describe a parallelogram which shall be of 
given altitude, and equiangular and equal to a given 
parallelogram. 
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Let ABCD be the 
given parallelogram, and 
EF the given altitude. 
Draw ^jETand FG at right 
angles to FE ; and at the 

point F, in the line GF, make the angle GF/ equal to 
CD J ; take FG a fourth proportional to FI, AD and 
DC; and from G draw GZT parallel to F/, meeting EH 
produced in H; IFGH is the parallelogram required. 

For its altitude is FF; and the angle GF/= CD Ay 
.\FIH=DAB; whence the parallelograms are equi- 
angular ; and they are equal ; since the sides about the 
equal angles are reciprocally proportional (Eucl. vi. 14.)» 



« 




(9.) To describe a square which shall he equal to the 
sum of any number of given squares. 

Let AB be a side of one of the given 
squares. From B draw BC perpendicular 
to AB, and equal to a side of the second 
square. Join AC; and from C draw CD 
perpendicular to it, and equal to a side of 
the third square. Join AD; and from D draw DE 
perpendicular to AD, and equal to a side of the fourth. 
Join AE. The square of AE is equal to the squares of 
AB, BQ CD, DE. 

Since the angles ADE, ACD, ABC are right angles, 
the square of AE is equal to the squares of AD, DE^ 
i.e. to the squares of AC, CD, DE; and .'.to thie 
squares of AB, BC, CD, DE. 

And by proceeding in the same manner whatever br 
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the number of given squares, one equal to their sum 
may be found. 

CoR. Hence lines may be found, which have the 
same ratio as the square roots of the natural numbers. 
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(10.) Having given the difference between the dia-^ 
meter and side of a square ; to describe the square. 

Let AB be the given difference. Draw 
ACj ADj each making half a right angle 
with AB\ and complete the square EF. 
Take ^G=the difierence between J3Jf and 
BF. Since the ratio between the side of a square and 
its diameter is given, that of their difierence to the dia- 
meter is also given. Take .•. AH : AB v. AB : AG; 
and through H draw HC, HD perpendicular to AC^ 
AD ; CD is the square required. 

For DC being a parallelogram is also (Eucl. i. 46. 
Cor.) rectangular ; and the angle DAH being half a 
right angle, is equal to DHA, •*. DA =s DHi whence 
th^ sides are equal; and the figure is a square. And 
since BGz^BF, HB=HC; sx\d AB is the difference 
between the diameter and side. 
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(11.) 7b divide a circle into any number of concen^ 
trie equal annuli. 

Let ABC be the given circle, and O its centre. 
Draw any radius OA^ and divide into the given number 




190 GEOMETRICAL PROBLEMS. [^StcL 9. 

of equal portions in the points D, E, 
F, G, &c. On OA describe a semi- 
circle, and draw the perpendiculars 
DH, EI^ FK, Gl, &c. Join OH, 
OI, &c. and with the centre O and 
radii OH, OI, &c. let circles be de- 
scribed ; they will divide the circle ABC as is required. 

Since the areas of circles are in the duplicate ratio of 
their radii ; the area of the circle whose radius is OA is 
to that whose radius is OH in the duplicate ratio of OA : 
OH, i. e. in the ratio of OA : OD ; .*. the area of the 
first annulus will be to the area of the circle whose radius 
is OD :: AD : OD. And in the same mann^ the area 
of the second annulus, will be to the area of the circle 
whose radius is OD, as DE : OD ; and since AD =: DE, 
the annuli will be equal. The same may be provied of 
all the rest. 

^ CoR. The construction will be nearly the same^ if it 
be required to divide the circle into annuli which shall 
have a given ratio ; by dividing the radius AO in that 
proportion. 
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(12.) In any quadrilateral Jigure circumscribing a 
circle, the opposite sides are equal to half the perimeter. 

Let A BCD be a quadrilateral figure 
circumscribing the circle EFG ; its oppo- 
site stdes are equal to half the perimeter. 

For (Eucl. iii. 36. Cor.) AE^AH, and 
DH=DG, .\ AD is equal to AE and 
DG together. In the same way BC is equal to BE 
and GC together, .*. AD and BC together are equal to 
AB and DC together. 
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(IS.) tf the opposite angles of a ^aadrilaieralji^ure 
be eqtud to two right angles ^ a circle may be described 
about it. 

Let ABCD be a quadrilateral figure, 
whose opposite' angles are equal to two right 
angles/ 

Join BD ; then if a circle be described 
about the triangte BCD it will pass through 
A. For the angle JB CZ> and the angle in the segment 
BED, are together equal to two right angles, and .*• 
^qukl to BCD, BAD; whence BAD is equal to the 
angle in the segment BED ; and .*. A must be a point in 
the circumference ; or the circle will be described about 
ABCD. 




^ ^^ ^^»# ^^>^^«»^i^^«#<»«»>#'^^«^ 



(14.) A quadrilateral ^gure may' have a circle de^ 
scribed about it, if the rectangles contained by the seg- 
ments of the diagonals be equal. 

Let ABCD be a quadrilateral figure, the 
rectangles contained by ^ the segments of 
whose diagonals are equal, viz. the rectangle 
AE, EC, equal to BE, ED. 

Describe a circle about the triangle ABC; if it does 
not pass through D, let it cut BD in F; then (End. iii. 
35.) the rectangle BE, EF, is equal to the rectangle AE, 
EC, i. e. to the rectangle BE, ED, by the supposition ; 
whence EF is equal to ED, the less to the greater, 
which is impossible ; .'. the circle must pass through D. 
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(15.) If fmm amf point mthin a regular ^figure 
circumscribed about a circle perpendiculars be drawn id 
the sides ; they will together be equal to that multiple of 
the semidiameter^ which is expressed by the number of 
the sides qfthejigure. 

Let ABCD be a regular figure circum- 
scribed about the circle; and from any 
point O, let perpendiculars OE^ OF, OG, 
&c. be drawn . Take S the centre of the cir- 
cle. Join SD^ SC^ SH. Then the figure 
will be divided into as many triangles round S and O^ as 
there are sides of the figure ; now the triangle SCD : 
OCD :: SH : 0G\ and the same being true of the 
triangles on each side, the sum of the triangles round 
Sy will be to the sum of the triangles round O, as the sum 
of the lines SH to the sum of the perpendiculars from O. 
And the first term of the proportion being equal to the 
second, the sum of the perpendiculars from O is equal to 
that multiple of the radius which is expressed by the 
number of the sides ; each perpendicular from S being a 
radius of thi circle. 



(16.) If the radius of a circle be cut in extreme and 
mean ratio ; the greater segment will be egual to the 
side of an equilateral and equiangular decagon inscribed 
in that circle. 



Let AOy the radius of the circle ABC, 
be cut in extreme and mean ratio in D ; 
AD is equal to the side of an equilateral 
and equiangular decagon inscribed in the 
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circle. In the circle pl^ioe AC equal to AD ; joia CO. 
Then {Eucl. i¥i. 10.) the ttigles at A tnd C are double 
the -angle at O ; whence AOC h one fifth part of two 
right angles, or one tenth part of four right angles, i, e. 
of the angles at O; and «*. AC is the side of a regular 
decagon inscribed in the circie« 
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(17.) Any segment of a circle being described on 
the base of a triangle ; to describe on the other sides 
segments similar to that on the base. 

Let ABC be a triangle, on the 
base AC of ^ which a segaient of a 
circle ADC is described. Produce 
AB, CB to E and D. Join AD, 
CE; and through A, D, B, aod 
Cf Ep B let circles be described j the 
segments ADB, BEC are similar to ADC. 

For the angle ADC being in the segments ADB, 
ADCy those segments are similar. For the saoie reason 
the segments ADC, BEC are similar. And since the 
angles ADC, AEC are equal^ ..•. the segments ADB 
££C are similar. 




(18.) J[f an equilateral triangle he inscribed in a 
circle ; the square described on a side thereof is equal to 
three times the square described upon the radius. 

L^t ABChe an equilateral triangle inscribed in a circle. 
From A draw the diameter AD, and take O the centre ; 

BB 
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join BDy BO. Then the angle BOD = 
BACrzBCA^BDO, ..BD^BOx and 

the squares of AB, BD are equal to the 
square of AD, i. e. to four times the square 
of BOy or BD ; and .*. the square of AB is 
equal to three times the square of BD or BO. 
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(19.) 7b inscribe a square in a given right-angled 
isosceles triangle. 

Let ABC be a right-angled isosceles tri- 
angle, having the side B^=SC. Trisect 
the hypothenuse AC in the points -D, 
E ; and from D, E draw DF, EG per- 
pendicular to AC; join FG; DFGE is the. square re- 
quired. 

Since the angle DAF is half a right angle, and the 
angle at Z> a right angle, /. the angle DFA is half a 
right angle, and equal to DAF; whence DF=DA. In 
the san^e manner it may be shewn that EG = EC. But 
AD^EC; and .-. FD, DE and EG are equal; and 
(EucL i. 33.) FG = DE; '.\ the figure is equilateraL 
And it is rectangular, (Eucl. i. 46.) since the angles at D 
and E are right angles ; .*. it is a square. 



(20.) To inscribe a square in a given quadrant of 
a circie. 

Let AOB be the given quadrant, whose centre is O. 
Bisect the angle AOB by the line OC. Draw CE, CD 
parallel to OAy OB. DE is a square. 



J 
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For the angle COD^COE, and CZ)0 
=zCEO, since each of them with DO£ 
make angles equal to two right angles/ and 
OO is common, /. CJSr= CD. And by con^ 
istruction CE = OD^ and OE = CD, /. the figure is equi- 
lateral. And the angle DOE is a right angle^ .*. (Eucl. 
1. 46. Cor.) all its angles are right angles ; and conse- 
quently the figure is a square. 
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(21.) ToinscribeM square in a given semicircle. 

Let ACB be the given semicircle; 
take O its centre, and from B draw BD 
perpendicular an^ equal to BA. Join OD, 
cutting the circumference in E ; and from 
E draw EF perpendicular to AB, and 
EG parallel to it ; draw GH parallel to EF. Then EH 
is the square required. 

Join OG. i§ince EQ is parallel to AB, the angle 
GOH=: EOF, and the angles at H and jPare right angles, 
and G0==OE, /. HO^OF. 

Now £F : FO :; DB : BO, 
.\ EF=i2F0=FH; the figure is .•. equilateral; and it 
is, by construction, rectangular ; .*• it is a square. 

CoR. Since F£=2F0, Fi2:* = 4 0/^, and 0£« = 
5 OF^ ; and if FK be drawn perpendicular to OE, OE : 
OK :: 6 : 1. 
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(23.) To inscribe a sgtmre in a given segment of a 
circle. 
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Let AIB he ih^ segment of a ^rcfo, 
whose base ABu Ibisf^tted in D. From B 
draw BC pefptadicttiar to BA and equal 
to BD. Bisect BD in Ey add joiii C^* 
Draw i96 paralld to CB, and GFto CA 
DF; draw wfif/ pBipondiouIalr to AH, and 
GF} Join G/. FI h the aqnare requfi^d^ 




K« B 



Take Dlf ^ 
/^ paralki to 



Since GD and GF are respectively paralltl to CE and 



GF : FZ) :: CB : iJ£ :: 3 : 1, 



CB, 



.• . GF= 2 FD = FJy. Take O the centre, and draw OL, 
OM perpendicBlars to Hly FG; then since HD^DFy 
OL^OM, .-. (Eucl iii. 14.), IL=zGMi but L// = 
FM, .-. IH^GFi whence IG=HF, and the 6gure is 
equilateral ; and since the angle at F is a right angle, the 
figure is rectangular, and /. is a square.' 



(23.) Having given the ^tance of the centres of 
two equal circles which cut each other ; to inscribe a 
square in the space incluchd between the two circum- 
Jerences. 

, Let A and B be the centres of two equal 
circles, which cut each other In C and D. 
Joirt AB, and bisect it in B ; and at the point 
intake the Angle GJSF=ihair a right angle; 
and from F draw FGH perpendicular to AB. 
Make EI^EG; and through idraw KL perpendicular 
to AB ; join KFy LH. KH is a square. 

Since EI=EG, BI^AG, and ,-. (Eucl iii. u.) KL 
5= FH ; and they are parallel, .-. KF is equal and parallel 
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to LHy /• KH is ^ pavaltelogram. Also since GJBF is 
haJf a right angle^ and EOF a right angle, «\ E¥G is 
half a right angle, and /. equal to GEF; whence EGvs 
GF, and FH^ IG. But KF U equal and parallel to IG 
(E^L 1. 33) i /• the four sides are equal i and GFK is 
a right angle^ »\ the figure is rectangular (EucK i. 46. 
Cor«)i and consequently is a sqottre. 



^>^^*»^>»^^»»>»^0^'^^'^^^^^i»i*»»i»^ 
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(24.) In a given segment of a circle tQ in$€ribe a 
reciangular parallehgram^ whose sides shall have a given 
ratio. 

Let ABC be the given segment of a 
circle. From A draw AD perpendicular 
to AC^ and make AD : AC in the ratio of ^ 
the sides. Complete the fiarallelogram AE. Bisect AC 
in O, and join DG ; and from Fdraw F/f perpendicular^ 
and FJ parallel to AC Draw IK parallel to FH ; HI is 
the rectangular parallelogram required. 

Since FH is perpendicular to^C, it is parallel to AD; 
and /. FH : HG :: AD : AG, 
whence FH : HK :: All • AC, 
i. e. in the given ratio. And FHG being a right angle 
all the angles of the figure are right angles. 



(25.) In a given circle to inscribe a rectangular 
parallelogram equal to a given rectilineal figure. 

JLiet ASB be the given circle ; on the 
djaoieter AB describe a rectangular pa- u, 
rallelogram ABCD equal to the given J 
rectilineal figures and let the side DC 
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cut the circumference in E. Join AE, EB. Draw BF 
parallel to AE, and join AF. FE is the rectangular 
parallelogram required. 

For the angle EBF is equal to the two angles EBAy 
ABF, L e. to EBA^ BAE, and .*. is a right angle ; and 
the angles BEA and BFA are right angles, by con- 
struction; .-. also EAF is a right angle; the figure 
AFBE is therefore rectangular ; and it is double of 
ABE, and (Eucl. i. 41;) /. equal to ABCD, L e. to the 
given rectilineal figure. ' 

The given figure must not exceed the square of half 
the diameter. 
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(26.) In a given segment of, a circle to inscribe an 
isosceles triangle^ stick that its vertex may be in the mid- 
dle of the chord, and the base and perpendicular together 
eqtml to a given line. 

Let ABC be the given segment. Bi- 
sect AC in D, and draw DE at right 
angles to AC, and equal to the given line. 
Make DF the half of DE; and join EF, 
meeting the circle in G. Draw GB pa- 
rallel to^C; join GA DB. GDB is 
the triangle required. 

Since GB is parallel to AC, it is bisected by DE. 
Also (Eucl. vi. 2.) EH is double of GH, and .-. equal to 
GB ; .*. GB and HD together are equal to ED, t. e. to 
the given line ; and since GHszHB, and the angles at JET 
are right angles^ GD^DB, .-. the triangle is isosceles. 

If EF does not meet the segment^ the problem is 



• GtL- 


JB 

• 
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impossible. When the line FE cuts the segment, there 
are two isosceles triangles DGB, Dgb that will answer 
the conditions 5 when it touches the segment, only one. 
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(S7.) In a given triangle to inscribe a parallelogram 
similar to a given parallelogram. 

Let ABC be the given triangle. 
In AB take any point />, and draw 
DF parallel to AC ; and make the 
angle FDE equal to one angle of the 
parallelogram, and take DF : DE in the ratio of the 
sides. Join AF, and produce it to G ; draw GH, HI 
respectively parallel to FD, DE; and OK parallel to 
HI. HK \s the parallelogram required. 

For HI being parallel to DE, and HG to DF, 
HI : DE :: HA : DA :: HG : DF, 
.-. HI : HG :: DE : DF, 
i. e. in the ratio of the sides. 

Also the angle GHI=: FDE = one of the angles of the 
parallelogram, .*• HIK will be equal to the adjacent 
angle of the parallelogram, and HK is similar to the 
given parallelogram. 
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(28.) In a given triangle to inscribe a triangle 
sifhilar to a given triangle. 

Let ABC be the given triangle, in 
which the triangle is to be inscribed. 
In AB take any point D, and draw 
any line DF to the opposite side -, and 
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at the poifits D afid F make the tngles FDE, DFM 
equal to two of the angles of the given triangle to ivhidi 
the mscribed one is to be similar, /. the angle at E will 
be equal to the third angle. Join AE, and produce it to 
G ; and from G draw GH, GI respectively parallel to 
ED, EF; join HI. HIG is the triangle requi^. 

Since DE and EF are respectively parallel to JE/G, 
Gly the angle DEF is equal to HGI. 

Also DE : HG :: JE : AG :: EF % OI, 
whence (Eucl. vi, 6.) the triangles HGI, DEF are simi- 
lar^ and .\ HGI is similar lo the given triangle. 
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(89.) In a given equilateral and equiangular pen- 
tagon, to inscribe a square. 

Let ABCDE be the given pemtagon. 
Join EB ; and from E draw EF parpen* 
dicular and equal to EB. Join AF; 
and from G, where it cuts ED^ draiir 
GH parallel to FE. Draw HI, GK 

paraUd to EB. Join IK. HK is the 

« 

square required. 

Since HG is pantllel to EF and fll to EB, 
HG : EF :: AH : ^-E :: HI i EB, 
but EF^EB, .-. HG^HI. And since AE^AB, /. 
(Eucl. vi. 2.) HE^IB; also GIT and Z>C being paral- 
lel to £^, and iDJS; = fiC, .. iCG = SjK. The triangles 
EHG, 1KB J therefore have two ?ides in each and the 
included angles equals and .*• HG = IK, and the angle 
EHG^BIK, whenee HG and IK are ako parallel; 
therefore also GK is equal to HI; hence the^ur sides are 
cq^; and the angle at If being a rightangle, all Ae angles 
are right angles/ and consequently HK is a square. 



J 
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(90.) In a given triangle to inscribe a rhombus, ohk 
cf whose angles shall be in a given point in the side of 
the triangle. 

Let ABC be the given triangle, and 
D the given point. Join BD, and pro- 
duce' it ; and with the centre A, and radius 
AC, describe a circle cutting it in E. 
Join AE; and draw />F parallel to it, 
FG parallel to AC, and GH to FD. FH 
is the rhombus required. 

Since FD is parallel to AE, BF : FD :: BA: AE; 
and since FG H parallel to AC, 

BF : FG :. BA : AC :: BA : AE, 
/. FD = FG ; and the sides opposite to these are equal, 
.'. the figure FDHG is a rhombus. 





(31.) To inscribe a circle in a given quadrant. 

Let ABC be the given quadrant- Bi- 
sect the angle ACB by the line CD ; 
and at D draw DE touching the quadrant, 
and meeting CA produced in E. Make 
CF^AE. From jP draw FG at right angles to AC. 
G is the centre of the circle required. 

From G draw GH perpendicular to BC. Join DF. 
Since the angle DCE is half a right angle, and- the 
angle at D a right angle, DE^DC^^AC^FE, .\ the 
angle EDF^EFDi whence also GDFzi^GFD, and 
GD=GF; and 6ince the angles FCG, GCHzre equal, 
and GC common to the right-angled triangles GFC, 
GHC, .-. GF= GH, /. the three lines GD, GFy GH 



cc 
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are equal and the circle described from the centre G, and 
distance of any one of them, will pass through the extre- 
mities of the other two, and touch the arc and sides in 
the points D, F, H, because the angles at those points 
are right angles. 



^^^^^<^^>*i^»»*^^^i».»^^*i^»#^<' 



(32.) To describe a circle, the circumference of which 
shall pass through a given point, and touch a given 
straight line in a given point. 

Let AB be the given straight line, € 
the given point, in which the circle is to 
touch it, D the point through which it 
must pass. Draw CO perpendicular to 
AB. Join CD; and at the point D make the angle 
CDO = DCO; the intersection of the lines CO and DO 
is the centre of the circle required. 

Since the angle DCO^CDO, CO = DO, and /. a 
circle described from the centre O, at the distance OD^ 
will pass through C, and touch the line AB in Cy be- 
because OC is perpendicular to AB. 




•^^^^^ ^^^V#>^^^^^^i^^l^^ ^■^^<*>^'^^ 



(33.) To describe a circle which shall pass through 
a given point , have a given radius^ and touch a given 
straight line. 

Let AB be the given straight line, 
and C the given point through which 
the circle must pass. 

In AB take any point B ; and from 
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it draw BD at right angles to AB, and equal to the 
given radiiis ; through D draw DE parallel to AB ; and 
with the centre Q and radius equal to. the given radius, 
describe a circle cutting DE in O. O is the centre of 
the circle required. 

From O draw OF perpendicular to AB^ it is equal 
to DB, i. e. to the given radius ; and the circle described 
from the centre O, and radius OF, will touch (Eucl. iii. 
16. Cor.) the line j4B in F, and pass through C 




(34.) To describe a circle which shall pass through 
two given points^ and touch a given straight line. 

Let Ay B he the given points, and CD 
the given straight line. Join AB. And 
1 • let CD be parallel to AB. 

Bisect AB in E, and draw EF perpen- 
dicular to AB, and /.to CD. Join FA^ and make the 
angle FAO = AFO; then will O be the centre of the 
circle required. 

Since the angle FAO = AFO, A0= OF. But AE=i 
EB, and EO is common to the triangles AEOy BEO, 
and the angles at E right angles^ .•. AO= OB. Whence 
AO, OB, OF are all equal ; and the circle described 
from the centre O, at the distance of any one of them, 
will pass through the extremities of the other two, and 
touch the line CD, since OF is perpendicular to CD. 

2. But if ^J3 is not parallel to CD, 
let them be produced to meet in E ; and 
take EF a mean proportional between 
EA and EB. Join FAy FB; and 
describe a circle about the triangle AFB; 
it will be the circle required. 
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Since EF is a mean proportional between EA and 
EB, EF touches the circle (Bucl. iii; df.), which passes 
through A and B. 



^>#»»^«»^^^^^i^#«^^#^i»#ii»»»i»i*«»^^^ 



(3b.) To describe a circle^ the circumference of which 
shall pass through a given pointy and touch a circle in 
a given point ; the tux) Mints not being in a tangetut 
to the given circle. (MtxT-zw** d//, fC/ 

Let A be the given point in the cir- 
cumference of the circle whose centre 
is O ; J3 the given point without. Join 
BAy and produce it toD. Join OD-, 
and through A draw OAE ; and draw 
BE parallel to OD, cutting OAE in E. E is the 
centre of the circle required. 

Since (Eud. i. 29.) the angle ODA is equal to ABE^ 
and OAD to BAB, .\ the triangles ODA, ABE are 
similar, iand OD being equal to OA, AE will be equal 
to EB; a circle /. described with the centre E, and 
radiu^r EA, will pass through B, and touch the circle 
ADF in the point A, since the line joining the centres 
passes through A. 




(36.) To describe a circle the centre of which may 
be in the perpendicular of a given rightrongled triangle, 
and the circumference pass through the right angle and 
touch the hypothenuse. 

Let EAD be the given right-angled triangle, having 
the angle at ^ a right angle. Make EC » EA. Join 
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CA; and draw CO at right angles to ^, 
ED^ Tbecirple described with O a$ 
c^nlre^ atid radius Qj^, will be the circfe 
requiiped* ' . 

Since EA^EC, the angle ECAt=i 
EACf and ECO, EAO are equal, being 
right angles; .•• OCA^OAC^nAOA— 
OC. * The circle .*. described from the centre O, and 
radius OA, will pass through the extremity of OC, and 
touch ED in C, because CO is at right angles to ED. 




^>^^»'^«»^^'i^'^V»«^«»S^i<S»S»«#»»>^'^^#V»^ 



(37.) To describe a circle which shall pass through 
the extremities of a given line, so that if from any point 
in its circumference a line he drawn making a given angle 
fvith the given line ; the rectangle contained by the seg- 
ment it cuts offhand the given line, may be equal to the 
square of the * line drawn from the same point to the 
further extremity of the given line. 

Let AB be the given line. On it de- 
scribe a segment of a circle containing an 
angle equal to the given angle. Complete 
the circle ; it will be the one required. 

From any point C? draw CD, making with AB the 
angle AD^ equal to the given angle; join CA^ CB. 
Since the angle CD A = ACB, and the angle at A is 
common^ the triangles ACD, ABC^re equiangular^ and 
therefore 

AB : AC :: AC : AD, 
whence the rectangle contained by AB, AD, is equal to 
the square of AC. 




«^^»^^|»»|»^»»^«»«^^«*>i<W■^#^»>^|#>»^«■»>o 



306 



GEOMETRICAL PROBLEMS. 



[^Sect. 6. 




(38.) To determine a paint in the perpendicular let 

fall from the vertical angle of a triangle on the hose ; 

about which as a centre a circle may be described touching 

the longer side^ and passing through the opposite angular 

point. 

Let ABC be a triangle^ and from B 
the vertex let BD be drawn perpendi- 
cular to ^C In DB take any point E, 
and from it draw EF perpendicular to 
JB ; and from E to BC, draw EG = EF; 
from C draw CH parallel to GE, and from H draw HI 
perpendicular to AB ; H is the point required. 

Since EF is parallel to HI, 

FE : HI :: BE : BH, 
and since GE is parallel to tfC, 

GE : HC :: BE : BH, 
.'. FE : HI :: GE : HC; 
but, by construction, FE=EG, .-. HI=HC; and a cir- 
cle described from the centre H at the distance HI, will 
pass through C, and touch AB in /, since the angle 
HIB is a right angle. 



(39.) To describe a circle which shall have a given 
radius, and its centre in a given straight line, and shall 
also touch another given straight line inclined at a given 
angle to the former. 

Let AB be the given line, in which 
the centre is to be ; BC the line which 
the circle is to touch. 

In SC take any point C, and draw 
CD at right angles to it; and make 
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CD equal to the given radius. Through D draw DO 
parallel to CB; O is the centre of the circle required. 

Through O draw OE parallel to DC; .\ CO is a 
parallelogram ; whence OE is equal to DC, i. e. to the 
given radius. With the centre O, and radius OE, de- 
scribe a circle ; it will touch CB in E, because CO 
being a parallelogram, and ECD a right angle, CEO is 
also a right angle. 



.^^#'^>^i^»^S»«^«^^l^^^«^^i^^^»^^»»»«*«^ 



(40.) To describe a circle^ which shall touch • a 
straight line in a given point, and also touch a given 
circle. S^-m^ L^S^\ 

Let AB be the given line, and C the 
given point in it, O the centre of the 
given circle. Draw CD perpendicular to 
ABy and OE parallel to CD. Join CE, 
meeting the circumference in F. Join 
OF, and produce it to meet CD in D. 
D is the centre of the circle required. 

Since the triangles OEF, CFD are similar, and OE 
:^OF .•. FD = DC; consequently a circle described 
with the centre D, and radius DF, will pass through C, 
and touch AB in C, because the angles at C are right 
angles ; and it will touch the given circle in F, since' the 
line joining the centres passes through F. 




(41.) To describe two circles, each having a given 
radius, which sitall touch each other, and the same given 
straight line on the same side of it. 
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Let AB be the given strai^t line. 
From any point A in it, draw AC at 
right angles to it, and make ACf AD, 
equal to the given radii. Produce CA 
to E, making AE^AD. Draw DO 
parallel to AB ; and with the ceritre Q 
and radius CE^ describe a circle cutting DO in O. 
C and O will be the centres of the circles required. 

Join CO ; and draw OB perpendicular to AB ; then 
DAB being a right angle, as aIso\^jBO, .-. AD is parallel 
to BO I and DO was drawn parallel to AB^ •*• AO is a 
parallelogram, and QB = AD. With the centres C and 
O, and radii CA, OB describe circles, they will touch 
ABf since the angles at A and B are right angles ; they 
will also touch each other, for. CO is equal to CB, pr to 
CA and AE, L e. to CA and AD, or the sum of the 
radii. 



^^^Myl»^^«^<»^'*^^<^»^^*»^>^ ^*>^ ^^^ ^ 



(43.) To describe a circle passing through two given 
points, and touching a given circle* 

Let A and B be the given points, 
and CDE the given circle.. Describe a 
circle tlirough A and J3, and cutting the 
given circle in D and E. Join DE, 
EB, DA, AB. Then the angle EDA 
= EBA; if .% DE and 5^ be pro- 
duced to meet in F, the triangle FDA will be similar to 
the triangle FBE; 

and .-. DF : FA :: BF : FE, 
q^ the rectangle DF, FE is equal to the rectangle AF", 
FB. Draw FG a tangent to the given circle ; then the 
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square of FG k equal to the rcetangk MF, PD, and 
.•. to the rectangle BF^ FA\ whence a circle described 
through the points A^ G, B^ will touch the given circle^ 
since it touches FG. 



^>.»^^.^^«^^'^i^<»»<»i^^^*S^^>^^j^»» 




(43.) To describe a circle^ which shall pass through 
a given pointy and touch a given circle and a given 
straight line. 

Let ABC be the given circle, D 

_ « 

the given point, and EF the given 

straight line. Through O draw 

AOE perpendicular to EF. Join 

AD\ and divide it in 6, so that the 

rectangle AO, AD, may be equal to 

the rectangle AQ AE. Through 

G and D describe a circle touching EF in F ; this will 

also touch the circle ABC. 

Draw the diameter FH\ it is (Eucl. rii. 18.) parallel 
to AE. Join AFy meeting the circle in B. Join CB», 
The triangles ABC, AEF having the angle at A com- 
mon, and the angles ABCy AEF right angles, are similar ; 

whence 

AC : AB :t AF t AE, 
.*. the rectangle AB, AF is equal to the rectangle AC^ 
AE, i. e. to the rectangle AG, AD ; .\ B is a point in 
the circle HDF. Take / the centre ; join 0J8, BL 
Since ^Cis parallel to FI, the angle OAB = BFIi but 
OAB^OBA, and IFB^IBF, /. OBA^IBFx and 
OBI is a straight line, which joins the centres of the two 
circles, which .** touch each other. 



DD 
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(44.) To describe a circle which shall tawk a 
straight line and two circles given in magnitude and 
position. C4i.nrfivuL e-^ f(3 

Let A and B be the centres 
of the two circles, and CD the 
line given in position. From 
B let fall the perpendicular BE, 
and produce it, making EF:=s 
the radius of the circle whose 
centre is A. Through F draw 
FG parallel to CD. With the 
centre B, and radius equal to 
the difference of the radii of the two circles, describe a 
circle ; through A let a circle be described, touching the 
line OF and the last described circle (vi. 43.) ; and let 
G and H be the points of contact. The centre of this 
circle will also be the centre of the circle required. 

Let O be the centre; join OA, OG, OH; and with the 
centre O, and radius O/, describe the circle TKL. Since 
LG^KH^Al .-. OL^OK^^OI; the circle IKL :. 
touches CD in L, and the circle, whose centre is A, in /; 
and since OB is equal to the difference between OH 
and HB^ i. e. between OA and {lA — BK ), or is equal 
to OK and KB together, .*• it touches the circle whose 
centre is B, in K. 



(45.) To describe a circle which shall touch two 
given straight lineSy and pass through a given point 
between them. 



Let AB, CD be the given lines, and E the given 
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point. Produce the lines tb meet 

in F. Bisect the angle BFD by 

the line FG ; and from E draw ^6 

perpendicular to FGj and produce 

it both ways to B and D. Take 

GHzsGE; and make D/ a mean 

proportional between DE and DH; a circle described 

through the points H, E, /, will touch CD. 

For the rectangle DE, DH, is equal to the squaire of 
DL And for a similar reason it will touch JIB ; since 
the rectangle BH, BE, is equal to the rectangle ED, 
DH. 

If the lines ABy CD be parallel; 
through the given point E, draw DEHB 
perpendicular to AB or CD\ bisect it in 
G, and make GH^ GE. Take DI a 
mean proportional between DE and DH\ 
and a circle described through I^ E and H will be the 
circle required. 




>»*S#'^«^^^^^»»'#'^^>^«*»»«» 
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(46.) To describe a circle which shall touch two 
given straight lines, and also touch a given circle. Ct m »v*-^ 6 ?^ 

Let AB, CD be the given 
straight lines, EFG the given 
circle, whose centre is O. 
Draw HI, KL parallel to the 
given lines, so that their per- 
pendicular distances from those 
lines may be equal to OF the 
radius of the given circle. By 
the last problem describe a circle touching HI, KL^ 
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and passing through O the centre of the giTen circle. 
Let P be the centre of this circle ; it will also be the 
centre of the circle required. 

Join PM, PNj PO. Since these lines are equal, 
and MQ, RN, OF are also equal by construction, .% 
PQ, PRy PF are also equal ; and a circle described 
from the centre P at the distance of any one of them^ 
will pass through the extremities of the other two, and 
touch the lines AB^ CD, in Q and R ; since the angles 
at those points are equal to the angles at M and N, and 
/• right angles » and it will also touch the circle EFG in 
Ft since QP the line joining the centres passes through 



^^^ » » »i#»4 ^# ■^■».# j i#^^^^^i^<»^^Nt^ 



(47.) To describe a circk which shall touch a circle 
and straight line, both given in position^ and have its 
centre also in a given straight line. 

Let the circle whose centre is A^ 
and the straight line BC he given 
in position ; and let CD be the line, 
in which the centre of the required 
circle is to be. On BC let fall the 
prpendicular AB \ and make BF 

^AE; through F drav^ FO para,ll?l to BC, m^e^kig 
DC in G. 

Join GA; and draw Cff parallel to it, t^^etin^ the 
given circle in S, (if the problem be pos&ible)^ Jolp 
AH, and let it meet DC in Q^ O is the ceiM;re of tb^ 
circle required. 

Let fell, the perpendicular OL Then (£ucl. yL a.) 
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JiO ; OC :: JH : GC :: FB : GC by construction, 

::BD : DC, (Eucl. vi. 2.) 
:: lO : OC, by sim. triangles; 
/. HO^IO ; and a circle described with the centre O, and 
radius O/or OHj will pass through the extremity of the 
other, and touch the line BC in /, and the circle in H\ 
because the angles at / are right angles ; and AO the 
line joining the centres of the circles passes through i/.. 




(48.) Through ttvo given points within a given 
circle, to describe a circle^ which shall bisect the circum- 
ference of the other. 

Let A and B be the given points 
within the circle whose centre is O. 
Join A0\ and produce it indefinitely; 
and from O draw OC at right angles to 
it. Join AC\ and draw CD at right 
angles to it, njeeting AO produced in D ; and through 
A J S, D describe a circle; it will bisect the other in the 
points E^ and F, 
• Join EO, OF. Then (Eucl. vi, 8.) 

AO : OC :: OC : OD, 
/• the rectangle AO, OD is equal to the square of OC, 
i. e. to the rectangle EO, OF; whence (Eud. iii, 35.) 
EOF is a straight line ; and since it passes through the 
centre of the circle ECFj it will be a diameter of th^X 
circle ; •% the circumference ECF is equal to the cir-^ 
cumference EGF, or the circumference of the given 
circle is bisected. 
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(49.) Through two given points without a given 
circle, to describe a circle, which shall cut ojf from 
the given one an arc equal to a given arc^ 

Xiet A and B be the given points^ and 
CDE the given circle. Join ABi and 
bisect it in Fi from F draw FG at right 
angles to AB ; and from any point G in 
it, at the distance GA or GB, describe a 
circle ABD^ cutting the given circle in C and Z>. Join 
DC; and produce it to meet BA in H. From H draw 
HIE (ii. 20.), so that IE may be equal to the chord of 
the given arc. Through A, B and E describe a circle ; 
it will also pass through I, and cut ofFthe arc required. 

For the rectangle HI, HE is equal to the rectangle 
HC, HD, and /. also to the rectangle HA, HB, whence 
/ is a point in the circle ABE. 



(50.) To describe three circles of equal diameters, 
which shall touch each other. 

Take any straight line AB, 
which bisect in D ; and from the 
centres A and By with the equal 
radii ADy BD describe two circles. 
Upon AB describe an equilateral 
triangle ABC, cutting the circles in 
E and F\ and with the centre C, 
and radius CE or CF, describe another circle ; these 
circles touch each other as required. 

Since AB = AC, and AD is half of ^jB, /. AE, which 
is equal to it, is half of AC, and .-. AE^^EC. In the 
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same manner CF^FB^ ^'. the radii of the circles are all 
equal. And the circles touch each other in D, Ey Fj 
because the lines joining the centres pass through those 
points. 



(51.) Every thing remaining as in the last propo- 
sition ; to describe a circle which shall touch the three 
circles. 

Bisect the^ angles CAB^ CBA (see last Fig.) by the 
lines AOy BO meeting in O. O is the centre of the 
circle required. 

Join OC. Since the angle CAB^CBA^ .\ their 
halves are equal, or OAB:=OBA, .\ OAszOB, Also 
since CA = AB^ and AO is common, and the angle CAO 
zxzBAO, .-. CO=^OB; and the tliree lines OA, OB, 
OC are equal ; parts of which GAy HB, CI are equal ; 
.*. OG, OH, 01 are equal ; and a circle described from 
O as a centre^ with a radius equal to any one of those 
lines^ will pass through the extremities of the other two, 
and touch the circles in the points G, H, /; because the 
lines joining the centres pass through those points. 

In nearly the same manner a circle may be described 
which shall touch the three circles on the opposite cir- 
cumferences. 



{b%) To determine how many equal circles may be 
plAced round another circle of the same diameter, touch-^ 
ing each other and the interior circle. 
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Let ^ be the centre of the interior 
circle, and AD its radias. Describe 
(vi- 50.) the circles DF, EF touching 
the circle DE^ and each other. Then 
the angle at A being one third part of 
two, or one dixth part of four right 
angles, subtends an arc ED equal to one sixth of the 
whole circumference. And the same being true of every 
other contiguous circle, the number of circles which can 
be described touching each other and the interior one 
will be six. 



•J>0>» ^^«»^^»»S>'.»'^«#>^<»l^^>#^^i»<«i<'^«»l»^ 



(53.) From a given rectangular par€tllelografh to 
cut off a gnomon J whose breadth shall be every tvhere the 
same, and whose area shall be to that of the parallelo- 
gram in any given ratio. 

Let AC be the given parallelo- 
gram. Produce ^jB to D making BD 
=s BC. On AD describe a semicircle, 
and produce CB to E; and let the 
ratio of the part to be cut off, to the 
whole, be that of 1 : n. Make BE 
: BF :: n : »- 1 ; and take £G a mean proportional 
between BE and BF. Bisect AD in O ; and with the 
centre O, and radius OG, describe a semicircle HGI'i 
AH=IDj will be the breadth of the gnomon. 

Make BL == BJ, and draw HK, LK parallel to the 
sid^ of the parallelogram ; then AC : HL in the ratio 
compounded of the ratios of AB : BH and ED : jB/, 
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L e. in the duplicate ratio of BE : BG, or the ratio of 
BE : BF, i. e. in the ratio of n : »— 1, 

/• the gnomon AKC is to AC in the ratio of 1 : n. 



^i^^i»»»«i»»»'»>^^^i»^«^^#>^^^i»^<»^^^ 



(54.) To describe a triangle eqiud to a given rec- 
tilinear figure^ having its vertex in a given point in a 
side of the figure^ and its base in the base {produced if 
necessary) ofthejigure. 

Let ABCDEFhe the given rectilineal figure, and P 
a given point in CD, which is to be the vertex of the 
triangle, the base being in AF. Join CA^ and draw BG 




A H G 



parallel to it; join CG, PG, PF, PE. Draw CH 
parallel to PG. Join PH. Draw DI parallel to PE, 
meeting FE produced in /. Join P/; and draw 
IK parallel to PF, meeting AF in K. Join PK, HPK 
wiil be equal to ABCDEF. 

Since BG is parallel to CA, the triangles BAG, 
BCG are equal; the figure therefore is equal to 
GCDEF. And since GP is parallel to CH, the triangles 
GCP, GHP are equal. Again since DI is parallel to 
PE, the triangles PIE, PDE are equal ; .-. PDEF is 
equal to the triangle PIF, i.e. to the triangle PKF, 
since IK is parallel to PF; whence the whole figure 

£ £ 
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ABCDEF 18 equal to the triangles PHGy PGF, PKF, 
t. €. to the triangle PHK. 



j-j J rg r ee -»»--.«-»»■»»»< 




(56.) On the base of a given triangle, to describe a 
quadrilateral Jigure equal to the triangle j and having 
two of its sides parallel, one of them being the base of the 
triangle ; and one of its angles being an angle at the 
hose, and the other equal to a given angle. 

Let ABC be the given triangle, AC 
its base. At the point C make the 
angle ACD equal to the given angle ; 
and let CD meet BD drawn parallel to 
AC, in the point D. On jBZ) describe 
a semicircle BED; draw ^F parallel 
to CD, and FE perpendicular to BD ; and with the 
centre D, and radius DE, describe the arc EG. Draw 
OH parallel to AF, and HI to AC ; AHIC will be the 
figure required. 

Join BC. Since DG^ DE, 

BD : DG :: DG : DF, 
.•.(Eucl.v.19.) BG : GF :: DG : DF :: HI : AC. 
Now BG : GF :: BH : HA, 
.-. BH : HA :: HI : AC. 
But the triangles HCI, AHC are in the proportion of 
HI : AC, and the triangles BHC, AHC in the propor- 
tion of BH : HA, 

.-. HCI : AHC :: BHC : AHC, 
or HCI:=BHC; .'. ACH, and /fC/ together are equal 
to ACH, and BC^ together, or AHIC^ABC. 
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(56.) Jl trapezium being gioen, two of whose sides 
are parallel ; to describe^ on one of those sides another 
trape%imn^ having its opposite side also parcdktto thky 
and one of ike angles at the base the same as the former, 
and the other eqml to a given angle. 

Let ABCD be the given tra- "^^ 
pezium whose sides ADy BC are 
paralleK Join BD ; and draw 
CE parallel to it, meeting AB 
produced in E. Then the trian- 
gles BCD, BED are equal ; and .*. tlie triangle A ED is 
equal to ABCD. Hence (vi. 66.) a figure ADGF may 
be described equal to ADE, and /. to ADCB. 




^^i^^^«^^^^i»i^i^»^>»'^<^^^i^^^^<^^^»» 



(57.) If with any point in tfte circumference of a 
circle as centre^ and distance from its centre as radii$s, 
a circular arc be described; and any tvio chords be drawn^ 
one from the centre of the circular arc, and the other 
through the point where this cuts the arc, and parallel to 
the line joining the centres ; the segments of each chord 
intercepted between the circumferences which are concave 
to each other, will be equal respectively to those of the 
other between the other circumferences. 

With any point C in the circumference 
of the circle ABC as centre^ and radius CE 
equal to the distance from the centre E, let a 
cnrcle DFE be described. Join CE, and 
draw any chord CFA ; and through F draw HFG parallel 
to CEi then will CF=^FH, and QF^FA. 

Produce CE to B, and join HE. And sincie HQ b 
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parallel to BC, the angle FHE is equal to HEB. Also 
since the circles are equals the arc HB is equal to the 
arc FE (ii. l.Cor. 1.), .*. the angle HEB is equal to 
FCE, /. FCE s FHE, and HC is a parallelogram ; 
whence HF:=s EC=s CF. Also since the rectangle CFy 
FA is equal to the rectangle HF, FG, and jHF= CF, 
.-. FA^FQ. 

CoR. Hence if any number of lines be drawn parallel 
to BE, and terminated by the two circumferences^ each 
of them will be equal to BE. 



#<^#»^ »^<» ^»^*<»»^»>^^^*«^»»'»i*>» 




(58.) If two diagonals of an equilateral and equi- 
angular pentagon be drawn to cut one another, the 
greater segments will be* equal to the side of the pen-- 
tagon; and the diagonals cut one another in extreme 
and mean ratio. 

Let ABDCE be an equilateral and 
equiangular pentagon ; draw the diagonals 
ED, BC cutting each other in F; EF 
and FB will l3e each equal to a side of the 
pentagon; and ED, BC are cut at JFI in extreme and 
mean ratio. 

About the pentagon describe a circle. And since 
AB=^CE, the arcs AB, CE are equal; .-. AE is pa- 
rallel to BC. For the same reason, AB is parallel to 
EF; .'.the figure ABFE is a parallelogram ; whence 
AB^FE, and AE^FB ; but AB^AE, .-. EF^FB^ 
and each is equal to a side of the pentagon. . > 

Also the angle DCF^ CDF= DEC, .'. the triangles 
DCF,D£C are similar. 
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and ED : CD :: CD : DF, 
or ED : EF :: EF : FD ; 

.*. ED is cut in extreme and mean ratio. The same may 
also be proved of BC. 



(59.) If the sides of a triangle inscribed in the seg^ 
meat of a circle he produced to meet lines drawn from 
the extremities of the base, forming with it angles equal 
to the angle in the segment ; the rectangle contained by 
these lines will be equal to the square described on the 
base. 

Let the sides AB^ CB of the tri- 
angle ABCy inscribed in the segment 
ABCj be produced to meet CE, AD, 
which make with ACy angles equal to 
the angle ABC in the segment ; the 
rectangle ADj CE is equal to the square of AC. 

Since the angle ABC=sDAC, and the angle at C is 
common to the triangles ABC^ ADCy the triangles are 
similar. In the same manner it may be shewn that 
JIBC, AEC are similar ; and .-. ADC^ A EC are also 
similar; whence 

AD : AC :: AC : CE, 
and the rectangle AD, CE is equal to the square of AC. 




(60.) If two triangles (one of them right anglecl) 
have the same base and altitude, and the hypothbnuse in-- 
tersect a line which is drawn bisecting the right angle ; a 
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line passing through this point of intersection parallel ta 
the base, and terminated by the sides of the other triangle^ 
shall be a side of the- square inscribed within it. 

Let ADC be a right-angled triangle, 
and ABC on the same base^ have its 
altitude BEs^AD; and let the hypo- 
thenuse DC, meet AF which bisects the 
angle DAC in F; tbroagh which draw 
6/r parallel to AC; IH will be the side of a square 
inscribed in the triangle ABC. 

From / draw IK perpendicular to AC ; then (EucL 
vi. 3.) 

DA : AC :: DF : FC :: DG : (GA^) IK, 
also AC : BE :: IH : (BL = ) DG, 
/. ex cequo DA : BE :: IH : IK; 
But DA=:BE, .'. IH=:IK; and if HMhe drawn per- 
pendicuiar to AC, IM is a parallelogram, whose sides 
are equal ; and the angles at K and M being right angles^ 
(Eucl. i. 46. Cor.) it is a square. 



»#^^ »# ^ ^>0'^>^^'0*^^i^^>^^>0'-f^'^^ ^ 



(61.) If on the side of a rectangular parallelogram 
as a diameter, a semicircle be described, and from any 
point in the circumference lines be drawn through its 
extremities to meet the opposite side produced ; the alti- 
tude of the parallelogram will be a mean proportional 
between the segments cut off. 

On AB, the side of the rectangular 
parallelogram ABCD, let a semicircle 
AEB be described; and from any 
point E, draw EA, EB, and produce 
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them to meet CD produced ; AD wiH be a mean pro- 
portional between GD and CF. 

Since DG is parallel to BAj the angle DGA is equal 
to BAE, and the angles at D and Jl? are right angles^ 
.*. the triangles BAEy DGA are equiangular. In the 
«ame manner it may be shewn that JPCJ3 is equiangular 
to BAEy and .% to DGA ; whence 

OZ> : DA :: (CJB = ) D^ : CF. 



(62.) ^ on #Ae diameter of a semicircle a rectan- 
gular parallelogram he described^ whose altitude is equal 
to the chord of half the semicircle^ and lines drawn from 
any point in the circumference to the extremities of 
the base intersect the diameter ; the squares, of the 
distances of each point of section from the farthest ex- 
tremity of the diameter will be together equal to the 
square of the diameter. 

Let ABC be a semicircle, on the 
diameter of which describe the rectan- 
gular parallelogram AEy whose side AD 
is equal to AB a chord of half ^jBC; and 
from any point F in the semicircle draw 
JFX), FE cutting the diameter in G and 
H\ the squares of AH and CG are together equal to the 
square of AC. 

Draw the. perpendicular FK\ the triangles DGAy 
DFK being similar^ 

DA : AG :: FK : KD, 
and ECH^ FKE being similar, 
(CJ5? = ) DA : CH :: FK : KE, 
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.-. DA* : AGxCH :: FK* : (KE x KD^) IF* 

:: DE" : GH\ 

Now the square of DE is double of the square of DA, 
.*. the square of GH is double of the rectangle AG^ CH. 
But the square of AH is equal to the squares of AG^ 
GH and twice the rectangle AG, GH, i. e. to the square 
of ^G and twice the rectangle AG, GC; /. the squares 
of AH and GC are together equal to the squares of AG, 
GC, and twice the rectangle AG, GC, Le. to the square 

of^C, (Eucl. ii. 4.). 

CoR. The square of the part of the diameter inter- 
cepted between the two lines drawn from the point in 
the semicircle is double of the rectangle contained by the 
two extreme segments. 



(63.) If on the radius drawn from the point of con- 
tact of a circle and its circumscribed square, another 
circle he described ; and from any point in t/ie outer cir^ 
cumference a line be drawn through its centre to the inner 
circumference, and. through the same point another line 
be drawn parallel to the common tangent to the circles, 
and terminated by the side of the square and its diago^ 
nal ; these two lines are equal. 

Let O be the centre of the circle, 
circumscribed by a square, whose dia- 
gonal is DE. On AO describe a circle 
AOF; and from any point F draw a 
liner FOG; and through G draw HI 
parallel to AD ; FG is equal to HI. 

Join AF; and let HI cut AB in A'. Since IG is 
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parallel to AD, it is perpendicular to AB ; /. the angle 
GKO is a right angle, and equal to AFO ; and the ver- 
tical angles at O are equals and GO^^OA; /. the tri- 
angles GKO, OFA are equal, and OF^OK. But 
since OB = BE, .\ (Eucl. vi. 2O OK^KI; and /• OF 
= A:/, and OG=^KH, /. FG^IH. 



(64.) 7/" fM?o sides of a trapezium inscribed in a 
circle he produced^ and from the same point in one side 
produced a line be drawn parallel to the other, intersect- 
. ing the adjacent side of the trapezium, and a second line 
to the extremity/ of that other intersecting the circum-* 
ference ; the line joining the two points of intersection^ 
will pass through the same point. 

Let the two sides AD, BC, of the tra* 
pezium ABCD inscribed in the circle 
ABC, be produced, and let them meet in 
£ ; and from any point in AD produced, 
-draw FH parallel to BE, meeting the 
side DC in H; and join FB, meeting the 
circumference in G; the line joining G, H 
will always pass through the same point. 

Let GZT produced meet the circle in /. 

Join Al, DG. The angle G/>H= GBC 

in the same segment, and .*. is equal to the alternate 

angle GFH; whence k circle may be described through 

the points G, H, D, F; and .-. the angle DGH^DFH 

= DEB, But the angle DEB being always the same^ 

JDCI^I, and -.*• DAI, and also the arc Dl will be invariable^ 

and D being a fixed point, / must be also ; t. e. GH will 

always pass through /. 
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(65;) ff the diagahals of a guadrilaieral ^figun m^ 
scribed in a circle cut each other at right anglers the 
rectangles contained hy the opposite sides are together 
double of the quadrikUeral figure. 

Let ABCD be a quadrilateral figure in- 
scribed in a circle, whose diagonals ACj BD 
cut each other at right angles in E ; the 
rectangles contained by AB, CD, and ADy 
BC are together double of the figure. 

For (Eucl. vi. D.) the rectangles contained by AB^ 
CDy and AD^ BC, are together equal to the rectangle AC, 
BD, i. e. to the rectangles contained by AC, BE and 
AC, ED. But the rectangle contained by AC, BE is 
double of the triangle ABC, and the rectangle contained 
by AC, ED, is double of ADC ; hence the rectangles 
contained by AB, CD and AD, BC are together double 
of ABCD. 




^*>#<»»l^r#^■##»»»^<!>»>»»<»*^»^<^w^ 



(66.) If a rectangular parallelogram be inscribed 
in a right-angled triangle, and they have the right angle 
common ; the rectangle contained by the segments of the 
hypothenuse is equal to the sum of the rectangles con- 
tained by the segments of the sides about the right angle. 

Let ABC be a right-angled triangle, 
in which the rectangular parallelogram 
DBEF is inscribed, having one of its 
angles at B ; the rectangle AF, FC is 
equal to the rectangles AD, DB and BE, EC together. 

Draw EG perpendicular to FC The triangleR 
ADF, EFG being similar, . 

AD : AF :: FG : {EF=) BD, 
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.\ the rectangle AD, DB is equal to the rectangle AFy 
FG. In the same manner^ 

AF : (FDx^)EB :: EC : CO, 
/. the rectangle BE, EC is equal to the rectangle AF, 
GCy whence the rectangles AD, DB and BE, EC are 
together equal to the rectangles AF, FG and AF, GC, 
t. €. to the rectangle AF, FC (Eucl. ii. J.). 



<«^'^'^>^|^«^>#'^^»^>»^»^^N»^^^^^^^>^>^ 




i^.) If on the diameter of a semicircle, ttvo equal 
circles be described, and in the curvilinear space included 
by the three eircumferences a circle be inscribed^ its 
diameter mil be to that of the equal circles in thejpro- 
portion of tux) to three. 

• 

On AB the diameter of the semi- 
circle ADS let two equal circles ACE, 
BCH be described •^ and in die cur- 
vilinear space let the circle DEG be 
inscribed; its diameter FG : AC :: 
3:3. 

Let O and / be thd centres of the circles. Join OI, 
which will pass through the point of contact E ; and pro- 
duce it to Jf . From Cdraw CD perpendicular to AB, 
which will pass .^through O. Then the rectangle KG, 
OE is equal to the square of OC\ 

and OE : OC :: OC : OK, 
.-. OE : OC li OE + OC : OC+OK :: CD : KE+ 

. ICD :: 1 : 3; 
and OE : CD :: I : 3, 
.\ FG : {CD^)AC :: 2 : 3. 



■*^^>*- »^^#»^^^^^^^^^w 
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(68.) Jf through the middle point of any chord of a 
circle two chords he draum ; the lines joining their ex- 
tremities will intersect the first chord at equal distances 
from the middle point. 

Let j^CB be a chord of the circle 
ABD, bisected in C; and let DCF, 
ECG be any chords drawn through C 
Join DOy J5F cutting AB in / and H\ 
then will C/= CH. 

Through H draw KHL parallel to DO, meeting 
DF in K, and GE produced in- L. Because LH is 
parallel toJGl the ungle HLE=z CGI ^HFK, and the 
vertical angles at H are equal, .*. the triangles LEH, 
HKF are equiangular, 

.-. LH : HE :: HF : HK, 
and the rectangle LH^ UK is equal to the rectangle HE, 
HF, i. e. to the rectangle AH, HB or the difference of 
the squares of AC and CH. . The triangles CID, CHK 
may in like manner be proved to be equiangular, as also 
the triangles CHL, CIG -, . hence 

KH : HC :: DI : IC, 

and LHiHC :: GI : IC, , 

.-. KHxLH : HC* :: DIxIG : /C. 

Bm KH X LH= AC* - HC% and DIx IG = AC* - IC\ 

.. AC*-HC^ : HC* :: AC^-IC* : IC* 

comp. AC* : ifC :: AC : 1C\ 

.'. HC*^IC*, a<id HC^W. 



(69.) The loiigest side of a trapezium being given, 
and made the diameter of the circumscribed circle ; also 
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the Sstance between its extremity and the intersection of 

the opposite ^ide, produced to meet it ; and the angle 

formed by the intersection of the diagonals ; to construct 

the trapezium. . 

" ■ .... ' ' * 

With a diameter equal to the 
given longesft side, describe a circle, 
and from O its centre draw the radii 
OCf OD making with each other an angle equal to twice 
the complement of the given angle formed by the in- 
tersection of the diagonals. Join CX>, and produce it,; 
and with the centre O, and radius equal to the radius of 
the circle together with the given intercepted distance^ 
describe a circle cutting it in E. Join EO, and produce 
it to £ ; AE is equal to the given intercepted distance. 
Join BC, AD; ABCD is the trapezium required. 

Join ACj BD. Then the angle ACB in a semi- 
circle being a right angle, FBC is the complement of 
CFB\ but FBC is half of DOC, and .-. BFC is equal 
to the given angle to be made by the diagonals. 



«»^ *i^.i*«i»^i»i#i»^^^^^^^ ^ ^ ^^i^^^.. 



(70.) The diagonals of a qaadrilateral fgure in^ 
scribed in a circle are to 4me another as the sums if the 
rectangles of the sides which meet their extremities. 

Let ABCD be a quadrilateral figure in- 
scribed in a circle ; join AC, BD ; AC is to 
BD, as the rectangles AB, AD and CB, 
OD together, to the rectangles ^5, BC 
and AD, DC together. 

Make the angle ABF equal to the angle DBC; to 
each of which add the angle FBD, r. the angle ABD is 
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equal to EBCi and ADB is eqml to ECB, being in 
the same sqgment ; .*• the triangles ABD^ EBC are 
cqaiangolar^ and 

AB : BD :: BE : BQ . 
•*• the rectangle BD, BE is equal to the rectangle AB, 
BC. Join FC; and since the angle JBD ^ FBC, 
.*• AD^FC. Also since the angle EFC is equal to 
BDC in the same segment, and ECF equal to ABF, u e. 
to DBC; .\ the triangles ECF, BDC are equiangular, 

and BD : DC :: CF : FE, 
/• the rectangle F£?, BD is equal to the rectangle CJF, 
CD, 1. e. to the rectangle AD, DC ; whence the rect- 
angles BE, BD and FE, BD or the rectangle BF, BD is 
equal to the rectangles AB, BC and AD, DC together. 
In the same manner if the angle BCG be taken equal 
to the angle ACD, it may be shewn that the rectangle 
CGy CA is equal to the rectangles AB, AD and CB, 
CD together. And since the angle BCG^ACDy the 
arc BG is equal to AD, u e. to FC ; to each of these add 
GFy .\ the arc BAF is equal to GFC, and consequently 
the line BF=: GC; /.the rectangle AC, CG is equal to 
the rectangle ACyBF. And AC : BD as the rectangle 
AC, BFto the rectangle BD, BF, tVe. as the rectangles 
AB, AD and CB, CD together, to the rectangles AB, 
BC and AD, DC together. 



»»l#»»# # ^#»» » #4»»< 



(71.) The square described on the side (^ an ^fui- 
lateral and equiangular pentagon inscribed^ a circle, 
is equal to the sum of the squares of the sides of a r^gw- 
lar hexagon and decagon inscribed in the same circle. 

Let ABC be an isosceles triangle having each of the 
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angles at the base double of tht angle at A. 
With the centre A^ and radios AB, describe 
a circle BCE. Draw CE bisecting the 
angle ACS. Join EB, EA; and draw 
£F perpendicular to AB. Then the angle 
EAB is double of ECB, and therefore is equal to CBB 
(EucL iv, 10.), and consequently is equal to the verti** 
cally opposite angle AD E ; whence AE = ED. Heoee 
EB^ ED and BC are equal to the sides of a regolav pen- 
tagon, hexagon and decagon, respectively inscribed in die 
circle; and the squares of BC and ZXfiTare together equal 
to the square of BE. 

For the angles at P being right angles,. the squares of 
AFf FE are equal to the square of AE, i. e. to the 
square of ED or to the squares of EF, FD ; whence 
AF is equal to FD. And since AD is bisected in F, 
and produced to D, the rectangle AB, BD together with 
the square of DF is equal to the square of BFi .\ the 
rectangle AB^ BD together with the squares of DF and 
FE, is equal to the squares of BF and FE; or the rect«- 
angle AB, BD together with the square of DE is equal 
to the square of BE. But (EucL iv. 10.) the rectangle 
AlBs BD is equal to the square of AD, Jl e. to the square 
of BC; .'. the squares of BC, DE are together equal to 
the square of BE. 



^^'^^*«^^^^^'*^»»^^'^i»^^»«»^^^^^|» 



(72.) J^ the opposite sides of an irregalar hexagon 
inscribed in a circle he produced till th^meet; the th^ee 
points of intersection mil he in the same straight line* 



ABCDEF. be the hexagon inscribed in the 
<»rcle ; and let its opposite sides meet in G> H, I. Join. 
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two opposite angles m A, D; 
and about ADl describe a cir- 
cle meeting OA^ GD product 
if necessary, in AT, Z#» Join 
FC, Kl, LI, LK. Then be- 
cause ARID Js a quadrilateral 
figure inscribed in a circle^ the 
angle AKI is equal to ADE : 
and for the same reason ADE 
is equat to GFE, .'. the angle 
AKIiseqvLfkl to GFE, and KI 
is parallel to FH. In the same 
manner it may be shewn that the angle AIL is equal to 
ADL and consequently to CJ3/> and LI parallel to HB. 
Again the angle KLD is equal to DAF, i. e. to FCiy, 
Aod KL is parallel to FC. 

Hence GF : FC :: GK : KL, 
and FC : FH:: KL : KI, 
.\ GF : FH :: GK : KI, 
whence G, H, /will be in a straight line. 




,J>«^a^-vO^^ 
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(1.) The vertical angle of any oblique-angled tri- ' 
angle inscribed in a circle, is greater or less than a right 
angle, by the angle contained by the base and the diameter 
drawn from the extremity of the base. 

Let ABC be a triangle inscribed in a circle. From 
A draw the diameter AD\ join BD\ the angle ABC 
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is.greater or less than a right 
angle, by the angle CAD. 

For the angle ABD in a 
semicircle is a right angle ; 
and ABC is equal to the 

sum of ABD and DBC in one case; and is equal to 
their difference in the other; and in each case DBC^z 
DAC in the same segment. 



(2.) If from the vertex of an isosceles triangle a 
circle be described tvith a radius less than one of the equal 
sides ^ but greater than the perpendicular ; the parts of 
the base cut off by it, will be equal. 

From the vertex O of the isos- 
celes triangle AOB^ with a radius 
less than AO, but greater than the 
perpendicular from O on AB, let a 
circle be described^ cutting AB in C and D ; AC^ BD. 

Join EF, OQ OD. 

Then OE : OB :: OF : OA, 
and /. EF is parallel to AB, and (ii. 1.). the arc FC 
equal to the arc DE, or the angle FOC=:DOEi but 
^O, OC are equal to BO, OD each to each ; /. ^C= 
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(3.) If a circle be inscribed in a right-angled tri- 
angle ;. the difference between the two sides containing 
the right angle and the hypothenuse, is equal to the 
diameter of the circle. 



GG 



234 



GEOMETRICAL PROBLEBffe* 



ISect. 7. 




Let. DEF be a circle, inscribed in 
the right-angled triangle ABC. The 
difference between AC, and AB, BC, is 
equal to the diameter of the circle. 

Find O the centre, and join OD\ OE. 
Then the angles at D, B, and E being 
right angles, and OD^OE, OB is a square; and DB, 
BE are equal to OD, OE, i. e. are together equal to the 
diameter of the circle. Now (Eucl. iii. 36. Cor.) CE= 
CF, and AD=:AF; i. e. AC is equal to AD and C£!; 
whence it is les^ than the sides containing the right angle, 
by DB and BE, or by the diameter of the circle. 



(4.) If a semicircle be inscribed in a right-angled 
triangle, so as to touch the hypothenu$e and perpmdi- 
cular, and from the extremity of its diameter a Une he 
drawn through the point of contact to meet the perpen- 
dicular produced ; tfie part produced will be equal to the 
perpendicular. 

Let the semicircle ADE touch the 
hypothenuse BC of the right-angled tri- 
angle ABC in Dy and the perpendicular 
in A ; and from E let ED be drawn to 
meet AB produced in F ; AB= BF. 

Join AD. Since ADE is a right an- 
gle, ADF is also a right angle^ and .*. equal to DAF, 
DFA together. But DAF is equal to BDA, since BD 
=a-B^) being tangents from the same point 'B without 
the circle; and .-. the angle BFD^BDF, and BF^ 
SD^BA. 
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(5.) If the base of any irkmgle be hhsect^ ly the 
diameter of its circumscribing drch, 4md Jrmn the eay 
tremity of that dia7fi>eter a perpendicuiar he klfall upon 
the longer side; it mil divide that side into segments, 
one of which mil be equal to half the sum^ and the other 
io ha>^ the difference ^ the sidesi 

Let the base BC of the triangle ^BC 
be bisected in E, by the diameter of the 
circumscribing circle ACD ; and from D 
draw DF perpendicular to AS the longer 
side; BF will be equal to half the sum, 
and AF to half the difference of AB, BC. 

Join DA, DB, DC-, and make BG^SC; join 
DG. Since BG^BC, and BD is ^common, and the 
angle GBD =^CB J), Bince the^c JD::= DC; .\ DG^ 
DC^DA, and DF !« at right angles to AG, /. AF:^ 
FG. Whence the sum of AB and BC is lequal to AG 
and 2BGf i, e, to 2BF; and the difference of AB and 
BC is equal to the difference of AB and JBG, i. e. to 
2AF. 




^.«s»Y 



(6.) The same supposition being made^ as in the last 
proposition ; if from the point, where the perpendicular 
meets the longer side, another perpendicular be let fall 
on the line bisecting the vertical angle ; it will pass 
through the middle of the base. 

The same construction being made as before; {see 
last Fig.) let FH be drawn perpendicular to BDy which 
bisects the vertical angle ; FH will pass through E. 

Because CB = BGy and the angle CBD-GBD, 
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/. BD is. perpendicular to CQ; and /. FH is parallel to 
CG. But since AF^FG, /. (Eucl vi. 2.) AC is bisect- 
ed by FH\ which /..passes through E. 



(7.) If a point he taken without a circle, andfrtm it 
tangents he draum to the circle, and another point be 
taken in the circumference between the two tangents, and 
a tangent he drawn to it ; the sum of the sides of the 
triangle thus fohned is equal to the sum of the two ton* 
gents. 

From a given point 2> let two tangents 
DA^ DB be drawn ; and to C any point in 
the circumference between them, let a tan- 
gent ECFhe drawn. The sum of the sides 
of the triangle is equal to the two tangents 
DA and DB. 

Since AE^EC, and FC=zFB, .\ DE, EF, FD 
together are equal to AD and DB together. In the 
same manner^ if through any other p^int in the arc ACS 
a tangent be drawn, it will be equal to the two segments 
of DAy DB intercepted between it, and the points of 
contact A and B ; and the three sides of the triangle so 
formed will be equal to DA, and DB together. 




(8.) Of all triangles on the same base and between 
the same parallels j the isosceles has the greatest vertical 
angle. 

Let ABC be an isosceles triangle on 
the base AC, and between the parallels 
AC, BD. It has a greater vertical angle 
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than any other triangle ADC on the same base, and 
between the same parallels. 

• About ABC describe a segment of a circle ABC; 
and since B is the middle point of the arc, and BD is 
parallel to AC^ BD is a tangent at B. Let the arc cut 
^D in ^; join EC. Then the angle ABC^AEC, 
and .'.is greater than ADC. 

Cor. Of all triangles on the same base and having' 
the same vertical angle, the isosceles is the greatest. 
For the triangle AEC has the same vertical angle with 
ABC, and ABC =z ADC on the same base and between 
the same parallels ; but ADC is greater than AEC, .•• 
ABC is greater than AEC. 



|»^^*S*>^>^S^>^»»"**»<»'»»^«^ ^^^N^'^'^^i^^-^ 



(9.) If through the vertex of an equilateral triangle 
a perpendicular be drawn to the side, meeting a per- 
pendicular to the base drawn from its extremity ; the 
line intercepted between the vertex and the latter per- 
pendicular is equal to the radius of the circumscribing 
circle. 

Let BE perpendicular to AB meet 
A£!, which is perpendicular to the 
base AC, in E ; BE is equal to the 
radius of the circle described about 
ABC. 

Draw BFj CG perpendiculars to the sides ; and pro- 
duce CG to H. Then CF is equal to the radius of the 
circle described about ABC; and EBIH is a parallelo- 
gram. And since CF is equal to FA, (EucL vi. 2.) CI 
is equal to IHy i. e. to the opposite side BE; and .•. 
jBjE is equal to the radius of the circumscribing circle. 




^«^^i^^^»^^^»^i#«^^^«»>»i»»i»«»» ^ «»^^ 
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(10.) If a triangle be inscribed in asenddrcle^ and 
a perpendicular drawn from any point in the diameter^ 
meeting one side, the cireumference, and the other side 
produced; the segments cut qjffwill be in continued pro- 
portion. 

Let ABC be a triangle in the semi- 
circle ABC\ and from any point D in 
the diameter^ let DF be drawn perpen- 
dicular to AD, meeting fiC, the circum- 
ference, and AB produced, in JB, G, F; 
DE : DG :: DG : DF. 

For the angles at E being equal, and the angles at 
B right angles, /. the angle ECD is equal to BFD; 
and the angles at D are right angles; /• the triangles 
EDC, ADF are similar, and therefore 




DF : DA 

but DA : DG 

.•. ex cequo DF : DG 



DC 
DG 
DG 



DE, 
DC; 
DE. 



(11.) If a triangle be inscribed in a semicircle^ and 
one side be equal to the semi^^iiameter ; the other side 
will be a mean prcportioml between that side and a line 
equal to that side and the diameter together * 

\^t ABC be a triangle inscribed 
in the semicircle, and let BC be 
equal to the semi-diameter; then 
will 

BC : BA :: BA : BC+CA. 

Produce AC to D, making CD equal to the semi- 
diameter. Take the centre. Join BD, BO. Since 




J 
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B0= BC, the angle BCO is equal to BOC, i. e. to OAB 
and OB A together, or to 3 BA€. Bat 0C^ is equal 
to CBD and CD5 together, i. e. to 3 CDB, since CB=^ 
CD; hence the angle BAC~BDC, and BA=BD; 
also the triangles BAD, BCD are similar; 
.-. SC : {BD=)BA :: BA : AD, which is equal to 
i^C and CA together. 



^■^^ ^»»«»«»^»«^^«^i»i»»>»^^>»>»i^^»^^ ^«» 




(12.) ^a circ/e ie inscribed in a right-angleit tri- 
angle ; to determine the least angle that can be fanned 
hy two lines drawn from the extremity of the M^pothe- 
nuse to the circumference of the circle. 

Let ABC be a right-angled 

triangle^ in which a circle DEG 

IS inscribed. On AC describe 

a segment of a circle ^DC, which 

may touch the inscribed circle in 

some point, as D. The lines AD^ DC^ drawn to this 

point from A and C, contain ^n angle less than the lines 

drawn to any other point in the circumference of the 

circle DEG. 

For take any other point E^ and join AE, EC ; 
produce CE to F, and join AF. The exterior angle 
AEC is greater than AFC, L e. than ADC, which is in 
the same segment. And the same may be proved of 
lines drawn to every other point in the circumference of 
the circle DEG. 



<'«^.#s^<»»»^^^«»«»^>»«^s»-0»4 



(13.) If an equilateral triangle be inscribed in a 
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circle, and through the angular points another he cir- 
cumscribed; to determine the ratio which they hear to 
each other. 

Let ABC be an equilateral triangle 
inscribed in the circle, about which 
another DEFis circumscribed, touching 
the circle in the points A^ B, C 

Since DA touches the circle, the 
angle i)^fi=^CB (Eucl. iii. 32.); but ACB^ABC; 
.•. DABs^ABCj and they are alternate angles, /. DFis 
parallel to BC. In the same manner it may be shewn 
that AB is parallel to FE, /. ABCF is a parallelogram ; 
and the triangle ABC is equal to AFC. In the same 
manner ABC may be shewn to be equal to each of the 
triangles ABD, BCE ; and /. it is one fourth of the 
circumscribing triangle. 




(14.) A straight line drawn Jrom the vertex of an 
equilateral triangle inscribed in » circle to any point in 
the opposite circumference ^ is equal to the two lines to^ 
getheTj which are drawn from the extremities of the hose 
to the same point. 

Let ABC be an equilateral triangle in- 
scribed in a circle ; from B draw BD to any 
point I) in the circumference. Join AD, 
CD. BD is equal to AD and CD together. 

Make DE^DA, and join AE. The 
angle DAE is equal to the angle DEA ; but ADE = 
ACB in the same segment, .-. DAE and />jB^ together 
are equal to CBA and CAB together ; whence DAR 
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ssCAB; and taking away the common angle CAE, 
DAC = EABi but DCA = EBA, and AC=AB, .-. 
BE=DCi and BD is equal to AD and C2> together. 



^^i^^^#«^«#'^»'«»i^^<»«i^^>^<'^'^^»»^^^ 



(15.) If the base of a triangle be produced both 
ways so that each part produced may be equal to the 
adjacent side^ and through the extremities of the parts 
produced and the vertex a circle be described ; the line 
Joining its centre and the vertex of the triangle udll bi- 
sect the angle at the) vertex. 

hei 40 ^ M^ of the triangle 
^ySC.l^ prodiio€;d bgth jyfiy? till 4P 
=^4Bj sff4 fi^^Cfi, jjif^d through ?^ 
D, Bp E }^ f cii;Qle he de^cr^hed^ 
wfao^ ^vif^ is {). li Qff be ioiue^t it ^Ul hisect the 
aqgte ,4BC. 

Join BD, BE, OA, OD,OE. Since DA^^AB, 
the angle ABD is equal to ADB ; but the angle OBD 
is equal to ODB, and •*• the angle OBA h equal to 
ODA. In the saHie manner it may be shewn that the 
angle OBC is equal to OEC; and since ODA is equal 
to OEC, OBA is equal to OBC, or ABC is bisected 
by OB. 




(16.) ^an isosceles triangle be inscribed in a circle, 
and from the vertical angle a line be drawn meeting the 
circumference and the base; either equal side is a mean 
proportional between the segments of ihe line thus drawn. 

HH 
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Let ABC be an isosceles triangle in- 
scribed in the circle AEC, the side AB 
being equal to AC; and from A draw 
any line AED, meeting the circumfe- 
rence in E, and CB produced in D; AB is a mean 
proportional between DA and AE. 

Join EC. Since AB^Ad the angle ACB=ABC 
z=AEC in the same segment; and the angle at Ah 
common to the triangles AEC, ACD, .\ the triangles 
are equiangular and similar ; 

/. AD : AC :: AC : AE, 



^•^^^^■.^^^t 



(17.) If from the ejctre^nities of one of the equal 
sides of an isosceles triangle inscribed in a circle, tan-- 
gents be drawn to the circle , arid produced to meet ;- tw& 
lines drawn to any point in the circumference from the 
point of concourse and one point of contact will divide^ 
the base {produced if necessary) in geometrical proportion.^ 

Let CBG be an isosceles tri- 
angle inscribed in a circle^ the side 
CB being equal to J3G ; and at B 
and C let tangents BA, CA be 
drawn^ meeting in A. From A and 
B draw ADy BD to any point D in the circumference^, 
cutting the base CG in E and F; 

CE : CF :: CF : CG. 

Join CD. The angle ABC being equal to BGCy is 
equal to BCG, and .-. CG is parallel to^JB; and the 
triangles ABC, CBG are equiangular ; 

. . BC : CG :: AB : BC; 

but (vii. l6.) BF : BC :: BC : BD, 
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.-. ex aequo BF : CG :: AB : BD :: EF : FD, 
. siaee CG is parallel to AB ; 

but CF : 5F :: FD : JfIG?. 
.-. CF : CG :: £F : FG, 
whence (Eucl. V. 19O CE : CF :. CF : CG. 



(18.) ffoh the sides of a triangle^ segments of cirr 
des he described similar to a segment on the base, and 
Jrom the extremities of the base tangents be drawn inter- 
secting their circumferences ; the points of intersectiori 
and the vertex of the triangle will be in the sam^ straight 
line. 

^On AB, BC, th€ sides of the 

triangle ABC, let the segments 

ADB. BEC be described, similar 

%Q AFC Xhe segment on ^C At 

A and C let tangents AD,\CE be 

drawn. Join 1>5, .BE ; they are 

in the same straight line. 

Since DA touches the circle AFG, the angle DAC 

is equal to the angle in the alternate segment AGC, 

i. e. to the angle in the segment AHB. But the angle 

jiDB, together with the angle in the segment AHBy 
|vill be equal to two right angles ; .'. the angles CAD, 
^DS are equal to two right angles; /. AC, DB^^Lte 
par^lel. In the same manner AC^ JBjB may be shewti 
to be parallel ; /. BD and BE being drawn from, the 
same pointy parallel to the same line^ will also be in ^ the 
straight line. 




^^><»»^l»' »^»>*^»^<S^ #«l» ' ^«0^»^l^^^«i»i^ 
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(19.) The centre of the circle^ ttohkh touches the 
senddrcles described on the two sides of a fightHmgled 
triangle, is in the ndddle point of the hypothenuse. 

On the sides JB, BC of the 
right-angled triangle ABC, let 
semicircles ADB, BEC be de- 
scribed. Bisect AC in O; O is 
the centre of a circle which will 
touch both the semicircles. 

FVom O draw OFE, OHD 
perpendicular to the sides. Then 
OH being parallel to BC, 

(Eucl. vi. a.) AO : OC :: AH : HB, 
/. AHszHB, and H is the centre of the semicircle 
ADB. Hence the centre of a cirde touching ADB in 
2> is in the line DHO. For the same reason, the centre 
of a circle touching BEC in E is in the line EFOk 
Also since OD is equal to OH and HD together, t. e. 
to BF and HB, or EF and FO together, i. e. to EO^ 
O is the centre of the circle^ which will touch both. 

CoR. The diameter of this circle will be equal to 
the sides oS the triangle together. 




(90.) y^ on the three sides of a right-angled triangle 
semicircles be described, and with the centres of those 
described on the sides, circles be described touching that 
described on the base; they will also touch the other 
semicircles: 

On the sides AB, BC of the right-angled triangle 
ABC let semicircles be described i and with the centres 
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D and Ej let circles, be described 
touching that described on the base 
in jP and 6; eadi of these cirdes 
will touch the semicircle described 
on the other side. 

Join ODF, OEG, DE. Since 
AB, BC are bisected in D and E^ 
DE is parallel to AC^ and equal to half AC, %. e. to AO 
ox OC. In the same manner OD is parallel to BCy and 
OE to AB\ .-. ODBE is a parallelogram, and EB, 
u e. EH^ODi but OF=DE, /. DH=^DF, and His 
a point in the circumference of the circle FHK; and 
being in the circumference of BUC, it will be the point 
of contact^ since DE joins the centres. In the same 
manner it may be shewn that the circle OI touches the 
circle ABl in /. 



^^#»»»»^#>^>^#«»^^<»»»^#»^<»^^'#«^^ 



(31.) If from any point in the drcumference ^ a 
circle perpendiculars he drawn to the sides of the in- 
scribed triangle ; the three points of intersection will he 
in the same straight line. 

From D any point in the circumference 

of the circle ABC, let DE, DF, DG be 

drawn perpendicular to the sides of .the in* 

scribed triangle ACBi join EF, FG ; EFG 

is a, straight line. 

Join AD, BD, CD. Since the angles DFB^ 

DGB are right angles, a circle may be described about 

the quadrilateral figure DGBF (vi. 13.); and the 

angle DFG is equal to DBG. Also since the angles 

DFA^ DEA are right angles^ a circle may be described 
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about the quadrilateral figure DFEA ; whence the angles 
DFE, DAE are together equal to two right angles. But 
ADBC being a quadrilateral figure inscribed in a circle, 
the angle DAC is equal to DBG, i.e. to DFG; .. 
DFE, DFG are equal to two right angles ; and EFG is 
a straight line. 




(23.) The base of a right-angled triangle not hdng 
greater than the perpendicular ; if on any line drawn 
from the vertex to the base a semicircle be described^ and 
a chord equal to the perpendicular placed in it ^ and K- 
sected ; the point of bisection will always fall within the 
triangle. 

Let ABC be a right-angled triangle, 
of which the side.^C is not greater than 
BC. From B let any line BD be drawn 
to the base ; on which describe a semi* 
circle BCD, and in it place £F= BC, 
which bisect in G; the point G is within the triangle 
ABC. 

Take O the centre of the semicircle ; draw OH per- 
pendicular to BC ; join OG. Since BC is equal to EF, 
OHn equal to OG ; and this angles at G and H being 
right angles^ a circle described with the centre O, and 
radius OG, will touch BC in H, and .'. G is within the 
angle D BC. Also since AC is not greater than BC, 
DC is less than BC or EF, .\EF is nearer to the centre 
O, than DC is ; or G falls above DC and within the 
angle />CA 



^s»«<>^^^<«^#^>#<»'# <v»<«<»»'»»<*«i»'^^<r^» 
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(23.) The sttaight line bisecting any angle of a trp- 
angle inscribed in a given circle , cuts the circumference 
in a point, which is equidistant from the extremities qf^ 
the side opposite to the bisected angle, and from the 
centre of a circle inscribed in the triangle. 

Let ABC be a triangle inscribed in 
the circle y^CD. Bisect the angles BAC, 
ABC by the lines ADy BO, which meet 
in O ; Ois the centre of the circle inscribed 
in the triangle. Join BD, DC. The 
lines DB, DC, DO are equal to each other. 

Because the angles DABy DAC are equal, BD = DCy 
and because the angle CBD = CAD = DAB, to each of 
these add the angle CBO or its equal ABO ; and the 
whole angle OBD is equal to the two ABO, OAB, 
i. e. to BOD (Eucl. i. 33.) ; and .-. 0D::=:D6. 




(24.) The perpendicular from the vertex on the base 
of an equilateral triangle is equal to the side of an equi-^ 
lateral triangle inscribed in a circle, whose diameter is 
the base. 

From C the vertex, let CO be drawn 
perpendicular to AB, the base of the equi- 
lateral triangle ABC ; upon AB describe 
a circle ADB, and let, DEF be an equi- 
lateral triangle inscribed in it ; CO will be 
equal to a side of this triangle. 

Draw DG bisecting the»angle at D, and .'. bisecting 
EF at right angles, consequently passing through the 
centre.- Join EG. The angles ACO, ADG, being 
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eaeh equal to half the angle of an equilateral triangle, are 
equal to each other, and AOC^DEQ^ each being a 
right angle, and AC^ABxzDO, .\ CO^DE. 



^^^i»*>^\»>»^^^«»#«^*'»^i»#<»<»*^^«^ 




(25.) If an equilateral triangle he inscribed in a 
circle f and the adjacent arcs cut offhy two of its sides he 
bisected; the line joining the points of bisection wUl be 
trisected by the sides. 

Let ABC be an equilateral triangle in- 
scribed in a circle ^ bisect the arcs AB, 
AC in D and E ; join DE ; it is divided 
into tJbree equal parts in tiie points F aod 
G. 

Since DE and BCc3^t off equal arcs BD^ Cfi, they 
are parallel, and /. (Eucl. vi. 2.) AF=AG. Join BD, 
AE. The angle BFD^AFE, and DBF=AEF'm the 
same segment, and BD^AE^ since they subtend equal 
arcs; /. DF^FA. In the same manner it may be 
shewn that AG^GE. Now the triangle AFG being 
similar to ABC is equilateral, /. DF, FG, GE are all 
equal, and DE is trisected. 



*«^s»i<>^ ^ ^^>»^ »^»<S#i#i<»»«^^i^» »^»#ii» 



(26.) If any triangle he inscribed in a circle, and 
Jrom the vertex a line be drawn parallel to a tangent at 
either extremity of the base ; this line will be a fourth 
proportional to the base and two sides. 

Let ABC be a triangle inscribed in the circle ABC i 
and from B let BD be drawn parallel to AE a tan- 
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gent at At then will AC t AB :: BC : 
BD. 

Produce CB to meet tbe tangent in B. 
Since the angle BAB is equal to the angle 
in the alternate segment ACBy and the 
angle ABB is equal to CBD, .\ the triangle ABB is 
similar to CBD, 

and AB : AB :: CB : CD; 
but from similar triangles BDC^ EACy 

AC : AB :: DC : DB, 
.\ ex m^ AC : AB :: CB : DB^ 




^^»»^.»♦^i>»>#^^>y»^^» **»»■*><»*»» 




(37.) TjTa triangle he inscribed in a circle, andjrom 
its vertex lines be drawn parallel to tangents at the ex-- 
trennMes t^itt base^ they mil ctd (^ similar triangles. 

Let ABC be a triangle inscribed in a 
circle, and AD, CB tangents at the points 
A and C. Prom B draw BF, BG respec- 
tively parallel to them ; these lines will cut 
off the triangles ABF, CBG, which are 
similar. 

For (Eucl. iii. 33.) the angle ACB is equal to DAB, 
i. e. to the alternate angle ABF\ and tbe angle BAC is 
equal to BCB, i. e. to CBO ; whence the triangles ABF^ 
CBG having two angles in each equal, will be equi- 
angular and similar. 

Cor. 1. The rectangle contained by the segments of 
the base adjacent to the angles will be equal to the square 
of either line drawn from the vertex.' 

For if AD and CE be produced, they will meet and 

1 1 
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form with AC an isosceles triaogle, to which BFG is 
similar, /. BF= BG. 

Now AF : BF:: BG : GC 
.\ the rectangle AF, GC is equal to the rectangle BF, 
BG, L e. to the square ofBF. 

CoR. 3. Those segments are also in the duplicate 
ratio of the adjacent sides. 

For the triangles ABF and CBG are each of them 
^milar to ABC, 

whence AC.: AB :: AB : AF, 
.\ AC : AF in the duplicate ratio of AC : AB ; 
for the same reason, 

AC : CG in the duplicate ratio of AC : CB, 
/. ^F : CG in the duplicate ratio of AB : CB. 



<K*>*»»^l»«X«W^^»»l» #!»**» i»»*»#*» 



(28.) ^ one circle be circumscribed and another 
inscribed in a given triangle, and a line be draum from 
the vertical angle to the centre of the inner*, and pro- 
duced to the circumference of the outer circle ; the whole 
line thus produced has to the part produced the same 
ratio that the sum of the sides of the triangle has to the 
base. ~ , * 

Let ABD be i^ circle circumscribed about 
the triangle ABC; O the centre of the in- 
scribed circle. Join AO, and produce it to 
D; then ^OX> bisects the angle J3^C Join 
BD, DC; and draw BO, CO to the centre 
of the inscribed circle ; then AD : DO :: AB+AC : BC. 

Draw OF, OG parallel to AB, AC, meeting BD, 
CD in F and G. The angle DBC=D4C^DAB = 
DOF, and the angle at D is common to the triangles 
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BED, OFD, and (vii. 20.) BP=DO, .: OF=BE. 
In the same manner it may be shewn that OG=EC. 
Now the trapeziums BACD, FOGD being similar, and 
similarly situated, 

AD : OD :: AB + AC : FO+OG 

:: AB+AC : BC. 



^^^«^^<»^»^^^^^»»>^^^^#«»'^^«»<^^^<» 



(29.) If in a right-angled triangle, a perpendicular 
be drawn from the right angle to the hypothenuse, and 
circles inscribed within the triangles on eofh side of it ; 
their diameters will be to each other as the subtending 
sides of the right^ngled triangle. . 

Let ^BC be a right-angled 
triangle ; from the right angle 
B let fall the perpendicular BD; 
and in the triangles ABDy 
BDC let circles be inscribed ; 
their diameters are to one 
another as AB to BC. 

Bisect the angles BAD, ABD by the lines AO, 
BO J they will meet in the centre O ; in the same manner 
lines bisecting DBCy DCB meet in the centre E; draw 
OFy EG to the points of contact. Now the triangles 
ABDy BDC being similar (Eucl. vi. 8.), .*. the triangles 
ABOy BCE are similar ; whence 

AB : BC :: BO : CE; 
but the triangles DBF, EOC are similar, 

BO : CE r. OF : EG :: 2OF : 2EG, 
AB : BC :: 2OF : 2EG. 




. • 
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(do.) To Jind the locus of the verteat of a trim^h^ 
whose base and ratio of the other two sidee are given. 

Let AB be the given base ; divide 
it in C so that AC : CB may be in 
the given ratio of the sides. Produce 
AB to O ; and take CO a mean pro- 
portional between AO and BO. With the centre C, 
and radius CO, describe a circle ; it will be the locus 
required. 

In the are AD take any point />; join DA9 DB, 

DC, DO. Since 0/>»0C 

AO : OD :: OD : OB, 

.\ the sides about the common angle O are proportional, 
and the triangles ADO, BDO are equiangular ; 
,% AD : DB :: DO : OB :: CO : OB :: AO : CO 

:: AO-CO : CO-^ OB :: AC : CB, 

i. e. in the given ratio. In the same manner, if any 
other point be taken in the circumference of the circle, 
and lines drawn to it^ they will be in the same given 
ratio^ and •*. the circumference is the locus required. 

Cor. Since in any triangle, if from the vertex a line 
be drawn cutting the base in the ratio of the sides, it 
will bisect the angle, .-, the angle ADC^ BDC. 



«»«»«»«»#«»i»i<>i»«»'<'i^*<*<»«»i»^<»J>^i#< K »# 41 



(31.) A givm straight line being divided into ant^ 
three parts ; to ieit^rmine a point ^vph^ that Imes, draum 
to tlie points of ^eetion and to Me extrwdtie^ of the line 
shall contain three equal angh». 

Let AB be the givea Uxjue^ and AC, CD, DB the 
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given parts. Take CO a mean pro- 
portional between AO and DO; 
and with the centre O and radius 00 , , 

describe a circle. Produce CB ; and 
make DE a mean proportional between CE and BE ^ 
and with the centre S, and radius ED, describe a circle 
cutting the former in jP; JP is the point required. 

For, as was proved in the last proposition, 

AF : FD :: AC : CD, 
and /. the angle AFC^CFD\ and 

CF : FB :: CD : DB, 
/. the angle CFD = DFB ; 
and .-. the three angles AFC, CFD, DFB are equal. 



^^»^^<»^^^ ^ ^l»^^V^I^^>#'»i»^^'^^^'* 



(32.) J^ two equal Un^ ttmch two unequcd drck^ 
and from the extremities of them lines containing equal 
angles he drawn cutting the circles^ and the points of 
section joined ; the triangles so formed will he recipro- 
cally proportional. 

Let two equal lines ABy CD touch two unequal 




circles EBF, GDH; and from A and C let lioe^ AIK, 
A£F^ CLMj CGH be drawn containing the equal 
angles KAF, MCH. Join IE, KF, GL, ilfjET; theft 
wiJftthrtriangle-^/CF : CHM :: CGL : AI^. , 
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Since AB is equal to CD, the rectangles EA, AFy 
and GCf CH are equal ; 

.-. AF : CH :: GC : AE, 
and for the same reason, 

AK : CM :: CL : Al 
whence AFx AK : CHx CM :: CGx CL : AEx AI, 

.'. the triangle AKF : CMH :: CGL : ATE, 
since AK : CM in the ratio of the perpendiculars from K 
and M on -rfF and CH ; and CL : A I in the ratio of 
the perpendiculars from L and /. 



^>#»#>^#^^«»^«^i^i»^i»i#»» ^i^^^»^»^»^ 




(33.) Iffrom an angle of a triangle a line he drawn 
to cut the opposite side, so that the rectangle contained 
by the sides including the angle, he equal to the rectangle 
contained by the segments of the side together with the 
square of the line so drawn ; that line bisects the angle. 

From B one of the angles of the triangle 
ABC, let BD be drawn, so that the rect- 
angle AB, JBCmay be equal to the rectangle 
AD, DC together with the square of BD ; ^rr 

BD bisects the angle B. 

For if not, let BE bisect it ; the rectangle AB, BC 
is equal to the rectangle AE, EC together with the 
square of BE. About ABC describe a circle, and pro- 
duce BD, BE to the circumference in F and G ; join* 
FG. The rectangle AD, DC is equal to the rectangle 
BD, DF; .\ the rectangle AB, BC is equal to the 
rectangle BD, DF together with the square of JBD, 
t. c. to the rectangle BF, BD. • In the same way the 
rectangle AB, BC is equal to the rectangle 5 G, SjB; 
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whence the rectangle BG,' BE is equal to the reiktangle 
BFy BD ; a circle may therefore^ be described through 
D, E, Gy F; whence DEG, DFG are equal to two 
right angles, u e. to DEG, DEB ; and /. DFG is equal 
to DEBj or to DAB and ABG\ and .-. the arc AB 
equal to the arc BCy which is absurd, unless the triangle 
be isosceles. Hence /. BG does not bisect the angle ; 
and no other but BD can bisect it. 



i»i»i»^i»»»i^»i^^^«»«»i. i»ii#i»i»i»^^^^'^^ 



(34.) In any triangle, . if perpendiculars he drawn 
from the angles to the opposite sides ; they will all meet 
in a point. 

Let ABC be any triangle ; and AF, 
CD perpendiculars drawn upon the op- 
posite sides, intersecting each other in 
G. Through G draw BGE; it is per- 
pendicular to AC. 

Join FD ; and about the trapezium 
BFGD describe a circle. The triangles ADG, GFC 
being equiangular, 

AG : GC :: GD : FG, 
whence also the triangles AGC^ FGD are equiangular ; 
and .-. the angle ACD=zDFG:=ABE ; and the angle 
BAC is common to the two triangles ABE^ ACD ; .*• 
the angle AEB = ADC^ i. e. it is a right angle, and BE 
is perpendicular to AC. 




«»«»»<»«^^^*«i»<^»'^^#»#>^i#i^i^i^»^>»«#^ 



(35.) If from the extremities of the base of any tri* 
angle, two perpendiculars be let fall on the line bisecting 
the vertical angle ; and through the points where they 
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meet that Une^ and the point inthe hasen>hereon the per- 
pendicular jrom the vertical angle Jidts, a circle he 
described; that circle wiU bisect the base of the triangle. 

Let ABC be a triangle^ whose vertical 
angle B is bisected by the line BD, on which 
let fall the perpendiculars AF, CE. From 
B let fall BO perpendicular to AC; a circle 
described passing through E^ F^ O will also bisect AC. 

About the triangle ABC describe the circle ADB ; 
and irom D draw a diameter which will bisect AC in 
H. Now since the angle AID is common to the tri- 
angles AIFy HID, and the angles AFI, IHD $ure right 
angles, .\ the triangles AIF^ HID are similar. * In the 
same manner BIO^ CEI are similar. Whence 

HI : ID :: IF : lA, 
and IG : IB :: IE : IC^ 
.\ HIx lO : IDxIB :: IFx IE : lAxIC, 
and since ID x IB=^IAx IQ /. HIxIG^IFx IE, 
or a circle passing through E^ F, G will pass through H 
(vi. 13. \ and /. bisect the base AC. 



»»#'»^>^l»^^^»#* #i^l»»^^«»«»l»»'* !#• » »>» 



(36.) ff from one cf the angles of a triangle a 
stf^a^^ line be drawn through the centre of its inscribed 
circle, and a perpendicular be drawn to this line Jrom 
one of the other angles ; the point of intersection of the 
perpendicular, and the two points of contact of the in-- 
scribed circle, which are adjacent to the remaining angle, 
.are in the same straight line. 

Let ABC be a triangle, and O the centre of its in- 
scribed circle. From B draw BOD through the centre ; 
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and from Clet fall Cjy perpendicular 
to it. Let the circle touch the sides 
of the triangle in Fatid O ; join HO, 
GF. HGF is a straight line. 

Join OOj OC; and let a circle be 
described about the triangle ABC% 
joinCZ>. 'fhe triangles OG£, C/fE, 
having the vertical angles at JS equals and OGE, CHE 
right angles^ are similar, 

.-. CS : HE :: OE : EG, 
and /• the rectangle CE, EG is equal to the rectangle OE, 
HE; whence a circle will pass through the points C, O, 
G, H, .-. the angle COH^CGH. Again (vii. 20.) 
CD^DO, and AG^AF. also the angle CDO^GAF, 
/. COE^AGF'y whence CGH:^AGF; and CG, GA 
are in the same straight line, **. FG^ GH are In thesaoie 
straight line. 



^<^»i»^»»«»l»>»|^^<r<»^»l»^ ^ #^»^»*^ »» 



(37.) If from the three angles of any triangle three 
straight lines he drawn to the points where the inscribed 
circle touches the sides ; these lines shall udersect each 
other in the same point. 

Let ABC be a triangle, in which 
a circle is inscribed, touching the 
sides in E, F, D. Join AF, CE, 
cutting each other in 0. Join BO, 
and produce it; it will pass through D. 

For if not let it pass through some 
other point K; draw EG, EH re- 
spectively parallel to AC, BC. Then 
the triangles OEH, OFC being similar, 

K K 
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OE : EH :: OC : (CF=) CD; 
in the same manner, 

EG : EO ;: KC : CO, 
.-. EG : £« :: ATC : CD, 
Again, since EH is parallel to BF, 
AE : EH :: ^B : (,BF=)BE :: ^AT : £G 
.-. AK : ^£ :: EG : ^if :: JiTC : CD, 

or i^A^: ^D :: KC : CD; 
.'.AK+KC : AD + DC :: ^/T : ^/>; 
whence AK=AD, and A* coincides with Z). 



»^^» ^^i^ ^>^^#i^»^ ^»^i#ii^i»^i#'^^ 



(38.) If three circles touch each other, two of which 
are equal; the vertical angle of the triangle formed by 
joining the points of contact, is equal to either of the 
angles at the base of the triangle, which is formed by 
joining the centres. 

Let three circles, whose centres 
are A, B, C, touch each other in the 
points D, E, F; and let the two 
circles, whose centres are A and B, 
be equal. Join AB, BC, CA, ED, 
DF, FE ; the angle EDF is equal 
to either of the angles at A or B. 

Since AE is equal to BF, the sides of the triangle 
ACB are cut proportionally^ .*. EF is parallel to AB, 
and the angle FED is equal to EDA. Now since CA 
is equal to CB, the angle at A is equal to the angle at ^ ; 
but AD, AE are each equal to JBF, BD, .'. DE\s equal 
to DF, and the angle DFE^FED= EDA = AED •» 
whence the angle EDF^DAE^DBF. 




i»S^^^>^*^^^»« ^>^^^^^^« 
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(39.) If three equal circles touch each* other; to 
compare the area of the triangle formed hy joining their 
centres with the area of the triangle formed hyjoinin^ 
the points of contact. 

Let three equal circles, whose cen- 
tres are ^, JB, C, touch each other in 
D, F, E. Join AB, BC, CA, ED, 
DF, FE. 

Since the circles are equal, their radii 
are equal, /. the sides of the triangle 
ACB^ are cut proportionally, and DF is parallel to AC, 
and DE to BC; .•• AEFD is a parallelogram, and the 
triangle DEF is equal to ADE. In the same manner 
it may be proved to be equal to each of the triangles 
DBF, FCEi and .-. it is equal to one fourtkof ABC. 




«» ^l»^^^»^^^S»« » i#«»»^^^l»^ ^ ^«»«»i»^l» 



(40.) If four straight lines intersect each other y,and 
form four triangles ; the circles which circumscribe them 
will pass through one and the same point * 

Let the lines AB^ AC, DE, DC 
form the four triangles ABC, AEF^ 
J?CE, DBF; and let the circles 
circumscribing AEF, DBF, inter- 
sect each other m G ; the circles 
circumscribing the triangles ABC, 
DEC will also pas9 through G. 

Join GA, GEy GF, GB, GD. Because the points 
6r, Fy By D are in the circumference of a circle, the 
angle GDB^GFA^ GEA, le. GDC^ GEA, and 
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/• the pointe G, E, C, D are in th€ circumferenoe of the 
same circle, u e. the circle circuoMcribing ECD passeg 
tbjrough 6. Also since the angle GAE » GFD ^ GBD^ 
i. e. GAC=GBD, .\ the points 6» ^, C, B are in the 
circumference of the same circle ; or the circle -circum- 
scribing ACB also passes through G. 




(41.) Having given the base and vertical angle of 
a triangle ; to determine the locus of the extremity of 
the line which always bisects the vertical angle^ and is 
equal to half the sum of the sides containing the, angle. 

Let ,AB be the given base ; and on it 
describe a segment of a circle ACB^ con- 
taining an angle equal to the given ver- 
tical angle. Complete the circle^ and 
draw the diameter FD bisecting AB. 
Join AF^ FB; and with the centre F, 
and radius FA^ describe a circle ABE, 
cutting FD in E. On DE as a diameter describe a 
circle ; it will be the locus required. 

Let ACB be any position of the triangle, and draw 
CGD ; it bisects the angle at C, since ACD is equal to 
AFDy t. e. to half of APB or to half ACB. Produce 
AC, AP to I and H. Join HI, CFy EG. Tf'he angle 
CAF is equal to CDF, and the angles AIH, FCD^ 
DGE are right angles; /. the triangles AIH, CDF, 
EDG are equiangular, 

and AH ; Al :: FD i CD :: FE ; CG. 
But AH is equal to AF d,\a6 FB together^ t. e. to 12 FJE, 
pvA AI is equal to AC and CB together (ii. 66.)> .*. ^C 
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and CB together are equal to 2 CG, i. e. CG is half the 
sum of the sides j4C' and CB, and its extremity is in 
the circumference of the circle EGD. 



(4S.) If Jrom the extremities of the hme of a tri- 
angle inscribed in a circle, perpendiculars he drawn to the 
opposite sides, intersecitng a diameter which is perpen- 
dicular to the base ; ike segments of the diameter inter- 
cepted between these points and a point in it, whose 
distance from the base is equal to the lesser segment of 
the diameter made by the base, will he to one another in 
the ratio of the sides of the triangle. 

Let ABC be a triangle inscribed in a 
circle, whose diameter DE is perpendicular 
to the base AC Make FG = FE; and 
let the perpendiculars be drawn from A 
and C to the opposite sides, intersecting in 
ff, and meeting the diameter in /and K; 
KG : IG :; JB : BC. 

Join AG, GC. Because GF=FE, the angles 
GAF, GCF are each equal to FCE, i. e. to half the 
vertical angle of the triangle; .-. AGC, ABC are toge- 
ther equal to two right angles (Eud. i. 3a) ; and sinde 
AHC is equal to its vertically opposite angle, AHC, ABC 
are equal to two right angles; whence AGC^AHC; 
and A, O, H, C are in the circumference of a circle ; 
.-. the angle GHA = GCA -= half the angle ABC. Now 
the angle KHI, contained by the perpendiculars, is 
equal to ABC, .: &H bisects the angle KHI. Also the 
angle GKH=KHB = BAC; and KIH=AIF==ACBi 
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.-. the triangle KHI is equiangular to ABC, and it ha» 
been shewn that GH bisects the angle KHJy 

.'. KG : GI :: KH : HI :: AB : BC. 




(43.) ijT *Ac exterior angle of a triangle be bisected 
by a straight line which cuts the base produced; the 
square of the bisecting line is equal to the difference of 
the rectangles of the segments of the base and of the 
sides of the triangle. 

Let CBD the exterior 
angle of the triangle ABC 
be bisected by BE which 
meets AC produced in E ; 
the square of BE is equal 
to the difference of the rectangles AE, EC and AB^ 

BC. 

About the given triangle describe the circle ABC ; 
and produce EB to jP; and join AF. Then because 
the angle EBC^EBD=^FBAy and AFB=BCE, since 
each of them together with ACB is equal to two right 
angles,; /. the triangles BBC, FBA are equiangular^ 

and^jB : BF :: EB : BC, 
.*• the rectangle AB, BC is equal to the rectangle EB, 
BF ; to each of these equals add the square of BE, and 
the rectangle ABy BC together with the square of BE is 
equal to the rectangle EB, BF together with the square 
of BE, i. e. to the rectangle FE, EB, or its equal AE^ 
EC; and /. the square of BE is equal to the difierence 
between the rectangles AE, ECmd^AB, BC. 
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uj^ *- *^^ VlIT 

OECT. Vlll. 

(1 .) If from the centre of a circle a line be drawn 
to any point in the chord of an arc ; the square of that 
line together with the rectangle contained hy the segments 
of the chord will he equal to the square described on the 
radius. 

Frofifi the centre O of the circle ABD, 
let OC be drawn to a point C in any 
chord AB ; the square of OC together with 
the rectangle AC^ CB is equal to the square 
described on the radius. 

Through C draw DE perpendicular to OC. Join 
OD. Then DC= CE, and the rectangle DC, CE is 
equal to the square of DC; but the rectangle DC^ CE 
is equal to the rectangle AC,CB, .\ the rectangle AC, 
CB together with the square of CO is equal to the 
squares of DCy CO^ i. e. to the square of DO. 




^^i^>^^»»«^»^i^i#^^«*>^*'i»i# ^>*>»»»>^»^>i^ 



(2.) If two straight lines in a circle cut each other 
at right angles ; the sums of the squares of the two Unes 
joimng their extremities will be equal. 

Let the two straight lines AC, BD cut 
each other at right angles in £ ; join AB, 
BC, CD, DA ; the squares of AB, CD 
are equal to the squares of AD and CB. 

For the squares of AB and CD are equal 
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to the squares of AE, EB, DE^ EC. But the squares 
of AE and DE are equal to the square of AD^ and the 
squares of £Cand EB are equal to the square of BC, 
/• the squares of AB and CD are equal to the squares of 
AD and BC. 



^^«»^>l»^»»^^^i#» » ^^*^N»^»^^^l»»l^l» 



(3.) If two points be taken in the diameter ^ a 
circle^ equidistant from the centre ; the sum of the 
squares of two lines drawn from these points ' to any 
point in the circumference will always he the same. 

Let A and iB be two points in the dia- 
meter of the circle CDEy equally distant 
from the centre O; if lines AC^ BC be 
drawn to a point in the circumference, the 
sum of the squares of AC, CB will be the same, in what* 
ever point of the circumference C is taken. 

Join CO ; then (iv. 30.) the sum of the squares of 
AC, CB is double of the sum of the squares of AO and 
OCy which is an invariable quantity. 




^^#x»<**»^»»»»» # »«*»*»^#»^»>^»^»»>^^«*»^^ 



(4.) If* from any point in the diameter of a semicircle 
there be drawn two straight lines to the circumference^ 
one to its point of bisection, and the other at right 
angles to the diameter ; the squares of these two lines 
are together double of the square of the semi-diameter. 

From any point C in the diameter AB^ JS^TTN 
let CD, CE be drawn ; of which CD is per- /vQ \ 
pendicular to AB, atid CE is drawn to the 
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middle point JB of the semi -circumference AEB; the 
squares of CD and CE together will be double of the 
square of the semi-diameter. 

Join DO, OE. The angle EOC is a right angle, 
and 4% the square of EC is equal to the sum of the 
squares of EO and OC; but the square of DC is equal to 
the difference of the squares of DO and OC; .\ the 
squares of EC and CD together are equal to the squares 
of EO and DO together, i. e. ^re double of the square of 
EO. 



^^^»^^>»>»'^~».^.^^^ ^^ ^^>* 



(5.) If a straight line be drawn at right angles to 
the diameter of a circle^ and be cut by any other line ; 
the rectangle contained by the segments of this cutting 
line, together with the square of that part of the perpen^ 
dicular line which is intercepted between it and the 
diameter^ is always of the same magnitude. 

Let AB be drawn at right angles to CD >.-n^ 
the diameter of the circle ABC; and let it ^(^"^f 
be cut in G, by any other line EF; the V V 
rectangle EG, GF, together with the square » 

of HG is of invariable magnitude. 

For the rectangle EG, GF is equal to the rectangle 
AG, GB, and the rectangle AG, GB together with the 
square of HG is equal to the square of AH, /. the rect- 
angle EG, GF together with the square of HG is equal 
to the square of half AB^ which is always the same. 



^•^^^ ^>^»» ^»^^^^^.<»^>0»^^^.^»^'*»»^ ** • 
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(6,) A straight line bemg drawn from the centre of 
a quadrat^ bisecting the arc and- meeting a tangent 
drawn from one extremity ; if from any point in the 
bounding radius a line be drawn farall^ to the tangent, 
the sum, of the squares of the segments of it^ cut of* by 
the aforesaid Une and by the drcumferewe will be equal 
to the s^are of the radius. 

From the centre O let OC be drawn 
bisecting the quadrantal arc AB, and meet- 
ing a tangent to the point A in C From 
any point D in AO draw a perpendicular 
DE ; the squares of DF and DE are together equal to 
the square of OB. 

Join FO. Since the ang^ DOE is half a right 
angle, and the angle at /? a right angle, /. 1)E0 \s half 
a right angle, and equal to DOE; whence DE^BO. 
Now the squares of DO and DF are together equal to 
the square of OF; .*. also the squares of DE and DF^xe 
together equal to the square of OF, of OB. In the 
same manner it may be shewn that the squares of GH 
and GI are together equal tg the square of OB. 




(7.) If from a point without a circle there .6e dram 
tuio straight lines, one of which is perpendicular to a 
diamfiter^ and the other cuts the circle ; the square of the 
perpendicular is equal to the rectangle contained by thi 
whole cutting line and the part without the. circle^ toge^ 

ther with the rectangle contained by the segments (^ ^^ 
diameter. 

From the point A. let AB be drawn perpendicular 
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to CD the diameter of the circle DEC, 
and ^FE cutting the circle; the square of 
AS is equal to the rectangles EA, AE, and 
CB, BD together. 

ThTough the centre O draw AGH. The 
squares of AB, BO are equal io th^ square 
of AO, i.e. to the rectangle If^, A6 together with the 
square of GO (End. ii. 6), i.e. to the rectangle HA, 
AG togettier with the reetaHgle &B, BC arid the squjrre 
of OB i and .*. the square of AB is equal to the recfangleis 
HA, AG and DB, BC together. 



(8.) y any straight line be drawn perpehdidilar to 
the diameter of a given circle, and produced to cut any 
chord ; the rectangle contained hy the segments of the 
diameter will he less or greater than the rectangle con- 
tained by the segmenii of the chord, by the square of the 
tine intercepted between them, according as it is drawn 
without or within the circle. 

Let AB meet the diameter CD of 
the circle CGD at right angles in the 
point E, and any other chord GH in 
F; the rectangle CE, ED is less or 
greater than the rectangle GF, FH, hy 
the square of EF, according as AB is 
without or within the circle. 

Take O the centre of the circle, and through it drtiiv 
FOK cutting the circle fn / and A". Then because Kl 
is bisected in O, and produced to,^ the rectangle KF, 
El together with the square of 0/ is equal to the square 
of OF, i. e. fo th^ squares of OE and EF. But when ^ 
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18 without the circle, the rectangle CE, ED together 
with the square of OD is equal to the square of OE, 
.-. the rectangle KF, FI together with the square of 01 
is equal to the rectangle CE^ EDy together with the 
squares of OD, and EF. And since 01 is equal to 
OD^ and the rectangle KF^ FI is equal to the rectangle 
GF, FH, (Eucl. iii. 36. Cor.) ; /. the rectangle GF, 
FH is equal to the rectangle CE, ED t<^ther with the 
square of EF. In nearly the same manner it is demon- 
strated if AB be within the circle. 



'**i 



(9.) If a diameter of a circle he produced to Insect 
a Rne at right angles, the length of which is the doubk 
of a mean proportional between the while line through 
the centre and the part without the circle ; and from am/ 
point in the double of the mean proportional a line he 
drawn cutting tlie circle; the sum of the squares of the 
segments of the double mean proportional will he equal 
to twice the rectangle contained by this cutting line and 
the part without the circle. 

Let the diameter BA produced bisect 
DCE at right angles, and let CD and CE 
be each a mean proportional between AC 
and CB ; and through any point F let 
FGH be drawn cutting the circle in G and 
Hi the squares of DF^ and FE are together equal to 
twice the rectangle GF, FH. 

Since the rectangle ACy CB is equal to the square of 
CD, the rectangle ACj CB together with the square of 
CF is equal to the squares of CD and CF. But (viii.«.) 
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the rectangle AC, CB together with the square of CF 
is equal to the rectangle GF, FH; whence the rectangle 
GFf FHis equal to the squares of CD and CF together; 
and the doubles of equals are equal, .'. twice the rect- 
angle GF, FH is equal to twice the squares of CD and 
CF together, i. e. to the squares of DF and FE together 
(EucK ii. 9.). 

Cor. If from F tangents be drawn to the circle^ the 
sum of their squares will together be equal to the sum 
of the squares of DF and FE. 



^^s»^v»^^'#s<s^^,r«#>^^.^.^^ 



(10.) If from a point without a circle two straight 
lines be drawn, one through the centre to the circumfe- 
rence, and the other perpendicular to it, and on the former 
a mean proportional he taken between the tfihole line and 
the part without the circle; any other line passing' 
thr€mgh that extremity of the mean proportional tvhich 
is within the circle, and terminated by the circumference 
and perpendicular, will be similarly divided. 

From a point C without the circle 
ABG, let CAB be drawn through the 
centre; take a point D such that AC : 
CD :: CD \ CB; and from CletC^ 
be drawn perpendicular to CB; if through D, any line 
EFG be. drawn terminated by the circumference and the 
perpendicular CE, EF : ED :: ED : EG. 

For the rectangle AC, CB together with the square 
of CJE is equal, by construction, to the squares of DC, 
CE, i. e. to the square of DE. But (viii. 8.) the rect- 
angle AC, CB together with the square of CE is equal 
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to the rectangle PE, EQ ; .-. the recUngle FE, EG 
is equal to the square of EDi 

and EF : ED :: ED : BG. 



"^^n^i^y^^s^ 




(11.) Jff^a chord be drawn parallel to the diameter of 
a circle^ and from any paint in the diameter Imes be 
drawn to its extremities ; the sum (^ their sqamres will 
be equal to the sum of the squares t^the segments of the 
diameter. 

Let CD be drawn parallel to AB the 
diameter of the circle ACD ; and from any 
point E in AB, let EC, ED be drawn ; the 
squares of EC and ED are together equal 
to the squares <yf EA and EB. 

Take O the centre, and join CO, DO; and let fall 
the perpendiculars OF, DG. Then since CD is parallel 
to AB, the angles AOC, BOD are equal, and OF^ 00. 
Now(Eucl. ii. 12,) CE^^CO*+OE*+20FxOE, 
and (Eucl. ii. 13.) ED*^D(^ + 0E'-'20Gx OE, 
whence the squares of CE^ ED are equal to twice the 
squares of CO, OE, or twice the squares of AO, OE, 
i.e, to the squares of AE, EB (Eucl. ii. 9.). 



(12.) Jf through a point within or without a circle j 
-Jwo straight lines be drawn at right angles to each other, 
and meeting the circumference ; the squares of the seg- 
ments (f them are together equal to the square of the 
diameter. 
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Let AB, CD cut one 

another at right angles in E; 
the sum of the squares of AE, 
EB^ CEy ED will be equal to 
the square of the diameter. 

Draw the diameter AF. Join FB, BC, FD, DA ; 
then ABF being a right angle is equal to AED^ and 
.-. BF is parallel to CD, and (ii. 1. Cof. 2.) BC^FD. 
And since the angles at E are right angles, the squares 
of CEy EB are equal to the square of Cfl, f. e. to the 
square of DF\ but the squares of AEy ED ate equal 
to the square of AD\ .-. the squares of CE, EB, AE, 
ED are equal to the squares AD, DF, i. e. to the square 
of AFy ADF being a right angle. 



^i^^^^>^^i^-^«<s».^>^'^s«>.».^^>^<»^^^i»^ 



(^^0 \ff^^'^ ^ point without a circle there be drawn 
two straight, lines, one of which touches the circle and the 
other cuts it ; and from the point of contact a perpen- 
dicular be drawn to the diameter ; the square of the line 
which touches the circle is equal to the square of that 
part of the cutting line which is intercepted by the per^ 
pendkulaf, together with the rectangle contained by the 
segments of that part of it uJiich is mthin the chxle. 

From the point A without the cir- 
cle BCD let two lines AB, AC be 
drawn ; of which AB touches the cir- 
cle, and AC cuts it s and from B let 
BFG be drawn perpendicular to the diameter ; the square 
of AB is equal to the square of AE together with the 
rectangle CE, ED. 
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For the square of AB is equal to the squares of AFj 
FB. But (Eucl. ii. 5.) the square of FB is equal to 
the rectangle BEj EG together with the square, of EFj 
i. e. to the rectangle CE^ ED together with the square 
of EF\ .*. the square of AB is equal to the squares of 
AFy FE togelther with the rectangle CE, ED, t. e. to 
the square of AE together with the rectangle CE, ED. 



^^^■»«^^^i^^^^i» A^^^i^<^^^^^«^^^-^ 




(14.) A straight line drawn from the concourse of 
two tangents to the concave circumference of a circle is 
divided harmonically by the convex circumference and the 
chord which joins the points of contact. 

Let ABj AC touch the circle 
ADC, and AGE cut it. Join BC\ 
then will 

AE : AG :: EF : FG. 

On EG 2Ld diameter describe a 
circle EHGy and through F draw HFl perpendicular to 
EG. Join AH. Then the rectangle JBF, FC is equal 
to the rectangle EFy FGy i. e. to the square of HF, or 
the rectangle HF, FI; and .\ the points Hy JB, /, C 
are in the circumference of a circle. And since'the square 
of AH is equal to the squares of AF, FH, or to the 
square of AF and the rectangle J?F, FC, i. e. to the 
squares of AK, KF, together with the rectangle JBF, FC, 
i. e. to the squares of AK, KB, or to the square of AB ; 
.". AHz=zAB\ and since the square oi AH is equal to the 
rectangle EA, AG, AH is a tangent at H. And since 
EG is a diameter, (ii. 42.) 

AE : AG :: EF i GF. 
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(15.) If from the extremities of any chordin a circle 
straight lines be drawn to any point in the circumference 
meeting a diameter perpendicular to the chord ; the rect- 
angle contained by the distances of their points of intern- 
section Jrom the centre is eqiuil to the square described 
upon the radius. 

From A and J5, the exti-enoities of 
the chord AB, let ACy BC be drawn 
to any point C in the circumference; 
and let them meet a diameter perpen- 
dicular to AB in D and E. Take O 
the centre^ the rectangle DO, OE is equal to the 
square described on the radius. 

Draw the diameter BOG. Join CGy CO. Since 
the angle OCB is equal to OBC, and BOC to FAD, 
and that CBG, and BGC together are equal to a right 
angle ; .*. OCE and FAD together are equal to a right 
angle, and .*. to FAD and y^DF together ; hence OCE 
is equal to ADO, .\ the triangles COD, COE are equi- 
angular, 

and DO : OC :: QC : OE. 
.*. the rectangle DO^ OE is equal to the square of OC. 



^■^^^^^■^^■^»^»^'*'.^^<^i»^«r^^^'^>^* 



(16.) If from any point in the base or base produced, 
of the segment of a circle^ a litw be drawn making th^e- 
with an angle equal to the angle in the segment, and 
from the extremity of the base any line be drawn to the 
former, and cutting the circunference ; the rectangle cou' 
tained by this line and the part of it within the segment 
is always of the same magnitude. 

M M 
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Let j4BC he a segment of a circle 
on the base AC; and from any point 
D, let DE be drawn, making with AC 
an angle equal to the angle in the seg- 
naent, and meeting any line AB drawn from thecKtremity 
A ; the rectangle EA, AB is of invariable magnitude. 

Since the angle ADE is equal to ABC, and the 
angle at A common to the triangles ADE, ABC^ the 
triangles are .'. similar ; whence 

AD : AE :: AB : AC, 
and the rectangle AE, AB is equal to the rectangle AD, 
ACf which is invariable. 



(17.) To determine the hcus of the extremities of 
any number of straight lines drawn from a given pointy 
so that the rectangle contained hy each and a segment 
cut off from each by a line given in position may be equal 
to a given rectangle. 

Let A be the given point, and DE the 
line given in position. Draw A6F per- 
pendicular to DE; and take AF such that 
the rectangle AG, AF may be equal to the 
given rectangle; and on AF as diameter 
describe a circle ; it will be the locus required. 

Draw any line AC; and join FC. The triangles 
ABG, AFC being similar, 

AF : AC :: AB : AG, 
/. the rectangle AC, AB is equal to the rectangle j^F, 
AG J L e. to the given rectangle. And the same may be 
fR'oved of any other line drawn from A to the circutn- 
fetence, which .•. is the locus. 




'»'^«^^»i#«^<»«»«^>»i»<^^<^#s»V^>»^^^>»^ 
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(18.)* If from a given point two straight lines be 
druttvn, containing a given angle^ and such that their 
rectangle may h$ equal to a given rectilineal figure^ and 
one of them he terminated by a straight line given in 
position ; to determine the locus of the extremity of the 
other. 

■ 

Let A be the given point, and BC the 
line given in position. From A draw AD 
perpendicular to BC\ and draw AE, 
making with it the angle DAE equal to 
the given angle; and make AE of such 
a magnitude that the rectangle AD, AE may be equal 
to the given figure. On AE as diameter describe a 
circle AFE ; it will be the locus required* 

Draw any other Vine, AB, and AF making with it the 
angle FAB equal* to the given angle; join FE. Then 
the triangles ABD, AFE, being equiangular, 

AB : AD :: AE : AF, 
whence the rectangle AB, AF is equal to the rectangle 
AD, AE, I, c. to the given figure ; and the same may be 
provedj of any other two lines, similarly drawn from A. 




(19.) If from the vertical angle of a triangle two 
lines be drawn to the base making equal angles with the 
adjacent sides ; the squares of those sides will be propor- 
tional to the rectangles . contained by the adjacent seg- 
ments of the base. 

Let AD, AE he drawn firom ihe ver- 
tical angle A making equal angles BAD, 
EAC with the adjacent sides; then will 
AB" : AC^ :: BDxBE : CDx CE 
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About the triangle ADE describe a circle^ cutting 
ABj ^C (produced if necessary) in G and F. Join FG. 
ITien (Eucl. iii. 26.) the arcs GD, FE are equal, /. 
(ii. 1 . Cor.) FG is parallel to 5C ; 

.-. AB : AC :: BG : CF, 
and AB^ : AC :: ABxBG : ^Cx CF 

:: BDxBE : CDxCE (Eucl. iii. 36.). 



(20.) i/* a line placed in one circle be made the 
diameter of a second, the circumference of the latter 
passing through the centre of thejbnner ; and any chord 
in the former circle he drawn through this diameter per- 
pendicularly ; the rectangle contained by the segments 
made by the circumference of the latter circle will be 
equal to that contained by the whole diameter and a mean 
proportional between its segments. 

Let a line AC, placed in the circle 
ADC, be the diameter of the circle ABCy 
whose circumference passes through the 
centre of ADC Through any point B 
let a line DBE be drawn perpendicular 
to AC\ the rectai>gle DB, BE is equal 
to the rectangle AC, BF. 

Draw CBG. And since the circumference ABC 
passes through the centre of AGD, /. (ii. 60.) AB is 
equal to BG, and the rectangle AB, BC is equal to the 
rectangle GB, BC, L e. to the rectangle DB, BE. Also 
the rectangle AB, BC is equal to the rectangle AC, BF, 
(Eiicl vi. C), /. the rectangle DB, BE is equal to the 
rectangle AC, BF. 
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(21.) Jf semicircles 'be described on the segments of 
the base mctde by a perpendicular drawn from the right 
angle of a triangle ; they tvill cut off* from the sides, 
segments which will be in the triplicate ratio of the sides. 

From the right angle B let BD be 
drawn perpendicular to AC\ and on 
AD, DC let semicircles be described, 
cutting AB, CB in E and F; AE : 
CF in the triplicate ratio of AB : CB. 

Join DE, DF; they are perpendicular to AB, BC 
respectively ; .\ (Eucl. vi. 8. Cor.) 

AC : AB :: AB : AD 
AB : AD :: AD : AE; 
hence AC : AE in the triplicate ratio of. AC : AB. 
In the same manner it may be shewn that 

AC : CF in the triplicate ratio of AC : CB, 
.*. inv. and ex cequo, 

AE : CF in the triplicate ratio of AB : CB. 



(22.) If from any paint in the diameter of a semi- 
circle a perpendicular be drawn, and from the extre^ 
mities of the diameter lines be drawn to any point in the 
circutnference, and meeting the perpendicular ; the rect- 
angle contained by the segments which they cut off from 
the perpendicular, ivill be equal to the rectangle con- 
tained by the segments of the diameter. 

• ■ • 

From any point Z> in the diameter 
>#C of the semicircle ABC, let a perpen- 
dicular DF be drawn ; and to any point 
S in the circumference let the lines ^^} 
CB be drawn^ meeting the perpendicular 
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in E and F; the rectangle FD, DE is equal to the 
rectangle jID, DC. 

Since the angle j4BC in a semicircle is a right angle, 
FBE is also a right angle, and .\ equal to FDC; and 
the vertically opposite angles at E are equal, .*. the 
angle BFE is equal to ECD, and the triangles FDA, 
DEC are equiangular, 

and FD : DA :: DC : DE, 
•*. the rectangle FDy DE is equal to the rectangle AD, 
DC. 



'^ ^ •^^*0*^^-^<^<^i^ ^^^^ ^»»»^^^^^-^N^^ 



(23.) If from the point of bisection and any other 
point in a given arc of a circle, two parallel lines be 
drawn, the former terminated by the drcumference, the 
latter by the chord of the arc ; the rectangle contained 
by these two lines will be equal to that contained by the 
lines which join the latter point with each extremity of 
the given arc. 

From C the middle point of the arc 
ACB, and D any other pointy let any two 
parallel lines CE, DF be drawn, of which 
CE is terminated by the circumference of 
the circle, and DF by the chord AB. 
Join ADj DB ; the rectangle CE, DF is equal to the 
rectangle AD, DB. 

Draw DG perpendicular to AB ; draw the diameter 
CH; and* join EH. The angle FDG being equal to 
ECH, and the angles at G and E right angles, the tri- 
angles FDG, ECH are equiangular, 

/. DG : DF :: EC : CH, 
whence the rectangle EC, DF is equal to the rectangle 
DG, CH, i. e. (Eucl. vi. C.) to the rectangle AD, DB. 




'»«»i»^^i^»i»^<^#^^^l^^^ ^ ^^^'rf^^^^X> 
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(^.) If two circles cut each other, and from either 
point of intersection lines be drawn nieeting both circum- 
ferences; the rectangles contained hy the segrnents of 
these lines are to one another in the ratio of the perpen- 
diculars drawn from their intersection with inner cir^ 
cumferences upon the line joining the intersections of the 
circles. 

Let the two circles ABC, ABE cut 
eac\i other in A and B; join AB-, and 
from B draw any two lines BC, BD cutting 
the circles in E, JP, Cy D ; let fall the per- 
pendiculars EG, FH; the rectangles BE, 
EC and JBF, FD are to one another as 
EO to FH. 

Join AD, AC. Since the angle AFB^AEB, .\ 
AFJO^AEC; but ADF^ACE in the same segment, 
.•. the triangles AFD, AEC ^ve similar; 

and EC : EA :: FD : FA. 
But EC: EA :: ECxEB : EAxEB 

= EG X diameter of the circle ABE, 
and FD : FA :: BFx FD : BFx FA 
— FHx diameter of the circle ABE^ 
whence ECx EB : BFx FD :: EGxD : FHx D ;: 

lEG : FB. 




►^^^■^1^.^^ 



(S5.) If on opposite sides of any point in the chord 
of a circle two lines he taken, one terminating in the 
chord, the other in the chard produced, whose rectangle 
is egual to that contained by the segments of the chord; 
and the extremities of the lines so taken be Joined to those 
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of any other chord passing through the same point ; the 
line joining their intersections of the circle tvill be 
parallel to thejirst chord. 

On opposite sides of any point C 
of the chord AB of the circle ABG 
let two lines CD and CE be taken, 
such that the rectangle DC, CE may- 
be equal to the rectangle ACy CB; 
and through C let. any chord GCF .be drawn, and DF, 
OE joined, meeting the circumference in H and /. 
Join HI ; it will be parallel to AB. 

Since the rectangle Z>C CE is equal to the rectangle 
AC, CB, I. e. to the rectangle GC, CF, 

.-. DC : CF :: GC : CE, 
.\ the triangles DCF, GCE are equiangular, and the 
angle FDC is equal to CGE or FHI in the same seg- 
ment ; /. HI is parallel to AB. 



^^^**«»^^^»^*^^i^.^^^>^-^^».^.^^ 



(26.) If from two points without a circle two tan- 
gents be drawn, the sum of the squares of which is equcd 
to the square of the line joining those points ; andjrohi 
one cf them a line be drawn cutting the circle, and two 
lines from the other point to the intersections with the 
circumference ; the points in which these two lines cut 
the circle, are in the same straight line with the former 
point. 

From A and B two points without the circle CDE 
let tapgents AC, BD be drawn^ such that the sum , of 
their squares may be equal to the square of AB. ■ If 
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from A any line AFE be drawn> 
and jBF, be joined ; the points 
Aj H, G will be in a straight line. 
In AB take a point /, so that 
the rectangle AB, JB/may be. equal 
to the square of BD. Join IF, 
IHy AHf HG. Then the rect- 
angles AB, A I and AB, Bl are together equal to the 
square of AB, L e. to the squares pf AC, BD ; /. the 
rectiingle AB, A I is equal to the sqiiare of AC or to the 
rectangle AF, AE ; 

.-. AF : AB :: AI : AE, 
and .*. (£ucl. vi. 6.) the. angle AIF is equal to AEB^ 
whence also FIB^FHG. Now the rectangle BI, BA 
being equal to the square of BD, or to the rectani^e 
BH.BF, 

.\ BF: BA :i BI : BH, 
and .\ the angle AHB is equal to FIB, or FHG ; and 
BHF is a straight line^ .\ AHG is a straight line. 



i»Hf^>0'»-^tri^»^l^^* 



(27.) If from the vertex of a triangle there be dravm 
a line to any 'point in the base, from which point lines 
4Mre drawn parallel to the sides i the sum of the rectangles 
of each s^e and its segment a^acent to the vert^ will 
be equal to the s^are of the line drawn from the vertex 
together with the rectangle contained by the segments of 
the base. 

From the vertex ^ of the triangle ^BClet a line AD 
be drawn to any point D in the base ; from which let 
DF, DE be drawn parallel respectively to AB^ AC\ the 

N N 
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rectangles B^y AEy «nd CA^ AF will 
together be equal to the square of AD, and 
the rectangle BD^ DC together. 

About ABC let a circle be described ; 
and let AD meet the circle in G. Join 
J3G, GC. From E draw EH, making the angle AHE 
equal to ABG. Produce AB to /• Because the angles 
AHE, ABG are equal, the points E, B, G, H are in 
the circumference of a circle, /. the rectangle BA, AE 
is equal to the rectangle GA, AH; and the angle EHD 
will also be equal to GBI, i. e. to ACG. And because 
AC, DE are parallel, the angle EDH is equal to GAC\ 
hence the triangles EDHj 6^ Care equiangular, 

and .-. AC : AG :: DH : DE, 
and the rectangle AG, DH is equal to the rectangle AC, 
DEj .1. e. to the rectangle AC, AF. And, because the 
rectangle BA, AE is equal to the rectangle GA, AH 
'End the rectangle CA, AF to the rectangle AG, DH, 
.•. the rectangles BA, AE and CA, AF are together 
equal to the rectangles GA^ AH, and GA, DH, i. e. to 
GA, AD or to the rectangle AD, DG together with the 
square of AD; or to the rectangle BD, DC together 
with the square of AD. 



« g^'^^* ■*s*-*>^^^»r'.^^*^^*^^ ■ x ^.*^^^^* 



. f38.) If' on the chord of a quadrantal arc a semi^ 
circle be described ; ihe area of the lune so farmed will 
be equal to the area of the triangle Jhrmed Ay the chard 
and terminating radii of the quadrant. 

Let ABO be a quadrant, on the chord 
of which let a semicircle ADBhe described ; 
the lune ADBE is equal to the triangle 
ABO. 
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Since circles are as the squares of their fadii» the 
quadrant JEBO : JDC :: AO^ ; AC^ :\ 2 : 1, /. 
the quadrant AEBO is equal to the semicircle ADB; 
and taking away the part AEBC, the lune ADBE is 
equal to the triangle ABO. • 
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(29.) If from the extremities (fthe side of a square 
circles be described with radii equal the former to the side, 
and the latter to the diagonal of the square ; the area of 
the lune so formed will be equal to the area of the square. 

From Z> and C the extremities of DC 
the side of a square, with radii DB and 
CBf let circles be described, cutting each 
other again in £ ; the area of the lune 
BFE is equal to the square AC. 

Join CE, ED. Since BC is equal to CE\ and CD 
is common, and BD is equal to DE^ .'. the angles BCE, 
ECD are equal ; whence BE is a straight line ; also the 
angles BDC, EDC are equal ; and BDC being half a 
right angle, BDE is a right angle ; .*• the arc BE is a 
quadrant; .*. the lune BFE is equal to the triang^le 
JBDE (viii. 28.) t . e. to the square AC 




(30.) If on the sides of a triangle inscnbed in a 
semicircle, semicircles be described, the tujo lunes formed 
thereby will together be equal to the area of the triangle. 

Let ABC be a triangle inscribed in a semicircle. 
On ABf BC let semicircles ADB, BEC be described ; 
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the lunes ADBF, BGCE are together 
equal to the triangle ABC. 

Since the areas of circles are as the 
squares of their diameters, the semi- 
circle ABC : ADB :: AC : AB", 
and ABC : BEC :: AC^ : BC^ 
/. ABC I ADB+BEC :: AC^ : AB'+BC^ 
I.e. in a ratio of equality, /. ABC = -4DJ8 + BEC^ 
from these equals take away the segments AFB, BGCy 
and the triangle ABC=AFBD + BGCE. 



(31%) If on the iux) longer sides of a rectomguhtt 
parallelogram as diameters, two semicircles be described 
towards tfie same parts ; the^figure contained by the two 
remaining sides of the parallelogram and the two cir^ 
cumferences shall be equal to the parallelogram. 

Let ABCD be a rectangular parallel- 
ogram, on the sides AB^ DC of which 
tet semicircleis AEB, Z>FC be described; 
the figure DAEBCHFG is equdl to 
ABCD. 

Since AB = DIO, the semicircles are equal ; from 
each of which take away FGH, and AGFHBE =: 
DGHC; if to these equals be added ADG and BHQ 
the whole ADGFHCBE will be equal to the whole 
ABCD. 




>^S^i»«^i#>^ 



(32.) J^two points be taken at equal distances frotn 
extremities of a quadrant j and perpendiculars be 



Sett. 8.] GEOMETRICAL PROBLEMS. 385 

drawn from these points to the radius ; the mixtilinear 
space cut off^ shall be equal to the sector which stands on 
the arc between them. 

Let two points Cy E h^ taken at equal 
distances from A and B^ the extremities of the 
quadrant AB ; and let fall the perpendiculars 
CD, EF on AO. Join CO, EO; the figure 
CDFE is equal to the sector COE. 

Since the arc AC^EB, the angle ^OC=JEOB = 
OEF, and the angles at D and F are right angles^ and 
CO = OE, .-.the triangle COD -EOF; from each of 
these take awajr OFJ/, .\ DFHC^OHE; to each of 
these add CHE, and CDFE = COE. 




(33.) If the arc of a semicircle be trisected, and 

Jrom the points of section lines be drcnvn to either extre^ 

tnity of the diameter ; the difference of the two segments 

thus made, unll be equal to the sector which stands on 

either of the arcs. 

Let the arc of the semicircle ACB be 
divided into three equal parts in the 
points C, and D. From A the extre- 
mity of the diameter draw AC, AD ; 
take O the centre, and join OC, OD ; the difierence of 
the segments AC and ACD is equal to the sector COD. 

Since the -angles CAD, DAB stand on equal cir- 
cumferences, they are equal ; but the angle DAO = ODAy 
.-. CAE^EDO; and CEA=^OED, .-. the triangles 
CAE, EOD are equiangular ; and since OE is drawn 
bisecting the vertical angle O of the isosceles triangle 
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AODf it bisects the base, /. AE^ED\ and conse- 
quently the triangle AEC is equal to the triangle DOE; 
add to each CED, and CAD =^ COD. 




(34.) If a straight line be placed in a circle, and on 
the radius passing through one extremity, as a diameter, 
another circle be described ; the segments of the tuso 
circles cut off by the above straight line will be similar, 
and in the ratio of Jour to one. 

Let EC be a straight line placed in the 
circle ABC. Take O the centre, and join 
OC; and upon it describe a semicircle ODC. 
The segments EAC, DGC are similar, and 
in the ratio of 4 : 1 . 

Join OD, and produce it both ways to the circuni- 
ference. Take F the centre of the semicircle ODC. 
Join OE, FD. Then ODC being a right angle, ED 
^DC, and OF=zFC, .-. (Eucl. vi. 2.) DF is parallel 
to EO; 

and CE : EO :: CD : DF, 
and the segments EAC, DGC ^re similar; 

whence EAC : DGC :: EC* : CD" :: 4 : 1. 

CoR. The segment ADC is bisected by the circumr- 
ference DGC. 



(35.) If on any two segments of the diameter of a 
semicircle semicircles be described; the area included 
between the three circumferences will he equal to the 



Sect. 8.] 



GEOMETRICAL PROBLEMS. 



287 




area of a circle^ whose diameter is the mean proportional 
between the segments. 

On -^jD, and DC, segments of jIC 
the diameter of the semicircle ABC 
let semicircles JED, CFD be de- 
scribed; from D draw DB perpendi- 
cular to j4B^ and .*. a mean propor- 
tional between AD and CD ; the figure AEDFCB is 
equal to the circle described upon DB. 

Join AB^ BC. Since ADB is a right angle^ the 
semicircle on AB is equal to those on AD and DB 
together ; and the semicircle on BC is equal to those on 
BD and DC; r. the semicircles on AB ^nd BC, or the 
semicircle ABC which is equal to them, will be equal to 
the semicircles AEDy DEC and the circle described 
upon DB. From these equals take away the semicircles 
AED, DEC, and the figure AEDFCB is equal to the 
circle described upon DB, 



^^^«V#^»^.^^^^^^^^S^S^«^^^.^ « 



(36.) If the diameter of a semicircle be divided into 
any number of parts, and on them semicircles he de- 
scribed; their circumferences will together be equal to 
the circumference of the given semicircle. 

m 

Let AB the diameter of the semi- 
circle ACB be divided into any num- 
ber of parts in the points D, E; and 
on AD, DE, EB, let semicircles be 
described; their circumferences are 
together equal to ACB, . 

For since the circumferences of circles are as their 
diameters^ 
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ACB : AFD :: AB : AD 

ACB : DGE :: AB : DE 

ACB : EHB :: AB : EB, 

whence ACB : AFD + DGE + EHB :: AB : ^/) + 

IDE+EB, 
in which proportion the third term being equal to the 
fourth^ 

ACB^ AFD + DGE + EHB. 



(37.) If tux) equal circles cut each other^ andjrom 
either point of section a line be drawn meeting the two 
circumferences ; the area cut off* hy the part of this line 
between the two circumferences will be equal to the area 
of the triangle contained hy that part and lines drawn to 
its extremities from, the other point of section. 

Let the two equal circles ADB, ACB 
cut each other in A and B ; and from A 
draw any line AC^ cutting the circles in D 
and C; join DB, BC; the figure DbBcCD 
is equal to the triangle DBC. 

Take Any points E, F in the circumferences AEB^ 
AFB; join AE, EB, AF, FB. Since the arcs ADB, 
AFB are equal, the angles ADB, AFB are equal. But 
the angles AFB, AEB are equal to* two right angles, and 
.-. to ADB, BDC ', whence the angle JBZ)C=^^5 = 
ACB, and BD = BC; .\ the segment DbB is equal to 
the segment BcC; to each of these add DbBC, and 
the triangle DBC is equal to DbBcCD. 

Cor. If AE is a tangent to ADB at A ; the area 
ADbBcCEA will be equal to the triangle ABE. 
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(38.) If two equal circles touch each other externally, 
and through the point of contact another he described 
with the same radius ; the area contained by the convex 
circumferences cut off from the touching circles, and the 
part of the third without them, is equal to the area of the 
quadrilateral jigure formed by lines drawn from the 
points if intersection to the point of contact, and to the 
point where the third circle is cui by a tangent drawn 
to the point of contact of the two circles. 

Let two equal circles touch each other 
in A ; and through the point of contact let 
an equal circle ABC be described^ cutting 
the former in B and C, Join AB, Ad 
and to the point A let a tangent AD be drawn ; join BD, 
DC. The area contained by AEB, AFC and the inter- 
cepted arc BDC is equal to the quadrilateral figure 
ABDC. 

Since DA touches the circle AEB, the angle DAB 
is equal to the angle in the alternate segment, and •*. 
equal to the angle in the segment JBCA, i. e. equal to the 
angle BDA, whence BA^BD; /• the segment BE A 
is equal to the segment BGD ; and AEBGDA is equal 
to the triangle ABD. In the same manner it may be 
shewn that AFCHDA is equal to the triangle. ^CD; 
.*. AEBGHCFA is equal to the quadrilateral figure 
ABDC. 




' (89.) If a straight line be divided into any two parts, 
and upon the whole and the two parts semicircles be de^ 
scribed ; and from the point of section a perpendicular 
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Ife drawn, qh each Hde of which circles arc described 
foncAing U and thf semicirchs; these circles will be 
equal. 

Let /4B be divided into any 
two parts in C; and on AB^ AC^ 
CB let semicircles be described ; 
from C draw the perpendicular 
CD, on each side of whicli let 
a circle be described touching 
the perpendicular and each of the semicircles. These 
circles are equal. 

Let EFGH touch the perpendicular in Hy and the 
semicircles in F and G. Draw the diameter J^ff parallel 
to^B. Join F$^ EA; AFmW be astraight line (ii« 35.)- 
Vroduce it to ai^t the perpendicular in D. Join FH^ 
fiBi FB will also be a straight line, and perpendicular 
to AD at the point F. Join EG, GC, HG, GA\ EC 
..and HA will also be straight lines. Produce AH to /. 
Join Bl; it will be perpendicular to AIj and pass 
through Dj sinc^ the perpendiculars to the three sides 
of the triangle AHB meet in a point. And since the 
angles \4GC, AIB are equal, -EC is parallel to DB, 

..AD : DE r. AB : BC; 
and AC^ HE are parallel, 

..AD : DE :: AC : EH, 
..AB : BC :: AC : EH, 
whence the rectangle AC, CB is equal to the rectangle 
AB, EH. In the same manner it may i^ proved that 
the rectangle AC, CB is equal to the rectangle AB, KL, 
^iTI' b^ing the diameter of the other circle drawn parallel 
to AB. Hence EJH^KL, and the circles are equal. 
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Sect. IX* 

(1.) Grn;6n one angle, a side adjacent to it, and the 
difference of the other two sides ; to construct the tri- 
angle. 

Let CB be equal to the given 
side; draw the indefinite line C^^ 
making with it an angle equal to 
the given angle ; and cut off CD 
equal to the given difference. Join 
BD ; and make the angle DBA equal to BDA ; ABC 
is the triangle required. 

The angle DBA being equal to ADB, the side Al) 
is equal to AB ; and the difference between CA and AB 
is equal to CD^ i. e. the given difference% 




(3.) Given one angle, a side opposite to^ it, and the 
difference of the^ other two sides ; to construct the tri^ 
angle. 

In any line CA, (see last Fig.) take CD equal to th? 
given difi&renee; make the angle CDB greater than a 
right angle by half the given angle ; from C draw CB 
equal to the given side, and meeting DB in B\ and 
make the angle DBA equal to BDA ; ABC is the tri- 
angle required. 

Since the angles ~^^jD, ADB are equal, AB is equal 
to AD I /. the difference between CA and .^B is equal 
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to CD, i. e. to the given diflference. Also the angle at 
A is equal to the difference between the angles CDS, 
DBAj or CDB, BDAy i. e. to the given angle. And 
CB was made equal to the given side. 



^ f i^^^i^^^^ »^s»«#»^^«»i»^<^^^» »>»^«# 



(3.) Given the hose and one of the armies at the 
hose ; to construct the triangle, when the side opposite 
the given angle is equal to half the sum of the other side 
and a given Kne. 

Let AB be the given base^ and ABC 
the given angle; produce CB to D, 
making BD equat to the given line. 
Join AD; and from B to AD draw 
BE, equal to half BD. From A draw 
AC parallel to BE ; ABC is the triangle reiquired. 

For AB and ABC are made equal to the given base 
and angle ; and since BE is parallel to AQ 
AC : CD :: BE . BD .: I : 2. 




^^.^.*«^^>»i»^^«^<»^^i^»»^^«i^^^i^i^^^ 



(4.) Criven the base of a right-angled triangle, and 
the sunt of the hypothenuse and a straight line, to which 
the perpendicular has a given ratio ; to construct the 
triangle. 

Let AB be equal to the given 
base. From B draw BC perpen- 
dicular to it, and such that it may 
have to the given sum^ the given. 
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ratio. Join CAj and produce it ; and from B to CD, 
draw BD equal to the given sum. From j4 draw AE 
perpendicular to AB ; ABE is the triangle required. 
For AE being parallel to BC^ 
AE : ED :: BC : -BD, i. e. in the given ratio; 
/. AE is equal to the perpendicular; and AB was made 
equal to the given base. 



^».^^^>»X#'^«»'^i#^«#<»<'^S^^^^^.*»».»»» 




(5.) Given the perpendicular drawn from the ver- 
tical angle to the base, and the difference between each 
side and the adjacent segment of the base made by the 
perpendicular ; to construct the triangle. 

From any point C in an indefinite line 
JiB, erect a perpendicular CD equal to the 
given perpendicular; and take CE equal to 
the given difference between the side and a. k c y a 
adjacent segment on the opposite side of the perpendi- 
cular. Also take CF equal to the other given difference^ 
Join EDy FD; and make the angle FDA=DFA, and 
EDB^DEBi ADB is the triangle required. 

Since the angles ADF, AFD are equal, AD=sAF^ 
.•. the difference between AD, AC is equal to CF, i. e. to 
the given difference. In the same manner the difference 
between BD and BC is equal to CE, u e. to the given 
diflferenoe* 



(6.) Given the vertical angle, and the base ; to con- 
struct the triangle, when the line drawnjrom the vertex 
cutting the base in any given ratio, bisects the vertical 



angle. 
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Let AB be equal to the given base; 
and upon it describe a segment of a circle 
containing an angle equal to the given an- 
gle ; and let the base be divided in the 
given ratio in D. Complete the circle; 
and bisect the arc ACB in C; join CD, and produce it 
to E ; join AE, EB ; AEB is the triangle required. 

For AEB is equal to the given angle j and since the 
arc AC^ CB, the line ED, which divides AB in the 
given ratio in D, makes the an'gle AED s DEB. 



<S»>#.O^S»^^S»<^l^^^l^»^i<»>»»^»^#^N^«»>» 




(7.) Given the vertical angle, and one of the sides 
containing it ; to construct the triangle, when the line 
drawn Jirom the vertex making a given angle with the 

base, bisects the triangle. 

» 

Let AB be equal to the given side ; and 
on it describe a segment of a circle containing 
an angle equal to the given angle made by the 
bisecting line with the base; and make the 
angle ABC equal to the given vertical angle. 
Bisect AB in D ; and draw DE parallel to BC, meeting 
the circle in E\ join AE, and produce it to C; ABC 
is the triangle required. 

Join BE. Since DE is parallel to BC, (Eucl. vi. u.) 
AE is equal to EC, and /. BE bisects the triangle; and 
it makes with the base AE an angle equal to the given 
angle. Also AB is equal to the given side, and ABC 
to the given angle at the vertex. 
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(8.) Owen one angle, a side opposite to it, and the 
sum of the other two sides ; to construct the triangle. 

» 

Let AB be the given side. Upon it 
describe a segment of a circle containing an 
angle equal to half the given angle ; and 
firom A draw AC equal to the given sum of 
the two sides ; join BC ; and make the angle CBD 
equal to BCD ; ABD is the triangle required. 

Since the angle DCB is equal to DBC, DB is equal 
to DC; .\ ADf DB together are equal to the given sum. 
And the angle ADB is equal to DBC, DCB, i e. to 
twice DCBy and .\ is equal to the given angle. 




m^»»* » »»» »>^i»»»«#s»^»»i»i»^»^^^^'i»^^ 



(9.) Given the vertical angle, the line bisecting the 
basCi and the angle which the bisecting line makes with 
the base ; to construct the triangle. 

On any line AB describe a seg- ^^ 

ment of a circle containing an angle .V^'^^nsNv 

. equal to the given angle. Bisect • ^^ ^^^^^ / ^g\ 
AS in C; and at C make the angle 
BCD equal to the given angle which the bisecting line 
maizes with the base ; produce it, if necessary, till CE is 
equal to the given line ; draw EF, EG respectively 
parallel to DA, DB; EFG is the triangle required. 

• For FE and EG being respectively parallel to DA, 



FC : CE :: (^C=) CB : CD :: CG : CE, 
.*. FC=iCG, and EC, which is equal to the given line, 
bisects the base; and the angles F£C, CBG being equal 
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to the angles /iDC, CDS, PEG h equal to ADB, %. e. 
to the given angle. 



^»<»^'#'i»i»<»^«»i^^^»»«»i^»«»i»>»i^<»» »^» 




(10.) Given the vertical angle^ the perpendicular 
drawn from it to the base, and the ratio of the segments 
of the hose made by it ; to construct the triangle^ 

Take any line AB, and on it describe 
a segment of a circle containing an angle 
equal to the given angle. Divide AB in 
€y in the given ratio ; and from C draw 
the perpendicular CDy from which cut off DE equal to 
' the given perpendicular. Join DAy DB ; and through 
E draw PEG parallel to AB ; DFG is the triangle 
required. 

Since FG is parallel to AB^ 

FE : EG :: AC : CB, i. e. in the given ratio, 
and DE is equal to the given perpendicular, and FDG 
to the given angle. 



^ » »i^»'^i» i» ^«»<»^«^i^^ ^■^^ ^^^^>^^^^ 



(11.) Given the vertical angle, the base, and a line 
drawn from either if the angles at the base to cut the 
opposite side in a given ratio ; to construct the triangle. 

Let AB be equal to the given base ; 
and divide it at D in the given ratio. 
On AD describe a segment of a circle 
containing an angle equal to the given angle ; and from 
B draw BE equal to the given line. Join AE, ED ; 
and from B draw BC parallel to DE, and meeting AE 
produced in C; ABC is the triangle required. 
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For ^B is the given base ; BE is the given line ; 
and AE : EC ;: AD : DB, i. e. in the given ratio; 
and the angle at C is equal to A ED, i. e. to the given 
angle. 



(13.) Given the perpendicular, the line bisecting the 
vertical aitgle, and the line bisecting the base; to con- 
struct the triangle. 

From any point C in the inde- 
finite line AB, draw a perpendicular 
CD equal to the given perpendicular; 
and with D as centre, and radii equal 
to the two given lines describe circles 
cutting AB in E and F. Through 
E draw G£/f peKpendicular to ^B;'join DE, DF; 
and produce DF to meet HE in G. Bisect DG ia /; 
and draw lO at right angles to DG, meeting GH in O. 
W^ith the centre O, and radius OG describe a circle 
cutting AB in /C and Z-; join DK, DL; DKL is the 
triangle required. 

Join OD, OKy OL. Since OI bisects DG at right 
angles, OD = OG, and the circle passes through D. And 
since OE is perpendicular to KL, KE = EL, or KL 
is bisected by DE, which is equal to the given bisecting 
line; and the arc KG=GL, and the angle KDF is 
equal to FDL, or the angle KDL is bisected by DF, 
which is equal to the given line ; and DC was made 
equal to the given perpendicular. 



(13.) CHv^t the line bisecting the vertical angle. 
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the line bUecHng the base, and the £fference of the 
angles at the base ; to construct the ttnangle. 

Construct a right-angled triangle FDC, (see last Fig.) 
having its hypothenuse FD equal to the given line which 
bisects the vertical angle^ and the angle FDC equal to 
half the given diflference of the angles at the base. Pro- 
duce FC both ways ; and to it from D draw DE equal 
to the given line which bisects the base. Draw HEG 
parallel to DC, meeting DF produced in G. Bisect 
GD in /; and from / draw 10 at right angles to DG, 
meeting GH in O. With the centre O, and radius OG^ 
describe ^ circle, cutting FC produced in K and L ; join 
DKj DL ; DKL is the triangle required. 

For KE=:EL, i. e. the base KL is bisected by DEy 
which is equal the. given line ; and the angle KDF is 
equal to JPDL, being on equal circuarferences KD^ DL ; 
i. e. the vertical angle KDL \» Usected by 2>F, which 
was made equal to the given bisecting line. Also (iii. 5.) 
the difference betweea the angles DLK and DKL is 
equal to twice the angle FDC, L e. to the given angle. 



»-»s^».^sr.»<s»«»*>rf>>^»^r.»-^«^^<»^<«^»<» 



(14«) Griven the vertical angle, and the line drawn 
to the base bisecting the angle and the difference between 
the base and the sum of the sides ; to construct the tri- 
angle. 

Let ABC be equal to the given 
angle, and BD the line bisecting it. 
Make BE and BF, each equal to 
half the given difierence. From F 
draw FO perpendicular to BC, meet- 
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ing JBZ> in O. Witfi the centre O, and radius OF 
describe a circle^ it will touch AB in E (Eucl. iv. 4.). 
Through. D draw a line -^C touching the circle in O-y 
ABC will be the triangle required. 

For (Eucl. iii, 36. Cor.) AE^AG, and GC^CF, 
/. AC is equal to ^£ and CF together; whence the 
difierence between AC and the sum of the sides AB^ 
BC is equal to BE^ BF together, i.e. to the given 
difference. Also BD is equal^ to the given line, and it 
bisects the angle ABC, which is equal to the given ver- 
tical angle. 



<K^«^>»S»^'^^^^^»*S*'.»»»<N»i»^#'^»>»i»«» 



(15.) Given the line bisecting the vertical angle^ 
the perpendicular drawn to it Jrom one of the angles ai 
the base, and the other angle at the base ; to construct 
the triangle. 

Let AB be equal to the given bisecting 
line ; and upon it describe a segment of a 
circle containing an angl% equal to the 
givSn angle. Dmw BC perpendicular to 
AB, and make BD equal to the given 
perpendicular. Bisect AB in E ; join ED, and produce 
it to F; join FA, FB; and through D, draw GDH 
parallel to AB. In FB produced take BI equal to BH. 
Join AI; AFI is the triangle required. 

Join IG, cutting AB in K. Because GH is parallel 
to 'AB, and FE bisects AB, it also bisects GH, i. e. GD 
= DH; but HB also is equal to BI ; .•. BD is parallel 
to GI, and IK is half of IG, and .-. equal to BD the 
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given perpendicular. Also since AB bisects 6/ at right 
angles^ it also bisects the angle lAG ; and it is equal to 
the given bisecting line* And AFI is equal to the other 
given angle. 




(16.) Given the straight line bisecting the vertical 
angle, and the perpendiculars drawn to that line from 
the extremities of the ba$e ; to construct the triangle. 

On the indefinite straight line AB, take 
AC, CD respectively equal fo the greater 
and less perpendiculars; and from C draw 
CE at right angles to AB, and equal to the 
given bisecting line. Take AB : BD :: 
JIC : CD. Join BE ; and produce it to meet AF, 
DG, drawn from A and D, perpendicular to AB. Join 
GC, CF; GCF is the triangle required. 

Draw FI, GH perpendicular to CE. Then the tri- 
apgles BGD, ABF being similar, 

AF : GD :: AB : BD :: AC : CD, 
and the angle at ^ is equal to GDC; whence (Eucl. vi. 
6.) AFC, GDC are similar, and the angle ACF is 
equal to GCD ; and ..the angle FCE is equal to ECG, 
i. e. the angle FCG is bisected by EC, which was made 
equal to the given bisecting line. Also FI, GH are 
respectively equal to AC, CD, which were made equal to 
%he given perpendiculars. 



>^^>*'^^^ »«r#^^^^^»^^^»^^^,##< 



(17.) Given the vertical angle ^ the difference of 
the two sides containing it, and the difference of the 
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segments of the base made hy a perpendicular from the 
vertex ; to consttmct the triangle. 

Let ^B be equal to the given differ- 
ence of the segments of the base. Draw 
BD, making the angle ABD equal to half 
the given angle ; and from A draw AD 
meeting it in D, and equal to the given difference of the 
sides; produce it, and make the angle DBE= EDB, 
and with the centre i? and radius EB describe the circle 
DBC meeting AB, AD produced in C and F; join 
EC; AECis the triangle required. 

Join FC. Since BDFC is a quadrilateral figure in- 
bribed in a circle (Eucl. iii. 22.) the angles ABDy DFC 
are equal ; but AEC is double of DFC (EucL iii. 20.), 
and .'. also of ABDy i. e. it is equal to the given angle. 
Also since the angles EDB, EBD are equal, ED^EB 
=:EC, .\ AD is the difference of the sides AE, EC, 
which .*. is equal to the given difference ; and AB is 
evidently equal to the difference of the segments of the 
base. 




(19:) Griven the base and vertical angle y to construct 
the triangle^ when the square of one side is equal to the 
square of the base, and three times the Square of the 
other side. 

LfCt AB be equal to the given base. 
Upon it describe a segment of a circle 
containing an angle equal to the given 
angle. Produce AB to C, and make 
BC equal to BA ; and upon BC describe a semicircle 
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SDC cutting the segment in D. Join AD^ BD; 
ABD is the triangle required. 

Let fall the perpendicular DE ; then (Euci. vi. 8.) 
the square of DB is equal to the rectangle CB, BE or 
to the rectangle AB^ BE ; and (Eucl. ii. 12.) the square 
of AD is equal to the squares of AB, BD, and twice the 
rectangle AB, BE, i. e. to the square of AB and three 
times the square of BD. Also, by construction, ADB 
is equal to the given angle. 



^*»>^^^^» 




(19.) Owen the hose and perpendicular; to con- 
struct the triangle, when the rectangle contained by the 
sides is equal to twice the rectangle contained bff the 
segments t^ the base made hy the line bisecting the ver- 
tical angle* 

Let AB be equal to the given base ; 
and draw the indefinite line ED bisecting 
it at right angles. Take CE, CD each 
equal to the given perpendicular; and 
through the points A, D, B describe a 
circle. Draw EF parallel to AB meeting the circle in JP. 
Join AF, FB; AFBw the triangle required. 

Draw FG perpendiculsr to AB, it is equal to the 
given perpendicular. Join FD. Since DC is equal to 
CE, DF is equal to twice DH; and .\ th<i rectangle 
DF, FH is double of the rectangle DH, HF, i. e. it is 
double of the rectangle AM, HB, trotltained by the seg- 
ments of the base, made by DF which bisects the angle 
AFB. And AB was made equal to the given base. 
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(^.) In a right-anglBd triangle, having given the 
sum ef the base and hj/pothenuse, cmd 4he sum of the 
base and perpendicular ; to construct the triangle. 

Let BD be taken equal to the 
sum of the base and hypothenuse, 
and BG equal to the sum of the base 
and perpendicular. At the point G 
in the straight line GB, make the 
angle BGC equal to half a right angle f apd let CG be pro- 
duced to meet a perpendicular to BD drawn through D, 
in F. Join BF; and from Q to BF draw GH^ GD. 
From B draw BC parallel to GHy meeting GC in C; 
and let fell the perpendicular CA; ACB is the triangle 
required. 

Draw CE parallel to AD. Bclca^se GH is equal to 
GDy BC is equal to CE, i e. to AD ; and .\ BC and 
BA together are equal to BD^ the given sum of the hy- 
pothenuse and base. And since AGC is half a right 
angle, and the angles at A right angles, AG is equal to 
AC, /. J3^ and AC together are equal to J3G, the given 
sum of the base and perpendicular. 



^^^^^ ^^^^#'<»<'^»^'^«^^^»^«<>^^'^^«^«» 



(21.) Gium the peHmeter of a right-angled tri- 
angle whose sides are in geometrical progression ; to con- 
struct the triangle. 

Let AB be equal to the given peri- 
meter ; and on it describe a semicircle 
jiCB. Divide AB in extreme and mean 
ratio in D\ and from D draw DC at 
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right angles to j4B. Join ^C, CB. Bisect the angles 
CJS, CBA by the lines AE^ BE, meeting in E ; and 
draw EF, EG respectively parallel to AC, CB; PEG is 
the triangle required. 

Since FE is parallel to AC, the angle FEA=zEAC= 
EAF, and .\ AF^FE. And in the same manner it 
may be shewn that EG^GB. Hence GF, FE, EG 
are together equal to AB the given perimeter. And the 
angles at F and G being equal to the angles BAC, BCA, 
the angle FEG is equal to ACB, and is .*. a right angle. 

Also ftince AB : AD :: AD : DB 
and (Eucl vi. 8. Cor.) AB : BC :: BC : DB, 

..AD = BC; 
whence also AB : AC :: AC : (AD^) BC; 
and since the triangles ABC, FGE are equiangular^ 

FG : FE :: FE : EG, 
i. e. the sides are in geometmcal progression. 



(23.) Given the difference of the angles at the base, 
the ratio of the segments of the base made by the per- 
pendicular, and the sum of the sides ; to construct the 
triangle. 

. Take any line AB, and divide it in C, 
in the given ratio of the segments. On AB 
describe a segment of a circle containing an 
angle equal to the given difierence. From 
C draw the perpendicular CD. Join AD, DB ; and 
take DE : DA in the ratio of the given sum,. to the 
sum of AD, DB ; and through E draw EF parallel to 
AB ; and make the angle GDH equal to GDF, and 



(^ 
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•\ Z>i/ equal to DF, and GH eqn^l to GF; DEH is 
the triangle required. 

For DE : DA :: DF : 2>B :: DE + DH : Z)j< 

*. DE+DH is equal to the given sum^ Also the angle 
EHD is equal to the two HDF, Df'Hy i. e. to HOP", 
DHF, and DEH is equal to the difference between 
DjHFand EDH; /. the difference between EHD and 
Z)£/f is equal to the sum of HDF and EDH, L e. to 
EDF, or the given difference. 

Also EG : GH :: ^G : GF :: AC : GB 
t. e. in the given ratio. 




(23.) Given /Ae difference of the angles at the base^ 
the ratio of the sides, and the length of a third propor* 
tional to the differisnce of the segments of the base made 
hy a perpendicular from the vertex and the shorter side t 
to construct the triangle. 

het ABC be equal to the given ditfer^ 
eilce of the angles at the base ; and take 
24B : J5C in the given ratio of the sides. 
Join AC; and produce BC to D, so that ^ ^ 
J$£> may be to the given third proportional in the ratio 
C^ : CB. Through D draw EDF parallel to AC; 
and from B draw BG perpendicular to it ; make GF=: 
GD ; join BF ; EBF is the triangle required. 

Since DG=GF, and the angles at G are right 
angles; ..BF^ BD, and the angle BFD = ^DF^. 
Heiice the difference between SFE and BEF is equal to 
the difference between BDF and BEF, i. e, to EBD of 
the given difference. 
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Also EB : BF :: EB : BD :: AB : BQ 

i. €. in the given ratio. And 
DE : BF :: Z>E : BD :: C^ : CB :: {BD = )SF : 
the given third proportional, whence DE is equal to the 
given difference of the segments of the base. 




(^.) Given the hose of a right-angled triangk ; to 
construct it, when parts, equal to given lines, being cirf 
off frmi the h/pothenuse and perpendicular, the re- 
mainders have a given ratio. 

Let AB be equal to the given base. 
From B draw BC at right angles to it, and 
equil to the part to be cut off from the 
perpendicular. Take CD to the given part 
to be cut off from the hypothenuse, in the 
given ratio of the remainders ; and from C to DA^ draw 
CE equal to that given part^ and produce it. From A 
draw AF perpendicular to AB, meeting CE produced in 
F. Draw FG parallel to AB; CFG is the triangle 

required. 

Since AF is parallel to CD, the angles AFE, ECD 
are equal, and the angles at E are equal, .*. the triangles 
AEF, CED are equiangular, 

and . . FE : AF :: CE : CD. 

And since AG is a parallelogram^ AF= BG, 
r.FE : BG :: CE : CD, 
i. e, in the giveu ratio of the remainders '^ and FG is equal 
to the given base ; and CB, CE are equal to thfe given 
parts to be cut off. 



o»«»^vr^^» ^>»i»<»^■»s»^^^irf^^^^^^>»■^>^ 



Seci. 9.] 



GEOM£TaiCilL PROBLEMS. 



30T: 




(35.) Given one angle iff a triangle, and the ^ms of 
each of the dde$ containing it and the third ^de; to amr 
struct the triangle. 

Let BAC be equal to the given an- 
gle ; and AB, AC ecjual to the given 
sums* Join BC; and dravir any line 
DE parallel to it. Make CF, FO, each 
equal to BD ; join CG, and produce it 
to Hi and draw HI parallel to GF. 4HI is the tri- 
angle required. 

Since DG is parallel to BC, and GF to HI, 
BD : BH (:: CG : CH) :: GF : HI :: CF : CI, 
and since BD, GF and FC are equal, BH, HI and IC 
are also equal ; whence AH and HI together are equal 
to AB; and AI, /ff'are together equal to AC; and 
HAI is equal to the given angle. 



^<»^^^^^#^<»»^ ^^^^^^^<^>»»#ii»^i»i» 



(36.) Griven the vertical angle, and the ratio of the 
sides containing it, as also the diameter of the circumr 
scribing circle ; to construct the triangle. 

On the given diameter describe a circle ; 
and from it cut off a segment ACB con- 
taining an angle equal to the given vertical 
angle. Divide the base AB in D, in the 
given ratio of the sides ; and draw the dia- 
meter EF at right angles to AB. Join ED, and let it 
meet the circumference in C; join AC, CB\ ACB is 
the triangle required. 

Since AE^EB, the angle ACB is bisected by CE, 
.'. AC : CB :: AD : DB, i.e. in the given ratio. 




^S»^^«»l<»^i»^^«»'^^>#>i#>^^^^i^^^^>rf>^ 
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(S7.) Oiven the verticalnngley and the radii of the 
inscribed and circumscribing circles; to construct the 
triangle. 

With the given radius describe the 
circumscribing circle ; and from any point 
A in it take AB, AC each equal to the 
arc subtending at the centre an angle equal 
to the given angle. Join BC; and pa- 
rallel to it^ at a distance equal to the radius of the in- 
scribed circle draiv EF. Join AB ; and from A to EF 
draw AO = AB^ and produce AO to G. Join CG, BG ; 
OCB is the triangle required. 

For the angle CGB (Eucl. iii. 30.) is equal to the 
angle 9X the centre, which stands on AC^ and .*• is equal 
Ho the given angle. Also the angle CGA^AGB. Join 
BO I and since ABz=AO, the angle AOB = ABO; but 
AOB is equal to the two OBG, 0GB; and AGB= 
ABC, .\ CBO= OBG, and BQ bisects the angle CBG ; 
whence O, the point of intersection of the bisecting lines 
GA and BO, is the centre of the inscribed circle ; and 
fts distance from BC was made equal the given radius. 



(28.) Given the vertical angle, the radius of the 
inscribed circle, and the rectangle contained by the 
straight lines drawn from the centre of that circle to the 
angles at the base ; to construct the triangle. 

Let the angle ABC be equal to the vertical angle> 
which bisect by the straight line BD. Let D (ii. 14.) 
be the centre of a circle which would touch BA and BC; 
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and let E and F be the points of con- 
tact ; join DEy DF, and produce BD 
to 6, so that the rectangle DE, DG 
may be equal to the given rectangle. 
On DG describe a circle cutting BA^ 
BC in A and C; and in H and /. 
Join AC (or HI). ABC or AHI is 
the triangle required. 

Join AD, DC; and draw DK per- 
pendicular to AC. Then since BA and 
BC make equal angles with BG which passes through 
the centre^ the arcs AD, DI, which they cut off, are 
equal ; .*. the angle ACD is equal to DCIy i.e. ACB is 
bisected by CD^ or D is the centre of the circle inscribed 
in the triangle ABC; .*. K is the point of contact^ and 
DK^DE. But (Eucl. vi. C.) the rectangle AD, DC 
IS equal to the rectangle DK, DG, i. e. to the rectangle 
DE, DGy which is equal to the given rectangle. 




(29.) Criven the base, one of the angles at the base, 
and the pointy in which the diameter of the circumscribing 
circle drawn from the vertex meets the base ; to con- 
stmct the triangle. 

Let AB be equal to the given base^ 
and C the given point. Bisect AB in Z>, 
and draw DE at right angles to AB. 
Upon AC describe a segment of a circle 
containing an angle equal to twice the 
difference between the given angle and a right angle ; 
and let it meet DE in O. Join AG, OC; and produce 
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CO to j; making OF:^ OAi join AF, FB ; AFB is the 
triangle required. 

Join OB. Because AD=iDB, and DO is common^ 
and the angles at D right angles^ .\ OBrsOAs^OF; 
and a circle described firom O as a centre^ and radius OA, 
will pass through F and By and ctrcumscribe the triangle 
ABF. And FOC produced is a diameter. Also the 
angles AOC, AOF are equal to two right angles^ t. e. to 
AOC and twice the given^ angle;/. -^OFis equal to 
twice the given angle ; and since it is double of ABF, 
ABF will be equal to the given angle. 



^^^^^■»^>»^<»<»i»^«»^»^^»^»>»^i»^^#'^ 




(30.) Oiven the vertical ^ngJe, the hase^ and ihe 
difference between two lines drawn Jram the centre of 
the inscribed circle to the angles at the base ; to construct 
the triangle. 

Take any line AB^ unlimited 
towards B, and cutoff ^C equal to the 
given difierence; and at the point C 
make the angle BCD such that its 
quadruple together with the given 
angle at the vertex may be equal to two right angles^ 
From A to CD, draw AD equal to the given base. At 
the point -4 make the angle BAE=zBADy and at the 
point D make the angle CZ>5 = jDCB, ' and BDE^ 
BDA ; EDA is the triangle required. 

For the angles BAD, EDA being bisected by .4JB, 
BD^ B is the centre of the inscribed circle. And the 
angle BCD being equal BDC, BC k equal to BD, and 
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.*. the difference between BA and BD is equal to ACj 
i.e. to the given difference. Also the angles EADy 
EDA are together double of the angles BAD, BDA, 
I e. of BCD and BCD, and /. are equal to 4 BCD ; 
whence the angle AED together with 4 BCD will be 
equal to two right angles ; and .*. the angle AED is equal 
to the given vertical angle. Also AD is equal to the 
given base. 



r^^^^s»^^»^^^>^^^ 



(31.) Given that segment of the. line bisecting the 
vertical angle which is intercepted by perpendiculars let 
Jail upon it from the angles at the base ; the ratio of the 
sides ; and the ratio of the radius of the inscribed circle 
to the segment of the base tvhich is intercepted between 
the line bisecting the vertical angle cmdthe point of con-* 
tact of the inscribed circle ; to construct the triangle. 

Let AB be equal to the giv^n seg- 
ment of the bisecting line ; from A and 
By on opposite sides, draw AC, BD at 
right angles to it. On AB, as hypo- 
then use^ describe aright-angled triangle 
AEBy whose sides are in the given ratio of the radius of 
the inscribed circle to the segment of the base inter^ 
cepted between the bisecting line and the point of contact 
of the inscribed circle. J9ivide AB in F in the ratio of 
the sides ; and through F, draw CFD parallel to AE^ 
and meeting the perpendiculars in C and D. ' Make 
SG=BD. Join CG, and produce it to meet AB pro- 
duced in Hi join HD ; HOD is the triangle required. 

Draw CO bisecting the angle HPD. Since BG=s 
BDy and BH is perpendicular to GD, it bisects the 
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angle GHD ; whence O is the centre of the inscribed 
circle. From O draw 01 perpendicular to CD^ and /• 
parallel to BE\ whence 

OJ : IF :: BE : EA. 
i. e. in the given ratio of the radius of the inscribed circle 
to the segment of the base intercepted between the bi- 
secting line and the point of contact of the inscribed 
circle. Also from the similar triangles AFC^ BFD, 
AF : FB :: CF : FD :: CH : HD, 
.-. CH : HD in the given ratio of the sides. 




(33.) Ctiveh the line bisecting the vertical angle^ 
and the differences between each side and the adjacent 
segment of the base made by the bisecting line ; to con*- 
sfrtict the triangle* 

Let AB be equal to the given bisect- 
ing line. Produce it to C, so that BC 
may be a fourth proportional to AB and 
the given differences* On AC, as dia- 
meter^ describe a circle ADE ; in which 
place a line DBEy passing through B, equal to the sum 
of the given differences ; and from A draw AF^ AG to 
the circumference^ each equal to DE\ and produce them 
to meet DE produced in JET and /; AH I is the triangle 
required. 

Sinte DE is equal to the sum of the given difer- 
ences, and the rectangle DJB, BE, is equal to the rect- 
angle AB, BC, i. e. to the rectangle contained by the 
given differences, DB and BE will .be the given 
differences. And since AF=AG, the arcs AF^ AG are 
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equal and AC being a diameter, FC i^nd CG will also be 
equal, .'. the angles FAC, CAG are equal, or HAI i^ 
bisected by AC. Also since FA^DE, Jff and HE 
will be equal ; .-. th§ difference between ^H^and HB is 
equal to BE one of the given differences. In the same 
manner 9 AI=? ID ;• and .*. the difference between ^/and 
iB i9 equal to BD^ the other given difference. 



(33f) Given one ^ the angles at the base, the side 
opposite to it, amf the rectangle contmne^J^ the base 
itnd, that segment of it made, by the perp^dicular fi^Uch 
is adjacent to the given mgle ; t9 construct th^ triangle. 

Let AB be equal to the given side. 
Upon it desoribe a segment of a circle con- 
taining an .angle equal to the given angle. 
Bisect AB in C; and from C draw to the 
circumference, a line CD such that the 
difference between the ^quarei of CD and 
CB ipay be equal to the given rectang}e. Join AD, 
DB ; ADB is the triangle required. 

On AB describe a circle ABE. Join BE. Then 
the rectangle AD, DE is equal to the rectangle GD, 
DF, i. e. to the difference of the squares of CD and CG 
or to the given rectangle. And BE is perpendicular to 
^D ; AB is equal to the given side, and ADB to the 
given angle. 




i^»^»i^>»« 



. (34.) Given the vertical angle, and the lengths of 
two lin^s drawn from the extremities of the base to the 
points of bisection (f the sides ; to construct the triangle. 

RR 
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Let AB be eqiml to one of the 
given lines ; bisect it in C; and on AC 
desoribe a segment of a circle containing 
an * angle equal to the given angle. 
From BA cut off BD equal to one 
third of BA; and from D to the circle, draw DE equal 
to one third of the other given line. Prodjice ED, and 
make DF equal to twice DE. Join AE, FB; and 
produce them to meet in O. Join AF; AFG is the 
triangle required. 

Join CE. Since BD is double of DC, and DF 
double of DE ; EC is parallel to FO ; and /. the angle 
AGF is equal to AEC, i. e. to the ^ven angle. Hence 
also AE is equal to EO ; and BF being double of EC, 
is equal to BO% .*• AB and FE, equal to the given 
linesy are drawn to the points of bise^ion of the sides. 



»i » ^^^**i>«»» > »*»i»i##<»i^^*»»#^^^ 



(35.) Given the lengths of three fines drawn from 
the angles to the points of bisection of the opposite sides ; 
to construct the triangle. 

Describe a triangle ABC whose sides 
are respectively equal to two thirds of 
the given lines ; and complete the paral- 
lelogram ABDC. Join ^D;.and pro- 
duce CB to E, making BE ^ BC. Join 
AE, ED ; AED is the triangle required. 

Produce AB, DB to F and G. Since the diagonals 
of parallelograms bisect each other, AH is equal to jKD, 
and BH to HC; .*. EH is equal to EB and PH toge- 
ther/ I. e. to J5C and BH or to ^BCand /. is equal to 
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one of the given lines. Again, since OB is parallel to AC, 
(Eucl. vi. 2.) it bisects ^£, SiudBG^-^ACi but DB^ 
AC, /. DG=^AC, and .\ is equal to another of the 
given bisecting lines. In the same manner, AF may be 
shewn to be equal to the cither given line, and to bisect 
DE in F. 



^#i»i^>»i*>^»»*»»i»*>^*<^*>»#i»^»#>»^»* 




(36.) Given the segments of the base made hy the 
perpendicular^ and one of the angles at the base triple 
the other ; to. construct the triangle. 

Let ABy BC equal to the given 
segments^ be placed in the same straight 
line. Make BD^BC\ bisect AD in 
E, and BE in F. On AD describe a semicircle ; and 
from Fdraw FG at right angles to AD. Join AG, GDi 
and let AG meet the perpendicular BH in H. Join 
HCi AHC is the triangle required. 

Draw EI perpendicular to AD\ join D7, DH. 

Then AE being equal to ED and the angles at E right 

anglesy Al^ IDj and the angle IAD = IDA\ whence 

the angle DIH is double of DAH. But since EF is 

equal to FB, and GF parallel to IE and BH, .\ /6 s 

GH\ and the angl^ DGI, DGH being right angles, 

jD/is equal to DH,' and the angle DHI equal to DIH, 

and .*. double of DAH. Also since DB=sBCt and the 

angles at B are right angles, .*. the angle HCB is equal 

to HDB, i. e. to DHAy DAH together, or to three 

times the angle DAH. Abo AB^ BC, by construction, 

are equal to the given segments made by the perpendi* 

cular. 



^^^^^*#^^<^^^ ^#i»^i<^^»i»i»<»i^i»^ 
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(97.) Th€ atm and hypothmuse of m r^ht-a^kd 

trtMgle being given ; to describe the triahgle. 

» 
Let AB be equal to the given hy- 

pothenuse. Bisect it in C, and on CB 
describe a rectangular parallelogram CD Jf 
equal to the given area. On AB de- 
scribe a semicircle AEB^ cutting the side parallel to AB, 
in E. Join AE, EB ; AEB is the triangle required. 

Join CE. Since AC ^ CB, the triangle AEB is 
double of CEB (Eucl. i. 380» ^"^ •'• ^^^^ *^ ^^^ ^^*" 
angle CD, i. e. to the given area. 




^i^^»^^^i^^^i*i»0»#<*'* 




(38.) Given one angle, and a line draum^ 
of the others bisecting the side opposite to it ; 
struct the triangle, when the area is also given. 

Let AB be tbe given bisecting 
line ; and upon it describe a seg- 
ment of a circle containing an 
angle equal to the given angle. 

Upon AB also describe a rectangular parallelogram 
il^CD equal to the given area; and let* DC meet th€ 
circle in E ; join EA, and produce it, making ^Fa^l^ I 
join FB, BE I FEB is the triangle required. 

Pbt BA bisects the side EF; the angle BEF is equal 
to the given atigle ; and the triangle BEF is >iouble of 
BAE (Eucl. i. 38.) and .-. equal to ABCD, i. e. td th* 
given area. 



>^i^>»#i»'»»»^^#i»^ji^^^>^^^#.#A#» 



(39.) In ttuo similar right-angled triangles, the 
sum of the base of the one and perpendicular of the other 
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is given ; to determine the triomgks such that their hy^ 
pothenuse^ may contfnn the right angle of another tri^. 
angle similar to them^ and the sum of the three areas 
may be equxd to a given area. 

Let Ah be equal to the given sum ; 
and upon it describe a rectangular paral- 
lelogram equal to the given area. On 
AD also describe a semicircle^ cutting 
€D mEy]omAB, EB; the triangles AED, BEC, 
AEB are the triangles required ; as is evident from the 
construction. 




*^M»^»^^i»«#>»*«»^>i#^^«»^>^«*>»»«^.»i» 



* (40.) Given the vertical angle, the area, and the 
distance between the centres of the inscribed circle and 
the circle which touches the base, and the two sides pro^ 
duced ; to construct the triangle. 

Let AB be equal to the given distance between the 
centres ; and make the angle BAC equal to half the 
given angle at the vertex. On AC let fall the perpen- 




dicular BC; and produce C^, till the rectangle AD, 
DC is to the given area, in the ratio of AC : CB, 
Complete the parallelogram DEFC ; and from the cen* 
trM A and B, describe two circles touching EF in O and 
JF. Draw HI, IE touching the two circles ; HIE is tho 
trinngle required. 
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For AB 18 equal to the given distance between the 
centres. The angle lEF is double of JEF, i. e. of 
BACy and .'.is equal to the given angle. And from the 
similar triangles ABC, AED, 

AC : CB :: AD : {DE^) AG :: ADx DC : AG 

\_xEF. 
But since EF is equal to half the perimeter of the tri- 
angle EHI, the rectangle AG, EF is equal to the tri- 
angle EHIi whence EHI is equal to the ^ven area. 



o»»*yi^i»iO*>»»i»>»ii*^^^^»^^^^^ ^ 




(41 •) Given the area, the line from the vertex 
dividing the base into segments which have a given ratio, 
and either of the angles at the base ; to construct the 
triangle. 

On AB the given line^ describe 
a segment of a circle containing an 
angle equal to the given angle. 
Describe a rectangular parallelogram 
ABCD equal to twice the given 
area ; and divide jBC in the given ratio at F. Through 
F draw GH parallel to AB. Join BHj HA ; and pro- 
duce HB so that IB may be to BH in the given ratio* 
Join lA ; lAH will be the triangle required. 

Draw IK perpendicular to AB. The triangles 1KB, 
BFH are similar, 

. . IK : BF :: IB : BH :: FC : FB, 
.'. IK^FC'j and the triangle lAB is equal to half of the 
parallelogram GC\ and the triangle ABH is equal to 
half of BG; :. I AH is equal to half the parallelogram 
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ACy and .*• equal to the given area. And AB is equal 
to the given dividing line, and IB r BH in the given ratio. 



^i^<»^i0^^i»'^«»'^'^»»^s^'^^'^^^»'»^i»-^ 




(4S.) Owen the difference between the segments of 
the base made by the perpendicular ^ the sum of the 
squares of the sides, and the area ; to construct the trU 
angle. 

Take a line AB such that its square 
may be equal to the difference between 
half ^he given sum of the squares, and the 
square of half the given difierence of the 
segments of the base. Upon AB describe 
a rectangular parallelogram ABCD equal 
to the given area ; and also on AB describe a semicircle 
cutting CD in E. Join AE, and produce it both ways ; 
and make AF, AG, each equal to half the given differ- 
ence of the segments, and make EH^z EG. Join BF, 
BH; BFH\s the triangle required. 

Join BG/BE. Since GE=EH and the angles at 
E are right angles, .*. GB=BH; and the sum of the 
squares of FB, BH is equal to the sum of the squares of 
FB, BG, i. e. (iv. 30.) is equal to twice the sum of the 
squares of FA and AB, i. e. by construction, is equal to 
the given sum. Also the difference between FE and 
£H is equal to the difference between FE and EG, 
i. e. to' FGf which is equal to the given difierence. Arid 
the area of the triangle FBH is double of the area of the 
triangle ABE, and /. (Eucl. i. 41.) equal to ABCD, or 
the given area. 



^«^S»^^ ^^^i^^^'^^<»>^^>^^«^^l^i^'»>^i^ 
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(43.) Given the base, one of the angles at the hoee^ 
and the difference between the side opposite t9 it and the 
perpendicular ; to construct the triangle. 

Take an indefinite line AB ; 
and from any point C in it draw 
CD perpendicular to it, and equal 
to the given diflfereqce. From D 
draw DA making the angle DAC 
equal to the given angle. Draw DE parallel to AB, and 
equal to the given base. Join AE ; to which from D 
draw DF=^ DC. Draw EG parallel to FD, and meeting 
AD produced ; EDG will be the triaa^ required. 

From G draw GB perpendicular to AB. Since DF 
is parallel to GE, and DC to GB, 

DC : GB :: AD : AG :: DP : GE. 

But DC being equal to DF, GB is equal to GE ; 
whence the difference between GE and GH is equal to 
HB, or DC, i. e. to the given dtflerence. And the angle 
ODE is equal to DAC, i. e. to the given angle ; and 
DE is equal to the given base. 



^i*»i»i»i^«»i<«i»'^^i^^»»^i#'i»^i^i^^^»^i^<i^ 



(44.) Given the vertical angle, the different of the 
base and one side, and the sum of the perpendicular dreapn 
from the angkat thebase contiguous to that side upon the 
opposite side and the segment cut off* by it from that 
opposite side contiguous tp the other angle at the base ; 
to construct the triangle. 

Let AB be equal to the'given sum, and BC to the 
given difference ; and let them be placed so as to a>ntain 



Sect. 9.] 



GEOMETRICAL PROBLEMS. 



321 




an angle ABCy which with the 

given vertical angle will be equal to 

two right angles. Through Cdraw 

DCE parallel to AB, and through 

B draw DBF making half a right 

angle with it. Join AD; and to 

it from B draw BG equal to BC ; 

and parallel to these respectively draw AFj FH; AFH 

will be the triangle required. 

Produce FH to /; and let fall the perpendicular FK. 
Since BC is parallel to FI, and BG to AF, 

BC : FI :: BD : FD :: BG : AF, 
but BC=BG, .-. FI^AF; and HI^BC will be the 
dilSerence between the base AF and the side FH. Also 
since the angle BFK is half a right angle, FK=i KB ; 
and AB is the sum of the perpendicular FK and the 
segment KA. Also BCIH being a parallelogram^ the 
angle AHF^ or its vertically opposite /fflS, together with 
ABC will be equal to two right angles ; and .'. AHF is 
equal to the given vertical angle. 



«<^^<*»»i^#»r^i^^^^^ij«»#'^^^i^^#^<'»» 



(45.) Gioea the base, the difference of the sides, and 
the segment intercepted between the vertex and a per--' 
pendicular from one of the angles at the base upon the 
opposite side ; to construct the triangle. 

Let AB be equal to the given seg- 
ment intercepted between the perpen- 
dicular and the vertical angle; BC 
equal to the given difference of the 
sides ; draw BD perpendicular to AB^ 
and make BJ^^zBA; join AEj and 

ss 
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produce it ; and from C to AE draw CF such that its 
square may be equal to the given squares of the base and 
segment AB; draw FG perpendicular to AB ; and make 
GH=Ba From H to BD, draw HD equal to the 
given base ; join AD; AHD is the triangle required. 

For AB is made equal to the given segment, and HD 
to the given base. Also since AB = BE, AG = GF, and 
HB^GC\ whence the squares of GA and HB are 
equal to the squares of GA and GC, i. e. to the square of 
CF, or the squares of HD and AB, by construction. 
But (iv. 29.) the squares of AD and HB are equal to 
the squares of HD and AB ; •*• the squares of GA and 
HB are equal to the squares of AD and HB ; whence 
GA = AD', and .-. the difference between AH and AD 
is equal to HG, i. e. to BC, or the* given difference. 



«*^»#>»^^^<^»^#»»i#^^*^^ ^•^^^^^^^■^ 



(46.) Given the vertical atfgle, the side of the in- 
scribed square, and the rectangle contained hy one side 
and its segment adjacent to the base made by the angular 
point of the inscribed square. To construct the triangle. 

Let AB be .equal to a side 
of the inscribed square; and 
upon it describe a segment of 
a circle containing an angle 
equal to the given angle. From 
A draw AC perpendicular and 
equal to AB; and through C 
draw DCE parallel to AB. 

Find O the centi^ of the circle; and from it to DE, 
draw OD such that the diflfefience of the squares of OD 
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and the radius of the circle may be equal to the given 
rectangle. Join DA, and produce it to F. Join FBy 
and produce it to E ; DFE is the triangle required. 

From D draw the tangent DG. Join GO. Then 
the squares of DGy GO are together equal to the square 
of DO, i. €. to the square of GO and the given rectangle ; 
and .% the square of DG^ i. e. the rectangle AD^ DF is 
equal to the given rectangle ; .•. DF is a side of the tri- 
angle^ in which AB is the side of an inscribed square. 
And DFE is equal to the given vertical angle. 
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PLANE TRIGONOMETRY. 

1. Def. 1. Plane Trigonometry is that branch 
of Mathematical science which treats of the measures 
of angles and the relation between the respective sides and 
angles of plane triangles. 

Lemma I. 

(20 If from the centre of a circle two straight lines 
he drawn to its circumferencey the included angle will be 
to four right angles, as the intercepted arc is to the 
whole circumference. 

Let BA, BC be two straight lines 
drawn from the centre B of the circle ADE, 
meeting the circumference in A and C; the 
angle ABC will be to four right angles as 
the arc AC is to the whole circumference. 

Produce^JS till it meets the circumference again in 
JF; and. through B draw DE perpendicular to AB, 
meeting the circle in D and E. Then (Eucl. vi. 33.) 
the angle ABC : the right angle ABD :: the arc AC : 
AD ; and quadrupling the consequents, the angle ABC : 
four right angles :: the arc ^C : 4 AD, or the whole 
circumference. 





3S6 ELEMENTS OF 

Lemma II. 

(3.) If from the common centre of two circles two 

straight lines he drawn intersecting the circumferences ; 

the intercepted arc of either circle will be to the inter- 

cepted arc of the other circle, as the circumference of the 

Jirst circle to the circumference ^ thg second. 

From B the ' common centre of two 
circles are drawn the lines BJ, BC, inter- 
secting the circumferences in Jy C^a, c; 
the 9XC AC : ac :: the whole circumfe- 
rence of the first circle : the whole circumference of the 
second. 

For (2) the arc AC : the whole circumference (C) 
of which, it is an arc :: the angle ABC : four right 
angles ; which is the same ratio with that of ac : the 
whole circumference (C) of which it is an arc^ 
.-. (EucL V. 16.) AC : C :: ac : C, 
and alt. AC : ac :: C : C. 

(4.) CoR. 1 • If the circumferences of any two cir- 
cles be severally divided into the same number of equal 
parts^ whatever number of such parts is contained in any 
arc {AC) of one circle, the same number will be contained 
in that arc {AC) of the other circle which subtends the 
same angle. 

(5.) Cor. 2. Any arc of a circle is the measure of 
the angle which it subtends at the centre. 

For (See Fig. 1 •) draw any straight line Bx to the cir- 
cumference; then (Eucl. vi. 33.) the arc AC : the arc 
Ax :: the angle ABC : the angle ABx^ i. e. in whatever^ 
proportion the angle at the centre is increased, the sub- 
tending arc is increased in the same proportion*. 

* If the angle be not at the centre, but between it and the circum- 
ference I 
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(6,) Angles at the centres of different circles vary as 
the arcs which subtend them^ directly, and the radii of 
the circles inversely. 

For (2) the arc JPC : the circumference ADEA :: 
the angle ABC : four right angles. Hence the angle 

ABC == *jT\pj X f<>^^ "g*^^ angles ; and since the 

circumference ADEAocAB, and four right angles is an 

AC 

invariable quantity, the angle ABCoc--j^. 

(7.) Till lately, Geometers almost unanimously . 
agreed to divide the circumference of the circle into 36o 
equal parts called Degrees ; each degree into 6o equal 
parts called Minutes; and each minute into 6o equal 
parts called Seconds, &c. This method appeared to the 
Greek Geometers to afford some facilities for calculations^ 
in consequence of the great number of divisors of 36o 
and 6o ; but it is in reality subject to inconvenience from 
complicated numbers, and tediousness in operations. 
Upon the introduction therefore of a new system of 
weights and measures into France, in which they were 
decimally divided and subdivided, it was thought proper 
to make a similar division of the quadrant. The quad- 
rant is accordingly divided into 100 minutes, each minute 
into 100 seconds, &c. One great advantage of which 
method is its identity with the common decimal scale of 

f«rence ; it will be measured by half the sum of the arcs intercepted 
between the sides, and the sides produced. If it be without the circle, 
it will be measured by half their difference (ii. 24.). 

If the angle be formed by a tangent and chord, it will be measured 
by half the arc subtended by the chord. If by a line cutting the circle 
and a tangent, or by two tangents, it will be measured by half the differ- 
ence between the convex and concave aires intercepted between the 
lines. 
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notation; thus 6 deg. 15 min. 53 sec. would be repre- 
sented by 6.1553 deg. and 34 deg. 5 min. 9 sec. by 
34.0509. ^. 

The length of a degree then on that scale will be less 
than one on the common scale in the proportion of 90 : 
lOOj or 9 : 10; a minute in the proportion oC 90x60 : 
100 X IOO5 or 27 : 50^ and a second in the proportion of 
90 X 60 X 60 : 100 X 100 X 100, or 81 : 250. 

If then n s the number of degrees on the new scale, 

the corresponding number on the former scale will be = 

tix9 n.(io-l) n „, ,. . ,, . 

= — 2i : =s » . Hence .*. the foilowinfif 

10 10 10 ^ 

rule^ for reducing the new to the old graduation. 

Express the measure in decimals, and from it sub- 
tract tV^I^ of this number ; mark olBT the decimals in the 
remainder, which multiply by 60, and mark off the 
decimals again ; these again multiply by 60 and mark off 
as before, and so on ; the whole numbers so obtained will 
be the degrees, minutes, seconds, &c. on the common 
scale. 

Thus to determine how many degrees, minutes^ &c. 
in the old graduation, correspond to 46 d^. 43 min. 
15 sec. in tlie new. 

From 46.4315 

Subtract 4.64315 



41.78835 ^X 

60 



47.30100 
60 

18. 06000 



or 41 deg. 47 min, 18,o6 sec. 
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(8.) Degrees, Minutes, Seconds, &c. ftre expressed 
by ^ ', ";thus 10*. 15'. 45'\ represent an arc of ten 
degrees, fifteen minutes and forty five seconds. 

(9.) Arcs and angles are expressed without distinction 
in trigonometrical calculations by degrees, minutes, and 
seconds. 

(10.) A right angle is measured by an arc of QO^ ; two. 
right angles by 1 80^ ; half a right angle by 45^ ; and' 
each angle of an equilateral triangle by 6o®. 

(11.) Def. 2. With the centre and 
radius OA describe a circle, and draw the 
diameters AOQ BOD at right angles to 
each other. These will divide the circum- 
ference into four equal parts called Quadrants. 

(12.) Def. 3. Thie Complement 6f any arc or angle 
is the difference between that arc op' angle and a quadrant 
or 90^. Thus taking any point P in the quadrant AB ; 
the complement of the arc AP is the arc BP ; and the 
c^pmylement of the angle AOP is the angle BOP. If 
AP = 63°. 16', BP its complement =: 37^. 44'. Also the 
complement of 3*°. 15". 45" is an arc of 54°. 44'. 15". 
And in general A being any arc whatever, its comple-* 
ment is 90° --A; or A- 90^, if ^ be greater than 90°. 

The two acute angles of a right-angled triangle, beSng 
together equal to a right angle, are complements to each 
other. 

(13.) Def. 4. The Supplement of any arc or angle 
is its delect from a semicircle or 180°. Thus, taking any 
point P, the supplement of the arc AP is PBC, and of 
the angle AOP is the angle POC\ the supplement of 
ABP is CF, and of the angle AOP is the angle COF. 
The supplement of 33\ 42'. 18" is an arcof 147^ 17^.42". 

TT 
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If -^ be any arc, its supplement is (180 — -^. Also 
the supplement of (90 - A) is (90 -f- A). 

In every triangle, the sum of the three angles being 
equal to two right angles, each angle is the supplement 
to the sum of the other two. 

(14.) Def. 5. The Chord of nn arc is a straight line 
joining the extremities of the arc. Thus AP is the 
chord of the arc AP. AB is the chord of the quadrant 
j4B. The diameter is the chord of a semicircle ; and 
the chord of the whole circumference is = O. 

(15.) If the chord does not pass through the centre^ 
as AP, it is the chord of two unequal arcs, AP and the 
remaining part of the circumference ADCBP. 1 n speak- 
ing however of the chord of an arc of a circle, the less arc 
is generally meant. 

(16.) Cor. The chord of 60** = radius of the circle. 
For the triangle AOP is equiangular and .*. equilateral. 

The chord of a quadrant =:R\/2. 

(17.) Def. 6. The Sine or Right Sine of an arc is 
a straight line drawn from one end of the arc perpendi- 
cular to the diameter passing through the other end of the 
arc. 

Thus, if from P, PE be drawn per- 
pendicular to ACy it will be the sine of the 
arc AP less than a quadrant. If PQ be 
perpendicular to 50, it will be the sine 
of the arc BP. Also RE", F'E', F^E"' 
are the sines of arcs AP', AP\ AP"' measured from A 
and terminating in the second, third and fourth quadrants 
respectively. 

If from Ay Ax be drawn perpendicular to OP, it 
will be the sine of APy and be equal to PE. 
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(18.) To trace the changes in magnitatfe of the 
ftight Sine, 

The sine begins with the arc; when the arc is 
nothing, P coinciding with A^ E also coincides with it* 
But as P moves from A towards J5, PB continualTy in^ 
creases, i. e. as the arc increases^ the sine increases ; and 
when P. coincides .with fi, JB coincides' with O, and the 
sine of 90° becomes radius. Wh^ the arc is greater 
than 90^, and terminates in the second quadrant, as the 
arc increases, the sine decreases, tiUit b^^conies = 0, at the 
end of the second quadrant^ P and E* both coinciding 
witli C If the arc terminates ia the^ third quadrant, the 
sine continually increases, till at the end of it^ it becomes 
radius ; and if in the fourth quadrant, it continually de* 
creases again till it becpmes = O. 

Hence it appears that the sine never exceeds radius. 

(19.) To trace the changes in the Algebraic Sign of 
the right sine. 

If the right sines of arcs m the first quadrant be 
reckoned positive, they will be positive or negative for 
arcs which terminate in the other quadrants, according as 
they are drawn in the same or contrary directions with the 
former, L e. according as they fall on the same or con- 
trary sides of the diameter AC. Hence during the two 
first quadrants the algebraic sign is positive, and for arcs 
which terminate in the two next it is negative. 

(20.) Cor. The sine of an arc is equal to the sine of 
its supplement. 

For PE is equal to the sine of CBP which is the 
supplement of AP. Thus 48**. 15' being the supplement 
of 13r. 46', the sine of 13r. 45' = the sine of 4r. 15. 
Also sin. (180-^) = sin. A, and sin. (90 + A) =» sin* 
(90-^). 
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The exterior angle of a triangle being the supplement 
of its interior adjacent angle, their sines are equaU 

(21.) DEF.f. The Verged Sine is that part of the 
(tiameter passing through the beginning of the arc, which 
is intercepted between the b^inning of the arc and the 
right sine. 

Thus AE is the versed sine of the arc ^P. jiE, 
AE\ AE'' are the versed sines of the arcs AFj AP\ 
AP" respectively. 

(92.) To trace the changes in magnitude of the 
versed sine. 

The versed sine begins with the arc, and when the 
arc is nothing, the versed sinesO, E coinciding with A. 
It increases with the arc, till the arc becoming a semi- 
circle, the versed sine becomes the diameter ; after which 
it again decreases, whilst the arcs terminate in the third 
and fburth quadrants, till at the end of the fiwrth 
quadrant it becomes = 0. But as it is always measured 
io the same direction from A, it is positive through all 
the four quadrants. 

(33.) Cor. Hence (Eucl. vi. 8.) the chord of an arc 
is a mean proportional between the diameter and the 
versed sine of that arc. 

(24.) Def. 8. The Tangent of an a,rc is a straight 
line which touches the circle at one end of the arc,^ and 
is terminated by the radius produced through the other 
end of the arc 

Thus, if the line TAT touch the 
circle in Ay aDd AP be an arq less than 
a quadrant^ and OP joined,; since TAO^ 
AOP are less than two right angles, OP 
JUad AT will meet above AO ; and AT 
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will be the tangent of AP. But if AP be taken an arc 
greater than a quadrant, and less than a semicircle) TAO, 
AOV are greater than two right angles, and .\ TA and 
PO will meet o.n the contrary side of AO^ or AT will 
be the tangent of ABP* In the satne manner it may 
be shewn that AT i^ the tangent of an arc ABCP"' ter* 
minating in the third quadrant ; and AT' of one termi- 
nating in the fourtj;). 

(25.) To trace the changes in magnitude of the tan- 
gent, • 

The tangeikt begins with the arc ; when the arc is 
notfiing, P coinciding with A, T coincides with it also. 
Whilst the are is less than a quadrant, as AP increases, 
the angle AOTj and /. AT increases, or the. tangent in^ 
creases ; and as the arc approximates to a quadrant,. OP 
approximates to the direction QB which is paraUel to 
ATf and /. the tangent approximates to a line greater 
than any that can be assigned. But if the arc be greater 
than a quadrant^ and less than a semicircle, avthe arc in- 
creases, BF increases, .-. the angle BOP' or DOT in- 
crease^,, and -402^ decreases, /. FT" intersects AT in 
points continually nearer and nearer to A^. or tlxe tangent 
decreases, and at. the end of the second quadrant, the 
tangent sO, In the same manner it may be shewn that 
the tangent of an arc terminating in the third quadrant 
continually increases till it approximates to a line greater 
than any that caa be assigned ; and for arcs terminating 
in the fourth quadrant, it decreases till it be becomes = O. 

(id6.) To trace the changes in the algebraic sign of 
the tangent. 

. If the tangent of an arc in the first quadrant be 
reckaned positive, it will be positive or negative for arcs 
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terminating in the other <iuadrant8^ according as it is 
drawn in the same or contrary directions with the tan- 
gents of arcs ending in the first quadrant, t. e. according 
as it £ftils on the san^e or opposite sides of the diameter 
AC. Hence the tangents of arcs ending in the first and 
third quadrants have a positive sign, and those of arc»s 
ending in the second and fourth, a negative one. 

27. Cor. l. The tangent of an mrc is equal to the 
tangent of its supplement ; 

For the angle POC is equal to the vertically oppo- 
site angle AOF'i and (24) AT is the tangent of ADP" 
which measures AOP". As one of the arcs is less, and 
the other greater than a quadrant, they will be afiected 
with contrary signs. 

Hence if ^ be any angle, tang. (180— -4) = -tang. A 
and tang. (90+-^) = - tang. (90 --A). 

(28.) CoR. 2. Tang. 45*^ = radius. For in the tri- 
angle OATy the angle O-^Tis a right angle and :40T= 
45% .-. ^rO=45«=yiOTiand AT^AO. 

29. Def. 9. The Secant of an arc is the line drawn 
from the centre through the end of the arc, and produced 
till it meets the tangent ; 

Thus, the construction remaining as 
in Art. 24. OT is the secant of the arc 
AP; and the secant of the arc AP 
terminating in the second quadrant is 
OT. The secants also of arcs AF\ AP' 
terminating in the third and fourth quad- 
rants will be OT, OT respectively. 

(30.) To trace the changes in magnitude of the se- 




cant. 



When P coincide with A^ the secant coincides with 
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the radius OA, t. e. in the bi^inning of the circle the 
secants radius. In the first Iquadrant as y^P increases^ 
AT increases (25.) /• OT increases (EucK i* 47*) i. e. as 
the arc increases^ the secant increases ; and when the arc 
approximates to a quadrant, the secant approximates to a 
line greater than any that can be assigned. But if the 
arc be greater than a quadrant and less than a semicircle^ 
as the arc increases, T' approaches nearer to Ay and the 
secant decreases, till at the end of the second quadrant, it 
becomes equal to radius. In the same manner, the se- 
cant of an arc ending in the third quadrant incr^ses 
from radius till it approximates to a line greater than any 
that can be assigned ; and for arcs terminating in the 
fourth quadrant, decreases again till it becomes s= radius. 

Hence the secant is never less than the radius. 

(31.) . To trace the changes in the algebraic sign of 
the secant. 

If the secants, of arcs in the first quadrant are reckoned 
positive; those of arcs ending in the other quadrants will 
be positive or negative according as they are drawn from 
the centre through the end of the arc, or from the end of 
the arc through the centre. Hence the secants of arcs 
ending in the first and fourth quadrants have a positive 
sign ; and of those ending in the second and third, a 
negative sign. 

(32.) CoR. 1 . The secant of an arc is equal to the 
secant of its. supplement. 

For OT is the secanf of ADF' which is the supple- 
ment of A P. As one of the arcs is greater and the other 
less than a quadrant, the secants will have contrary signs. 
If -4 be any angle, sec. (180- ^) = — sec. ^, and sec. 
(90-^)= -sec. (90 + ^). 

(33.) Cor. 2. Sec. 45^ = /?^?. 
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(34.) Dbf. 10. The CSMtne of an arc is that part of 
the diameter passing through the banning of the arc, 
which is intercepted between the centre and the right 

sine. 

Thus OE is the cosine of the arc 
AP in the first quadrant ; OQ the co* 
sine of the arc BP. Also OE^ OE\ 
OEf" are the cosines of arcs AP^ AP', 
AP" respectively terminating in the 
second, third and fourth quadrants. 

(35.) To trace the changes in magnitude of the 
cosine. 

When P coincides with A, E also coincides with it, 
and in the beginning of the arc, cosine = radius. In the 
first quadrant, as AP increases, EO decreases, i. e. as the 
arc increases, the cosine decreases ; till at the end of the 
first quadrant, the cosine =0. But if the arc be greater 
than a quadrant, and less than a semicircle, as AP in- 
creases, OE increases, and .*. as the arc increases the 
cosine increases, till at the end of the second quadrant it 
= radius. In the same manner the cosines of arcs ter- 
minating in the third quadrant decrease from radius, till 
at the end of the third quadrant the cosine =0, and in 
the fourth quadrant increase till at the end of it, cosine 
= radius. 

Hence the cosine is never greater than radius. 

(36.) To trace the changies in the algebraic sign of 
the cosine. 

If the cosines of arcs ending in the first quadrant be 
reckoned positive, those of arcs terminating in the other 
quadrants will be positive or negative according as they 
are drawn in the same or opposite directions with those 
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of arcs ending in . the first quadrant^ i, e. according as 
they are measured on the same or opposite sides of the 
centre with the cosines of arcs in the first quadrant. 
Hence the cosine has a positive sign in the first and 
fourth quadrants^ and a negative one in the second and 

third. 

(37.) CoR. 1. The cosine of an arc is equal to the 
cosine of its supplement. 

For OE is the cosine of the arc CBP which is the 
supplement of AP. But as one of the arcs is less and 
the other greater than a quadrant, they will be afiected 
virith contrary signs. Hence if ^ be any arc, cos. (180— A) 
= — cos. A ; and cos. (90 + ^) = — cos. (90 — A). 

(38.) Cor. 8. The cosine of an arc is eqa^^ to the 
sine qf its complement. 

For 0£ the cosine of -^P is equal to PQ the sine 
of BP. Hence cps. ^ = sin. (90 — A) and cos. (90 — A) 
= sin. A. U A=: SO"", cos. 30"? = sin. 6o% and cos. 6^ = 
sin. 30*?. . 

R 

(39.) Cor, 3. Cos. 45** = sin. 45^ = -^ . (Eucl. i. 47.) 

• (40.) Cor. 4. The versed sine of an arc less than a 
quadrant is equal to the difierence of the radius and 
cosine ; and of an arc greater than a quadrant is equal to 
their sum. 

(41.) Def. 11. The Cotangent of an arc is a line 
touching the circle at the end of the first quadrant and 
meeting the radius produced through the end of the arc. 

Thus, if IBr be drawn touching the circle in B the 
end of the quadrant AB, BI will be the cotangent of the 
arc AP which is less than a quadrant* But if the arc 

IJ u 
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arc ABP' be greater than a quadrant and 
less than a semicircle, BF is its cotan- 
gent. Also the cotangents of the arcs 
^P", AF" ending in the third and 
fourth quadrants are respectively BlBud 
Bl. 

(42.) To trace the changes in magnitude of the co- 
tangent. 

When P coincides with A^ OPI falls in the direction 
O^y and being parallel to BI, the cotangent is greater 
than any assignable line. In . the first quadrant, as the 
arc AP increases, 0/ intersects the line BI in points con- 
tinually nearer to B. Hence in arcs less than a quadrant, 
as the arc increases, the cotangent decreases, till at the 
end of the first quadrant it = o. In arcs greater than a 
quadrant and less than a semicircle, as the arc ABP in- 
creases, Br the cotangent increases ; till as the arc ap- 
proximates to a semicircle^ the cotangent approximates 
to a line greater than any that can be assigned. In the 
same manner the cotangents of drcs ending in the third 
quadrant continually decrease, till at the end of it, the 
cotangent =0; and if the arcs terminate in the fourth 
quadrant, the cotangent increases again, till it approx- 
imates to a line greater than any that can be assigned. 

(43.) To trace the changes of the cotangent in 
the Algebraic Sign. 

If the cotangents of arcs ending in the first quadrant 
be reckoned positive, those of arcs ending in the other 
quadrants will be positive or negative according as they 
are drawn in the same or contrary directions with those 
of arcs ending in the first quadrant, L e. according as they 
fall on the same side of the diameter BD with the cotan- 
gents of arcs ending in the first quadrant or the contrary. 
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Hence the cotangents of arcs ending in the first and third 
quadrants have a positive^ those of arcs ending in the second 
and fourth^ a n^ative sign. 

(44.) CoR. 1 . The cotangent of an arc is equal to 
the cotangent of its supplement. 

For BI is the cotangent of CBP which is the supple- 
ment of AP. But these cotangents have contrary signs. 
If .•. A be any arc, cot. (180—-^= -cot. A, and cot. 
(90 + ^) = - cot. (90—^). 

(45.) CoR. 2. The cotangent of an arc is equal to 
the tangent of its complement. 

For BJ the cotangent of AP is the tangent of BP 
which is the complement of AP. If .•. A be any arc, 
cot. ^=tang. (90—-^) and cot. (90 — -4) = tang. A. 

(46.) CoR. 3. Cot. 45 = radius. 

(47.) Def. 12. The Cosecant of an arc is a straight 
line drawn from the centre through the end of the arc 
and produced till it meets the cotangent. 

Thus the arc AP being less than a quadrant, OI is 
its cosecant. Also OP is the cosecant of the arc ABP' 
greater than a quadrant and less than a semicircle. And 
01, or are the cosecants respectively of the arcs AP^^ 
AP'" terminating in the third and fourth quadrants. 

(48.) To trace the changes in magnitude of the 
cosecant. 

When P coincides with A. OP I falls in the direction 
of OA which is parallel to BI, and therefore at the 
beginning of the arc the cosecant is greater than any 
assignable line. In the first quadrant^ as the arc AP in- 
creases^ the line 0/cuts BI in points continually nearer 
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to B, i. e. as the arc increases, the cosecant vtescteases, till 
at the end of the first quadrant it becomes equal to nidius. 
As the arc increases from a quadrant to a semicifrd^ FB 
increases (43) and the cosecant increases^ till as the arc 
approximates to a semicircle, the cosecant approximates 
to a line greater than any that can be assigned. If the 

arc terminates in the third quadrant, as the arc increases, 
the cosecant decreases, till it becomes equal to radius ; 
and during the fourth quadrant it increases again, till it 
approximates to a line greater than any that can be 
assigned. 

Hence the cosecant is never less than radms. 

(49.) To trace the changes in the algebraic sign of 
the cosecant. 

The cosecants of arcs terminatingin the first qiladi'aiit 
being reckoned positive, and drawn from tl\e centre 
through the ends of the arcs ; the cosecants of arcs end- 
ing in the other quadrants will be positive or negative 
according as they are drawn from the centre through the 
ends of the arcs, or from the ends of the arcs through 
the centre. And hence the cosecants of arcs ending in 
the two first quadrants have a positive sign, and those of 
arcs ending in the two last a negative sign. 

(50.) Cor. 1. The cosecant of an arc is equal to the 
cosecant of its supplement, and they have the same sign. 
If .•. A be any arc, cosec. (180 - A) ss cosec. A, and 
cosec, (90+-^=: cosec. (90—^). 

(51.) Cor. 2. The cosecant of an arc is equal to the 
secant of its complement ; for OJ the cosecant of the arc 
AP is the secant of BP the complement of AP. Henoe 
cosec. Aszsec. (90—^ and cosec. (90--4) = sec. A. 

(52.) Cosec. 45^= R^ 2. (33.) 
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(53.) In trigonometrical calculations, 'when the quan- 
tity required^s deduced in terms of the sine, the case is 
ambiguous^ since the sine of any arc and its supplement 
(19) have the same algebraic sign. The ambiguity may 
however be removed by some other consideration . But if 
an expression be deduced in terms of a cosine or a tan- 
gent^ there fvill be no ambrguity, sifice a positive cosine 
(36) or tangent (26) denotes an arc less than QO^, ^d 
a negative cosine or tangent indicates an arc greater than 
90"" and less than 180^. In calculations arcs and angles 
are generally less than 1 80"". 

« 
Prop. I. 

(54.) The sines, cosines, tangents, Sfc. of the same 
angles at the centres of different circles are proportional 
to the radii of those circles. 

Let AB, ab he two arcs described with 
the centre C and radii CA, Ca, subtending 
the same angle at C. Draw BS the sine 
and AT the tangent of AB\ hs the sine 
and at the tangent of ah. Then the triangles CBS, 
Chs being similar^ 

BS : hs :: CB : Cb, 
i. e. the sines are proportional to the radii. 
Also CS : Cs :: CB : Cb, 
or the cosiiies are propoitional to the radii. 

And since CS : Cs :: CB : Cb :: CA : Ca; 
.\ (End V. 19.) AS : as :: CA : Ca, 
or the versed sines are proportional to the radii. 
Again from the similar triangles ATC, atC, 

AT t at :: AC : aC, 
or the tangents are proportional to the radii. 
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and CT : Ct :: AC : aC, 
or the secants are proportional to the radii^ 

(55.) Cor. l. Hence -777, = -r- and /. if S ancf s 
^ BC be 

i 

represent the sines of the same angle to radii R and r, 

•«■ 5= - , and iS = — X J. If r= 1, S=Rs, and -s = *• 
R r r R 

And the same is true of any other corresponding lines. 

Hence if any expressions be calculated for rad. = 1 ; 

the corresponding expressions in a circle whose radius is 

jR will be determined by taking each line an R^^ part of 

the former. 

(56.) Cor. 2. If a given radius be divided into any 
number of equal parts^ and the sines &c. of every angle 
be given in such parts, the sines &c, of any given angle 
may be found^. corresponding to another given radius. 

Prop. II. 

(57.) Tojind the relation between the sines^ cosines^ 
tangents 8^c. of the same angle. 

Let AP be any arc, PE and OE its 

sine and cosine, draw the tangent AT, 

secant OT and cotangent BI. Then 

PE being parallel to AT, the triangles 

OPE, OAT are equiangular, 

.-. OE : EP :: OA : AT, 

or cos. : sine :: rad. : tang. 

. J sine sine* -on 
.-. tang.=:rad. x = -, if i?=l, 

° COS. COS. ^ ' 




In the second quadrant the sine is positive and the cosine negative. 

Hence 
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Also from the same triangles, OE : OP : : OA : OT, 

R* 1* . 
or cos : R :: R : sec. .*. sec. = = if /J = l. 

COS. COS. 

Also from the similar triangles OPE^ BOly 

PE : PO :: OB : 01 or sin. : R :: R : cosec; 

.'. cosec. = -: — = - — (if il = l). 

sme sme 

And from the same triangles, PE : EO :: BO : BI, 

or sin! : cos. :: R : cotang. ; 

, r» cos. cos.t -n r> , 

.'. cotans. =z R X — — = — : — - , if /J = 1. 
° sine sme 

Also from the similar triangles OAT, OBI, 
TA : AO :: OB : BIy or tang. : R \i R i cotang.; 

R? 1 

• .*. cotang. = 1 = 7 , if U = 1. 

^ tang. tang. 

(58.) Cor. 1. If either the sine or cosine of an arc 
A be known, all the rest may be found. 



Hence tang.(180— .4) = '- — j = — . = — tang. A, which 

° ^ ' — COS. A COS. A o ' 

confrrms what was shewn in Art 26. 

When the sine and cosine have the same algebraic sign^ the tangent 
will have a positive sign, and when different, a negative one* Also 

since cos. 90**= and sin. 90^= jR, tang. 90**= j:= «>* which con- 
firms what was shewn in Art. 25. 

* Hence the secant will have the same algebraic sign as the cosine. 

t Hence the cosecant will have the same algebraic sign as the 
right sine. 

I Hence the cotangent will have a positive sign, when the cosine 
and sine have the same algebraic signs, and a negative one, when 
different; or as also appears from the next equation, it will have the 
same sign as the tangent. 
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For (Eucl. i. 47.) PO^ = P^ + eo\ i. e. IP = 

sin*. A+coa>\ A, .\ sin. A x= ^(iP - cos*. -4), and cos. A 

=s ^(iJ*— sin*. A), which values may be substituted in 
the preceding expressions. 

(59.) C0R.2. Since 0T« = 0-4* + ^T», sec\^= 
^+tang*. A^ and /. sec. A 2= ^(/J*+tang». A)^ whence 

. IP J • >rf -'^ X tong. A 

^(/P + tang*.^)' ^(/P + tang*.^) 

(60.) CoR. 3. Also tang. A = ^(sec\ -4- IP), and 
cosec*. -4 = /P + cotang*. -4. 

(61.) CoR. 4. If the radius be represented by unity, 
the expressions become, sin. -4 = ^(1 — co^. A)y 

COS. A = ^(1 "^ sin*. A)y sec. -4 = ^(l + tang^. A)y 
tang. ^ = V(8ec'. ^ - I), co.. ^ = ^(i n-tang-. A) 
andsin. ^ = / ( i + Ing'. ^) ' **"S' ^xcotang.ii = 1. 

Prop. III. 

(62.) 7Ae W9ie ofaiiy arc is equal to half the chord 
of double the arc. 

Let the arc PB be double of PA. 
Join OA, PB intersecting each other in 
E. Since PB is double of PA, PA= 
AB, and .-. the angles POE, BOE are 
equal, but OPE is equal to OBE, and 
OE common to the triangles OPE, OBE, .-. (Eucl. i. 
26) PE is equal to EB, and .-. is half of PB ; and the 
angles OEP, OEB are equal, i. e. each is a right angle ; 
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hence PE is the sine of the arc AP, and is half the chord 
of double the arc. 

(63.) CoR. 1. Hence the sin. 30^ = | radius. For 
( 1 6) the chord of 6o® s= radi us. 

Also cos. 30^ = V^(/P - sin^ 30) = y/(«' - ^) = ^^^ ; 

tang. 30® = -Tsr , and sec. 30^ = -y=- . 

V 3 V 3 

Hence sec. 30** is double the tang. 30®. 

(64.) Cor. 3. Sin.6o®=^^/l(38),andcos.6o®=::^. 

" Versed sine 6o^ = — , tang. 6o® = R /^/3, and 
sec. 6o® = 2R. 

Prop. IV. 

(65.) The diameter is to the versed sine of am/ arc 
as the square of radius is to the square of the sine of half 
that arc. 

Let ABD be a semicircle, AD its dia- 
meter, ACB any arc, whose chord is AB and 
versed sine AE. Join DB^ and from the ^ o e a 
centre O draw OFC perpendicular to the chord AB, and 
meeting the circumference in C; then (as was shewn 
above) ^£ is bisected in F, and the arc AB m C\ and 
AF is the sine of f AB. Also the triangles DAB^ OAF 
are similar, 

whence DA : AB :: OA : AF. 
But (Eucl. vi. 8. and v. Def. 10.) 

DA : AE :: DA" : AB\ 
.-. DA : AE :: OA^ : ^F». 

XX 
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(66.) Coa. 1. Hence the rectangle contained by the 
radius and the versed sine of any arc is equal to twice 
the square of the sine of half that arc. 

(67.) CoR. 3. And the square of the sine of any 
arc varies as the versed sine of double that arc. 




Prop. V. 

(68.) Radius is to the cosine of amf arc as twice 
the sine of, that arc is to the sine of double that arc. 

The same construction remaining, OF 
is the cosine of ^C; and the triangles 
OAF^ BAE, having the angle at A com- ^ 
mon, and right angles at F and E^ are equiangular ; 
whence OA : OF :: {BA^) 2AF : BE. 

(69.) CoR. 1 . Hence the rectangle contained by the 
sine and cosine of any arc oc the sine of double that arc ; 
for BEoc2AFx OFocAF x OF, i.e. sin. 2 A oc 
sin. Ax COS. ji. 

• Also R X sin. A=i 2 sin. | ^ x cos. | A. 

(70.) CoR. 3. If from O, O&be drawn perpendi- 
cular to DB, it bisects it, .*. l>Baa JBGsS 0F^2cos. 
I AB ; or the chord of an arc is equal to twice the co* 
sine of half the supplemental arc. 

Prop. VI. 

(71.) In any right-angled triangle^ radius is to the 
sine of either of the acute angles j as the hypothenuse is to 
the side opposite to that angle. 

Let ^jBCbe a right-angled triangle, having the angle at 
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A a right angle. With the centre C^ atid 

radius CD s the tabular radius, describe 

an arc DEj meeting CS produced in E; 

it will be a measure of the angle C. 

Let fall the perpendicular EF, which will be equal to 

the tabular sine of the angle C. The triangles CEF, 

CBA being similar, 

CE : EF :: CB : BA, 
or rad. : sin. C :: CB : BA. 
In the same manner^ if BA be produofd till it be equal to 
the tabular radius, and a circular arc be described with 
J3 as a centre, it may be shewn that rad. : sin. B :: BC : 
CA. 

(73.) Cor. l. Rad. : cos. C :: CB : CA-, 

and rad. : cos. B ::• CB : BA. 

(73.) Cor. 2. If rad. = 1, BA:=^ CB x sin. Q or 
CB X COS. B, . 

and CAssBCx sin. J9, or BCx cos. C 

Prop. VII. 

(74.) /ft any right-angled triangle, radius is to the 
tangent of either of the acute angles as the side adjacent 
to that angle is to the opposite side. 

Let CAB be a right-angled triangle, 
having the angle at ^ a right angle. With 
the centre C, and radius CD =s the 
tabular radius, describe a circular arc DE 
meeting CB produced in E ; then DE is the measure 
of the angle C ; and drawing DG perpendicular to DC 
meeting CE in G, DG will be the tangent of DE or 
of the angle ACB. Now the triangles DGC, ABC 
being similar. 
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DC : DG :: AC : AB, 
or rad. : tang. C :: AC : AB, 

In the same manner it may be shewn that rad. : tang. B 
:: AB : AC. 

(75.) Cor. Rad. : sec. C :: AC : BC, 
and rad. : sec. B :: AB : BC 




♦ Prop. VIII. 

(76.) Having given two parts of a right^ngled 
triangle; tojind the other parts. 

This resolves itself into four cases. 

1 . Having given the hypothenuse CBy 
and the angle C ; to find the rest. 

Since (71) tabular radius : sin. C :: 
BC : BAy and the angle C being given^ its sine may 
be found from the tables^ the three first terms in the 

r ' -• 1 T% ^ BCx sin. C 
foregomg proportion are known^ .*. BA = « 

Also AC^^(BC^BA^) = ^{(BC+BA).{BC--B A)} 

may be computed, or three terms in the proportion (72) 

rad. : cos. C r. BC : CA being known^ CA = ^ — ' — 

may be also determined. 

And the angle £ = 90"^ - C. 

Ex. Suppose the' angle C=: 30^ and BC— 10 chains. 

Then sin. 30° = ^ if, and cos. 30^ = 2^ R, /. BA=* 
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^^ = 5, and CA = <y(15 x 5) = 6^3, or CA = 

10 xys . R ^ g^- ^^j ^ _ 9oo_3o<>=;6o«. 

By the same method the triangle may be solved, if 
the hypothenuse BC and the angle B be given ; the 
point B being now considered as the centre. 

2. Having given one side ^C and the angle C; to 
find the rest. 

Since (74) tabular radius : tang, C :: AC : ABj 
and the angle C being given^ its tangent may b^ found 
from the tables ; the three first terms in the preceding 

proportion are known, and /. BA = ^-^I — may 

be determined. 

Also (75) tabular radius : sec. C :: AC : CB, in 
which proportion three terms being known, the fourth^ 

C/f = -^ may be determmed. 

Or if in the tables the secants are not computed, 

tab. cos.C:R :: AC : CB, .-. CB = ^^^^, which 

COS. C 

may be determined. 

Also the angle 5 = 90® - C 

Ex. If AC = 6 chains, and the angle C= 6(f ; 
tang. 60" = V3 .R> •'. ^B = ^""-y^-^ = 6^3. 

Also sec. 6o« = 2R, .♦. CB = ^^^ = 13, 

or COS. 60P = iR, .-. CB = —-5- = 13 ; 
and the angle B = go'-OO" = 30°. 
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In the flame manner the triangle might be solved^ if 
AB and the angle B were given. 

If AC and the angle B were given ; since the angle 
CssQ(f * B, C is also known, and .\ this is reducible to 
the second case. 

3. Having given the hypothenuse BC, and one side 
AC; to find the rest. 

Here (72) BC : CA :: rad. : cos. C, in which pro- 
portion the three first terms being known, cos. C = 

Rx CA 

• may be computed, and /. the angle C determined 

from the tables. 

Also the angle JB = 90® - C and is .-. known. 

which may be found ; 

Or since rad. 2 sin. C :: BC : BA^ .'. BA » 

BCx sin. C . *^j 
^ may be computed. 

In the same m^ner the triangle may be solved, if 
BC and AB be given. 

4. Having given the two sides BA and ^C containing 
the right angle ; to find the rest. 

Here '(74) AC : AB :: rad. : tang. C, in which 
proportion the three first terms being known^ the tang. C=: 

AH X R 

j^ ■ may be computed, and the angle C determined 

from the tables. 

Aiso the angle B = 90* — C. 

And tabular radius : sec. C :: AC : CB, whence 

CB =s ^— ^ — may be determined ; 
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or CB = 7=- may be computed. 

COS. C ^ ^ 

(77.) By Case 2. the height of any object may be 
determined, the base of which is accessible. From the 
base A, measure along the horizontal plane any length 
AC. At C let the angle be observed which the object 

subtends. Then its height BA z=z n — • 



Prop. IX. 

(78.) The sides of any triangle are to one another as 
the sines of the angles opposite to them. 

LfCt ABC be any triangle^ BD a perpendicular let 
fall on AC, and 

1 • Let it fall within the triangle^ then 

(71) AB : BD :: rad : sin. 4, 

and BD : BC :: sin. C : rad. 

•'. ex cequoper. AB : BC :: sin. C : sin.^ 

2. But if BD falls without the triangle, 

AB I BD :: rad. : sin. A 
and BD : BC :: sin. BCD : rad. 
.-. AB : BC :: sin. BCD : sin. A 
:: sin. BCA i mt^A^ since the 
iangle BCA is the supplement of BCD (20). 

(79.) In any rectilineal triangle, it is sufficient if 
three out of the six parts which belong to it are known, 
provided that one of these parts be a side ; for if only 
three angles be given, any triangle equiangular to the 
given one will satisfy the conditions. 
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Prop. X, 

(80.) Having given, in rnnj/ triangle, a side and an 
angle apposite to ity and also one other angle or one 
other side, the remaining sides, and angles ma^ he found. 

\. Having given the angles at A 
and Cj and the side BC\ to find the 
rest 

Since the angles at A and C are ^ 
given, their sines may be found from the tables, and (78) 
siii. A : sin. C :: BC : BA, in which proportion the 

three first terms being known^ BA = 1 — -^ — may 

sm. A 

be determined. 

Also the angle B = 180® — (-4+C) and may .•. be 
found. 

Whence also sin. A : sin. B ::■ BC : CA, 

1 ^A BCx sin, B , ^ j 

and .•. CA = ; — -j — may be computed. 

In the same manner, if the angles A and B and the 
side BC; or the angles B and C and the side.^C; or 
the angles A and C and the side AC were given ; the 
other sides and angles might be found. 

Ex. 1 . Hence may be determined the height of an 
object, the base of which is inaccessible. 

Let AB be the height; along the 
horizontal base measure any distance CD, 
and at C let the angle BCD be observed, 
and at D the angles BDC, BDA; then 
in the triangle BDC, the angle CJ3Z>= 
180^-(BCi)+BDC) and .-. is known; 
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and sin. CBD : sin. BCD :: CD : DB, 

.*. DB=^CD X . ' ^^w^ , which may .*. be computed* 

sm. CBD "^ 

m 

Hence in the right-angled triangle BAD, rad : sin. 

BDA :: SXl : BA^ and .-. J?^ 3= -t 

^ rad, 

which may .*. be determined^ 

* 

Ex. 2. To determine the height of a 
cloud A or any object in the air ; let two 
observers C and D in the same vertical 
plane take the angles of elevAtlon ACB9 
ADB ( = a*^ and 6^) and measure CD (= ^ ^ 
c yards) the distance between them ; the height and the 
distances from them may be found ; for the angle ADB 
being=i^ ACB=zcf^, ^Z>Cr= 1 80^ - A, wd CADssi 

Hence in the triangle CAD^ sin. CAD : sin. C :: 
CD : DA, 

or sin. d : sin. a :: c : DA^=i '. \ s which is .% known, 

sm. a 

And sin. CAD : sin. CDA :: CD : CA, 

c • sin u 
i.e. sin. d ; sin. (180 — J) :: c : CA s=^ \ > ., .which 

^ '' sin. d ' 

is also known. Hence in the right-angled triangle ADB^ 
rad. : sin. ADB :: AD : AB, 

s ■ 

jj^ AD X sin. ADB _ c.sin. ax sin. b 

R "" jR . sin; d ^ 

which may be determined. 

Ex. 3. To determine the breadth of a river and the 
distance of an object B by its side from another object A 

y Y 
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on the opposite bank, let a line BC be 
measured (=a yards) along its bank, and 
by means of a Theodolite \tt the angles 
CBj4, BCA be measured (=fr* and cT); ^ 
then 4he angle BAC = 180*- (B+ C) = d\ 

And sin. BAC : sin. C :: BC : AB^ 

a sin. c , . , , 

— T-, which may be 
I. a ' '' 



or sm. 



sm. c 



• ■ 



a 



AB^ 



sm. 



determined. Whence in the right-angled triangle ADB^ 

rad. : sin. B :: AB : ^D, 

AB . sin. J? a • sin. c x sin. 6 

~R — ^^ 



.-. ^D = 



R . sin. c^ ' 
which may be computed. 

£x. 4. From B the top of a tower, the angle of 
depression of a vessel at anchor {HBSsza^) was observed, 
and at C the bottom of the tower, the angle of depression 
{ECS = 6*) was again observed. The height of the 
tower (BC = c) being known ; to determine the hori- 
zontal distance AS, and the height CA of the bottom of 
the tower above the level of the sea. 

The angle BSC=i BSA - CSA 
=^HBS - ECS = a - 6 = (2 and 
SBC = 90- BBS = 90 - a, 
.'. in the triangle SBC, 
sin. BSC : sin. SBC :: Bd CS 

or sin. d : cos. a :: c : CS, 




CS = 



c.cos. a 



— r J which n?ay be found, 
sm. a -^ 

And in the triangle C^-^, rad. : sin. CSA :: CS 

CS . sin. CSA c . cos. a x sin. b 



CA, 



CA^ 



R 



Rx sin. d 
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and rad. : cos, CSA :: CS : SA, 

CSx COS. CSA c . cos> a x cos h 



.-. SA = 



R 



R X sin. d 




12. Having given the angle at ^ and 
the sides AC, CB ; to find the rest. 

The angle at A being given^ its sine 
may be found from the tables ; and (78) 
CB : CA :: sin. A : sin. -B; 

CA 

hence sin. B = ^^ x sin. Aj and may .-. be determined. 

But as the sine of an angle is equal to the sine of its 
supplement^ the angle B may be greater or le^s thlin a 
right angle^ unless BC be greater than AC and conse- 
quently the angle A greater than the angle B*. 

The angle B being founds the angleC= IS0-{A+ B\ 
and may .•. be determined. 

Also sin. A : sin. C :: CB : BAy 

sin C 
whence BA = CB x ■ . * . may be computed. 

In the same manner may be solved any case, wherein 
are given two sides and an angle opposite toonqof them. 



* This ambiguity occurs in oblique-angled triangles wfaenever the 
side opposite to the given angle is less than the side adjacent to it. 

For if CB be less than AC, from C draw CD 
perpendicular to AB, produced if necessary. 
Make DB' =: DB, and join CR. (Eucl. i. 4.) 
CB" = CB and the angle CB'D is equal to CBD^ 
which is the supplement of ABC. Hence there 
are two triangles CBA, CB'A, which have one 
angle and two sides answering the conditions.^ 
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(81.) If all the angles of any triangle be ^ven^ the 
ratio of the sides to each other may be found. 

For the angles A^ B atid C being given, their sines 
may be found from the tables, 

and (78) sm. C r sin. j4 :: AB : BC, 
sin. B : sin. C :: AC : AB 
tin. A : sin. B :: BC : AC^ 
in which proportions the two first terms being given, the 
ratio of the third to the fourth in eaeh is given. 

Lemma III. 

« 

(8@.) If the sem-9um o/* two quantities he added to 
their semt-dijUference, the aggregate will be the greater 
of the two ; if the semUdifferenee he subtractedjrom the 
temrsumy the remainder will he the less ef the two. 

-Let AB and BC representing the , . . / r 

ttw> quantities be placed in the sdme 
straight line, which bisect in Dy and cut off AE = BC 
and .-. 1>E^DB. Then AB - BC= AB - AE = 
2 DB, whence DB s the semi-difference of the lines ; 
and since ^Z7 = the semi-sum^ AD + DB^ AB the 
greater, and AD - DB = DC- DB^BC the less. 

(89.) Cos, If the semf-siiin, be subtracted from the 
greater quantity^ the remainder will be the semi-differ- 
ence. 

For AB — AD =» DB, the semi-difference . 



Prop. XI. 

(84.) In any triangle, if a perpendicular from the 
vertex he drawn upon the hose ; the hase will be to the 
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sum of the si^ as the difference of the sides to the 
difference or sum of the segments of the base made by thb 
perpendicular J according as the perpendicular fidls 
within or without the triangle. 

Let ABC be the proposed tri- 
angle^ C the vertex, and AB the 
base ; draw the perpendicular CD 
cutting the base or base produced 
in D. With the centre C, and 
radius CB the less of the two sides, 
describe a circle cuttiing th^ side 
AC in jF, and the base or base pro- 
duced in G; produce AC to H. 
Then AH is equal to the sum of the sides ACy CB ; 
and AF to their difference. And because BD=^DG^ 
(Eucl. III. 3.) AG is the difference of the segmentis 
ADj DB in one case, and their sum in the other. And 
(Eucl. iii. 36.) the rectangle A By AG is equal to the 
rectangle AHy AF, 

.^ AB : AH :: AF : AG. 

(85.) CoR. Hence if the three sides of any triangle 
are given, the three angles may be found. For the 
three iide^ being given, the three first ternis in the pre- 
ceding^ proportion are given, and consequently the fourth, 
t. e. the difference of the segtoents of the base made by 
the perpendicular when it falls within the triangle, may 
be found ; and the base or sum of the segments is also 
given, /. the segments themselves AD^ DB may be 
found (82). Hence in each of the right-angled tnangtea 
ACD, BCD, the two sides being known, the angles at 
A and B may be determined (76)> and .\.the remaining 
angle at C (13). • 
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But if the perpendicular fall without the triangle^ the 
fourth term in the proportion or sum of the segments, 
will be found ; and the base ABj which is (heir difier* 
ence, is given, •'. the segments may be determined, and 
the angles as before. 



Prop. XIL 

(86.) In any plane triangle^ the cosine of an angle 
is to radius as the difference between the sum of the 
squares of the sides which contain that angle and the 
square of the third side, is to twice the rectangle con- 
tained by the two^rst sides. 

Let ABC be any triangle ; from B 
let fall the perpendicular BD on AC; 
then (EucL ii. 13.) 

JBC»==^S«+^C«-2-^Cx AD, 
or 2 ACxAD^AB'^AC^BC^. 
Nov^ cos. A : rad. :: DA : AB :: 2ACxAD : 2ACx AB 

::AB^+AC^-BC^:2ACxAB. 
Nearly in the same manner it may be shewn, if the 
perpendicular falls without the triangle. 

(87.) CoR. 1. Let a, b, c be the three ^ides oppo- 
site to the angles A, By C; then cos. A s 




cos B = 



, and COS. C = 



2bc 
a'+b'^c'' 



2ac ' 2ab 

Hence the sides of a triangle being given^ the angles may 
be found *. 



The preceding expressioii| hot being easy for pakulation^ values 

inay 
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Prop. XIII. 

(88.) In any triangle^ the. sum of any two sides is 
to their difference as the tangent of the semi-sum of the 
angles at the hose is to the tangent (f their semi-difference. 

Let ABC be any triangle, 
whose base is j4C. With the cen- 
tre JB, and radius BC the less of the 
two sides, describe a circle meeting 
the side AB in Fand AB produced in E and AC in D. 
Join BD, CEj CF; and draw FG parallel to AC 

Then since CBE, CFE are on the same base CE^ 
(Eucl. iii. 20.) QFE = § CBE=:i{CAB+BCA); and 
since BD=BC, the angle BCD^BDC, and .-. DBA 
is equal to the difference of the angles BCA^ BAC 
Hence (Eucl. iii. 20.) FCD and .-. its equal CFG = 
I (BCA - BAC). If now with the centre F, and radiu» 
FC^ a circle be described, 

CE : CG :: tang. CFJB : tang. CFG. 
But FG being parallel to AC one of the sides of the tri- 
angle A EC, (EuclAi. 2.) 

CE: CG:rAE:AF::AB+BC:AB'-BC, 

.-. AB + BC : AB^BC :: tang. CFE : tang. CFG 

:: tang. ^{BC A + BAC) : tung. ^ (BCA- BAC). 



^n* 



— cTa J 

(a+b+c). (b+c^a) (g+h'-c) .(fl+c^b) 

and .•. sin. A = ^r-x 1/ \ (a+A+c).(o+6-rc).(a+c-*).(6+c— a) J 

^ o c 
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(89.)' <^OR. 1. Hence if the sides AB, BC of any 
triangle, and the angle ABC included between those 
sides, be given, the other sides and angles may be found. 

For, from the included angle ABC, its supplement 
EBC may be determined ; half of which is the semi-sum 
of the angles at the base ; and their semi-difierence may 
be found by the Proposition. Having /. the semi-sum 
and semi-difierence of the angles at the base, the.angles 
themselves BAC, BCA may be found (82). The three 
aisles and two sides, .*. being obtained, the third side 
may be found, (78). 

Or the side may be calculated by means of a subsi- 
diary angle, thus 

(87), i' = a'+c*-2ii€.cos. B 

= (a— c)*+2ac . (1 — cos. B) 

= (a - c)*+4ac . sin'. \ B (70) 

Now since tangents adnait erf every degree of magnitude, 
find an angle x whose tangent is -^ '• ^ — , and 

.\h = (a-c) . V (1 + tang', a^) = (a - c) .sec.^ = —^ , 

or to radius R = '- — which 1 since x is known 

COS. X V 

from the equation tan^. x = v^^'^^"*^ \ ^^^ 

easily be computed. 

Ex. To determine the distance between two visible 
ii^accessible objects. . 

Let A and B be the two objects. Measure a given 
line CD i^^a) along a horizontal base, from the ektre- 
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mitpas c^ which /4 ^vd B are visible. 
At C observe the angles ^CB, BCD, 
and at D the angles «^Z>C:» APB. 
Then in the triangle AQD^ the angle 

Wd ain. i)JC : sin. ^DC:: CD : CA 
or sin. b : sin. c :: a : C.^, 

.-, CA = —A — J— , wbioh may be computed. 

sin. b ^ f 

And in «be triangIe..0CD, the angle CED =c Ii80* ^ «7DB 
-hBCI))«rf, whenoe 

sin. CBZ> : sin. CDB .. CD i €B, 

or sin. d ,: . tsiq. # :: « : CIS, ^ 

/. CB = — ^: — A—,, which may be computed. 

And in the triangle ACB, AC^CS : AC^<:S • 

:: tang. i(5^C+^BC) : tang. | (fl^C^ ^5Q , 
:: tang. \ (180 - ACB) : tang. | (BAjC^A^C), 

.\ Um^.iiBAC^ABC) = ^^,^ ^^ k cot. i^CB, 

which may be ci^loujated. Hence (i^qm th^ tables the 
difierence of vtbe angles may be found, and the sum 
being known^ 4rlie angles tb^ms^lv.^ <m^/ he ^et^v^^i^j^d 
(82). And .sin.^^AC : sin. JCB ::^ AC : AB 

... JD ^ ^'^^ X AC msy 'be ctflcitlated. 

Or AB may be ascertained as t)efbre by means of the 
subsidiary angle x; and from the three sides being known 
the two remaining angles ^nay be determined. 

. (90J) Cqr. 0. flenoe dilso the smn of: the.,Qipes of 
twoaogles h\tf> the 4i0brenae of-thie sinctSi; asi^the^tApg^t 

zz 
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of half the sum of those angles is to the tangent of half 
their difference. 

* 

For AC : BC :: sin. B : sin. A, 
. . AC+ BC : AC'^BC :: sin. B+sin. A : sin. B-^sin. A 
and .-. sin. A + a\n. B : sin. ^^sin. B :: tang. i(^ + B) 



Prop. XIV. 

(91 .) The sum of the tangents of any two angles is 
to their difference as the sine of their sum is to the sine 
^ their t^fference. 

Let DAB, BAC be the angles, 
and through any point B in AB^ draw 
DC perpendicular to AB. Make the 
angle BAc = BAC; then will Ac = 
AC. From C and c draw CE, cF 
perpendicular to AD. 

Then CE : cF :: sin. CAD : sin. cAD 
:: sin. (CAB + BAD) : sin. (BAD-^BAC). 
And BD : BC :: tang. BAD : tang. BAC, 
.'. CD : cD :: tang. BAD+tang. BAC : 

[tang. JJ^D-^tang BAC. 
And cF, CE being perpendicular to AD, are parallel, 

whence CE : cF :: CD i cD 

or sin. {DAB + BAC) : sin. {DAB^BAC) ;: 

tang. Z).^£+tang- B^C" : tang. l>.4J5'^tang. Bv<C. 




Piiop. XV. 

(93.) /» atij^ p/ane triangle, the rectangle contained 
by amy two sides is to the rectangle <ymtained by the 
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ftxcesses qf half the perimeter above each of them respee- 
tively as the square of radius is to the square of the 
sine of half the gngle contained hy those sides. 

Let j4BC be any triangle^ BC 
its^base^ AB the greater of the sides 
and AC the less j P =a | the peri- 
meter of the triangle^ then JB x 

AC: (P- AB).{P^AC) :: /P 
: sin*. J A. 

In AB take AD = AC, join DC ; and draw AE 
perpendicular to DC, and EG parallel to BC, cutting 
AB in G. With the centre G, and radius GJB, describe 
a circle cutting AB in L, and AB apd EG produced in 
K and H. Join HB ; and produce AE, HB till they 
meet in M. 

Since AD = ACy and the angles at E are right angles, 
the squares of AEy ED are equal to the squares of AE^ 
EC; and .'. ED = EC, or DC-^DE. Hence by 
similar triangles DGE, DBC, BC ^ 2 GE = EH, 
and jBC is also parallel to EH, .\ HBM is parallel to 
CED, and (Eucl. L 29.) the angle BME=DEA, or it 
is a right angle; and HE being a diameter, Jf is a point 
in the circle. 
Now (71) AB: BM :: rad. : (siji. DAE^) sin. iRAC, 

and AD : DE :: rad. : sin. iBtAC, 

.-. cowp- ^45 X AD : BMx DE :: W : sia». iZt^C 

But from the similar triangles DGE, DBCyDB=2DG, 

to each of these equals AD+AC=2AD, and BA+AC 

^2AGy to each of which equals add iSC=:2 GJB=2 GJST, 

V, -^B+^C+BC^.2-^^^, /. ^A^=P, wABK^AK^ 

AB^P'-AB, and 51. = DK ^ AK-^AD^P^^AC. 

And the rectangle Bilf x DE^BMx EC=BMxBH 
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* (Edd. in. 3ft.) BK x BL^(P ^ AB).{P^ AC), 
hetsce AB^ AC . {P^AB).{P ^ AC) :: iPrsirf.f IMC. 

(93.) Cor. l • Hence if the three sides of any triangle 
be given, the angles may b^ found. For if the sides 
opposite to the angled A^ B, Che a^ b, e, respei^tit^, 

then sin*. | .^ = r* x '} , may be deter- 

mined, or the sine of half the vertioal angle, and conse- 
quently the vertical angle itself may be found. Hence 
tbe othel* angles (78). 

Ex. Three points A, B^ C 
t)eing given )n a plane, to determine 
the position of a fourth D, where 
the angled ADB^ ADC^ subtended 
by A and B, A and C are a^ and If 
f^Bspectivdy. 

Oti AJSi describe a segment of a circle contaitting an 
Mgle /i^> and on ^C a segment containing an angle IP\ 
tbe point of intersection D is the point required^ Let 

'^g=c,^C=rf,^t!=e,sin.ig^C=^-^^P^^(^^^\ I 

which may be torfiputed, p being ±s+.(c+rf+^). Draw the 
diameter AFj and join FB. In the triangle BAF, AF^ 

- — = •: ma^Hbe found. Draw the diameter AE. 

sm. BFA iiti. a ^ 

aAd join CE. Ih the triangle ACE, the ^ngle CAE^ 
AtoC^AD^ = 6- 90*=^, atid AE = ^^^^ = 

COS* i^Ats 

R AC 

— ^1^ — . Join DEy DFy they are in the same straifi:bt 

COS. g '^ '^ 

line (ii. 5). Hence in the triangle FAt^^ AE and AF J 

having been computed, and the angle FAE = BAC-\' I 

^AE - FAB^ A, and tang. i{EFA^ AEF) ' 
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^pxAfp ^ cotang. FAE ; whence the angle AFE may- 
be delermineci. And m the right-angled triangle DAF^ 

.rk APx sin. AFD , ^ i . • . i- j 

AU =• -= may be round ; which Ime and 

nta. "^ 

the angle BAD determine the position of D. 

(94.) Cor. 2. Also AB : AM :: rad. : cos; iBAC^ 

and AD : AE :: rad. :co8. iBACZ 
r.ABxAD : AMxAE :: if :cos*.|fl^C: 
and since AD^AC, and AMx AE =: AKxALz^P x: 

[(P-^Bcy 

ABxAC: P.{P^BC) :: if : cos\ ^BAC, 

(95.) Cor. 3. Also AE : ED ;: /J : tang. + BAC, 

and ^ilf : MB :: R: taag. -^ BAC, 

.-. ^£ X ^il/ : ED X MB :: R* : tang*. + fi^C, 

or P . (P-BC) : (P-J5) . (P-JC) :: fl» : tang'. 

Prop. XVI. 

(96.) Having given the sines and cosines of two 
arcs ; to Jind the sine of an arc which is equal to their 
sum. 

Let AB, AC be the two arcs; take 
AD, AE their doubles ; draw the diameter 

AF. Join AD, DF, AE, EF, ED. 

Then thfe chord ^D = 2 . sin. AB (62) 

^^=2.8in. ^C, 
I>£=2.sin. BC, 
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and DF=:2 cos. | AD ^2co&.AB (70\ 
EF^2 COS. AC. 
Now AFx ED^ADx FE+AE x FD (Eucl. vi. D.) 
or 2 rad. x 3 sin. JBC=: 2 sin. ^J3 x 2 cos. ^C 
+ 3 sin. -4C X 2 COS. AB, 
.\ rad X sin. BCss sin. ^A x cos. ^C+sin. AC x cos. AB. 

(97.) Cor. l . If rad. = l, ^B = a, ^C=s ft, 
sin.(a+ft)s sin. a x cos. ft 4- sin. ft x cos. a. 

(98.) CoR. 2. If a=sft; sin 2as=2sin. ax cos. a. 
Hence also sin. 3 a =3 sin. a -4 sin', a 

sin. 4 a = (4 sin. a— 8 sin^. a) . cos. a 
sin. 5 a = 5 sin. a — 20 sin.^a + l6 sin^ a. 

Prop. XVII. 

(99.) Criven the sines and cosines of two arcs ; to 
Jindthe sine of an arc which is equal to their difference^ 

het AB,. AC be the two arcs; take 
AD, AE the doubles of them ; draw the 
diameter AF\ 

join AE, AD. FE, FD, DE. 
Then the chord AD = 2 . sin.^B (62) 

AE= 2. sin. AC 

DE = 2. sin. BCy 

and FD =:: 2. cos AB (70) 

BF=2.cos. AC; 

and AFx ED = ADx EF^AEx FD (Eucl. vi. B.) 

or 2 rad. x 2 sin. BC t= 2 sin. AB x 2 cos. AC'^ 

[2 sin. -4C x 2 cos. -4B, 
.•. rad. X sin. BC:^sm. AB x cos. AC- sin. -^C x cos. AB. 

(100.) CoR. If rad. = 1, and AB ^ a, AC - ft, 
sin. (a — ft) = sin. a x cos. ft^sin. ftxcos. fl. 
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Prop. XVI II. 

(101.) GHven the sines and cosines of two arc^ — ==^ ^ 
find the cosine of an arc which is equal to their sum « 

Let AB^ AC be the two arcs. Take 
AD^ AE the doubles of them. Draw b> 
the diameter AFy and make FG — AE., c' 
Join FG, GD, DA, AG, FD. Then 
GD is the supplement of DE, and .*. its 
chord D6= 2 cos. + DE = 2 cos. BC (70). 
DF= 2 COS. AB, 
and AG= 2 cos. -i.jFG = 2cos^^£ = 2cos.-^C 

AD = 2 sin. AB, 
and FG = 2 sin. + FG = 2 sin. AC. 
And AFxDG— FD xAG^AD x FG (Eucl. vi. D.) 
or 2 rad. x 2 cos/BC = 2 cos. -^S x 2 cos. AC-^a sin. 

[-^^fix2sin, .4C, 
.% rad. X COS. BC= cos. -^5 x cos. -4Cr-sin. AB x sin. AC. 

<10a.) Cor. 1. If rad.=l, AB = a, AC^h, 
cos* (a + ft) = COS. a x cos. i — sin. ax sin. b. 

^103.) CoR. 2. If a = 6, COS. 2asB cos* a— sin*, a 

= 2 cos?, a — 1, 
or cos. 2 fl = 1—2 sin*, a. 
Also COS. 3 a = 4 cos^. a —3 cos. a 

COS. 4a = 8 cos*, a— 8 cos*, a+1. 

COS. 5 a ;= 16 cos*, a - 20 cos^ a+b cos. a 

cos. 6a = 32 cos^'. a - 48 cos*, a -f- 18 cos', a— 1 . 

Prop. XIX. 

{104.) Given the sines and cosines of two arcs ; to 
Jmd the cosine of an arc which is equal to their differ- 
ence. 
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Let ABf AC be the two aras. take 
A^, AE the doubles of them ; draw the , 
diameter AG, and make OF (on the 
opposite side) = AE. Join AD, AF, DV. 
DG, FO. The arc DGF is «he supple, 
ment of DE. which .-. is equal to AD-AEsaAB^ 
2AC = 2 BC, and .-. DF= 3 cob. 4-Z)E = S cos. BC. 
DG ^1lcos.AB <70) AD ^2 .«a. AB (6s.) 

^F = 3 COS. AC FG^A. am. AC. 

Now AGxDF=:DGx AF+ADx OF (Evcl vi. D.) 
or 2 rad. x 3 cos. BC= 2 cos. AB x S«os. ^C-f- 2 sin. ^B 

£ K 9 sm. AC. 
.'. rad. X cos. £C=:cos. AB x cob. ^-C-^viB* j^B x sin. AC, 

(105.) Ccwi. Jf rad. = 1, JB = a^ JiC^h^ 
co6» (a— &) == 4S06. a.x cos. i+^ip. a k sin. 6. 

(106.) Itmay perhaps be objected that the preceding 
propositions are proved only -when the arcs iyt) and l( J) 
or even (a H- 6) are Jess than quadtants. Adsutnnig them 
to be proRred ^than^iicb a4iinit'that:(a) does not exceed 
a value ^b and .(&.) a value ^, it mi^ he pn>^/^ by ioieans 
of what hasbe^a^ewn before, that the values of the sines 
and cosines of the jsums ai^ equally true, when (a) does 
not exceed 90® + a and ,(^) does not .exceed /3L 

For let as 90^ + tn, .'.^^a— 90**, whach is less than 
90'. 

i^ow ^rn. \^ + w+*) = "sin. {^goff— («+-*) } 
= COS. (m + ft) 

= COS. m X COS. b — srn. m x "sin. b 
«B.«in. (90'^-^w),K aos. 6— <gos. (50**-T«m) x W^ i& 
ts= 0in.,(i8O'*— ^a) X COS. A -.cos. (180**—^ x 9in. ^ r 
= sin. ax cos. b+cos. a x sin. b. 
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Also COS. (90 + m+&) = — COS. {90— (m + t)}. 
= - sin. (m + h) 

= — sin. m X cos. b — cos. m x sin. b 
= - cos. (90 — m) X COS. b - sin. (90 - m) x sin. b 
= T-cos. (180—a)xcos. 6 — sin. (180- a) x sin. & 
= cos. aXcos. ft — sin. ax sin. b. 
Hence .•.. these expressions which were demonstrated 
for (a) less than a and (b) less than /3, are also true when 
(a) does not exceed 90 + a and (b) does not exceed /?. 
In the very same manner from the preceding, it might be 
proved that they are true, ^hen (a) does not exceed 
90+a and (b) 90+/3, and so on, i.e. they are true 
whatever be the values of (a) and (b) The same is 
equally applicable to the values of sin. (a — b) and 
cos. (a- ft). 

(107.) Since sin. (3(f+a) = sin. 30^ X cos. a +cos. 

[30® X sin. a, 
and sin. (30® - a) =sin. 30® x cos. a— c6s. 30® x sin. a, 
.•. sin. (30®+a) +sin. (30® - a)=2 sin. 30® x cos. a=cos. a 

[(63). 
and sin. (30® + a) =cos.a — sin. (30® — a). If .". the sines 
and cosines of allarcs less than 30° be known, the sines 
of all arcs above 30° and less than 6o° might be found by 
subtraction. 

( 108.) Since sin. (6o®+a) = sin. 6o* x cos. a + cos. 60** 

[ X sin. a, 
and sin. (60® - o) = sin, 6o° x cos. a — cos. 60° x sin. a, 
.•. sin. (60® +a) — sin. (60® - a) = 2 cos. 6o° x sin. a =8in. a, 
anti sin. (6oP+a) = sin. a + sin. (6o^ — a). If .-. the 
sines of arc's less than 6o° be known, the sines of arcs 
greater than 60® may be found, by addition. 

3a 
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(109.) Let a = nA and h = A. 
Then sin. {(n+ 1) . -4} = sin. nA x cos. A-{'Cos.nA 

[ X sin. A, 

and sin. {n - l),^=ssin. nA x cos. -4- cos. nA x sin. A^ 

.'. sin. (w+l) . ^4-sin. (n — l).^ = 2sin. w-^^xcos.-^*, 

and sin. (w-f 1).'^=2 sin. nAx cos. -4- sin. («- l).^. 

Also sin. (n + l).-4=sin.(ii - l).2^ + i2sin.-^Xcos.«-^, 

and. cos. (n + l).^=2 cos.n^x cos. -^ — cos. (n— 1).-4 

or= COS. (ti— 1) . A ^2 sin. n-4x cos. -4. 

( 1 10.) If in the, equations (97) and (lOO) 
a + i=^anda—&=B, then a=:4(^+£) and ft=4^(/^-JB) 

and sin. (a+ft) = Mn. a x cos. fe+dbs. a x sin. b 

sin. (a — J) =r sin. a x cos. 6 — cos. a x sin. J, 

.'. sin. (a+6)-+ sin. (a— ft) = 2 sin. ax cos. 5 

and sin. (a+ft) — sin. (a- J) = 2 cos. ax sin. 6, 

.-. sin. ^ + sin. J5 = 2 . sin. -4.(.4+i5) x cos. -i-(^— J5) 

and sin. -4— sin. jB = 2 . cos. + (^ + B) X sin. -^{A-B) 

Hence also sin. ^ + sin. B= — ) J^ ni x sin. (A + B\ 

COS. i (^ -f 5) • ^ ^' 

and sin. ^-sin. B = : ' ^ ^ ^ — sr x sin. (-4+B). 

Sin. + (^+-8) ^ ' ^ 

Hence also sin\ -4 — sin*. A=8in. (A + B) x sin. {A-^B), 



i»fc»— ■ ■ ■ 11 ■ ■ I ■ ■ II I . m . 



^ Hence if a series of arcs be taken in arithmetic progression, radius 
is to twice the cosine of the commen difference as the sine of any one 
arc taken as a mean is to the sum of the sines of any two equidistant 
extremes. • 

Also radius is to twice the cosine of the common difference as the 
cosine of any one arc taken as a mean is to the sum of the cosines of any 
two equidistant extremes. 
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And in a similar manner, 
cos*. jB— cos'. A = s\n. (A+B) x sin. (A-,B^» 

(111.) To find the sin. (4 + ^+ C). 
Sin. (^+fi+C)=sin;(^+B) x cos. C'+cos. (4+J5) x 

[sin. C 

= sin. Ax COS. B x cos. C+sin. B x cos. A x cos. C 
+ sin. Cx cos. 4xcos. B— sin. Ax sin. fix sin. C 



Prop. XX. 

(lis.) Having given the tangents of two arcs; to 
determine the tangents of two arcs which may he equal 
to their sum and difference. 

Let ABy BC be the given arcs, 
AB being the greater, then AC is 
the sum of the arcs (in Fig. 1.) and 
their difference (in Fig. 2.); -^Tthe 
tangent of their sum ( 1 ) or difference 
(2), BP, BO the tangents of the 
respective arcs AB^ BC. ^ 

Draw OD perpendicular to SA cutting SB or SB 

produced in x, .\ the triangle OBx is similar to SxD 

and .-. to SBP; hence OB : Bx :: SB : BP, 

*•. OBx BP = SBx Bx. Also by the similar triangles 

TAS, ODS, 

AT : OD :: SA : SD 

OD : OP :: SD : Sx, 

by the sina. triangles SxD, ODP, 




A P 



/. JT : QP 



SA : Sx 

SA : SB-Bx (fig. i) 
SA* : SB'-SBxBx 
SA^ : SA'^OBxBP. 
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Again (in Fig. 2.) ^r: OP 

:: SA : Sx 

:: SA : SB+Bx 

:: SA^^ SB*+SBxBx 

::SA*.SA'+OBxBP. 

Hence AT = .9^ x 




OP 



=z SA" X 



SA* ifi OBxBif 
O B ± BP 

SA" + OB X BP ' 

(113.) Cor. 1. If rad. = 1, AB = a, BC = 6, 

. ,. tang, a ± tan g, b ^ 

2 . tang, a 
(114.) Cor. 2. If a = 4, tang. 2a =? i _ tang*, a ' 

3 . tang. a-tang». a 
Tang- 3« = 1-3. tang'. a ' 

4 . tang, g — 4 tang^. a 
**"g- ^* = 1 - 6 tang\ a + tang*, a ^ 

__ 5 tang, g - 10 tang^. a + tang*, a 
. *^^S' * " "■ I— 10 t^ng*. a+5 tang*, a ' 

_ 6tang. a-20tang3, a+6tang*. a ^ 
tang. 6fl _ 1 _ 15 tang*, a +15 tang*, a -tang", a ' 

(115.) If (in Art. 113.) a = 45V 

-. l+tang. b 
tang.(46» + 6) = :^3^^. 



X « 



si n. (a+^) __ sin, a X cos, ft+cos. g x sin, b 
Tang. (a+^) = cos. (a +6) "" cos. a x cos. i^- sin. a x sin. ^ 



siri. a , sin. ft 
_ 1- ■ , 

_ COST, a cos. 



1 - 



sin. a X sin. b 
COS. a X COS. ft 



tang, g+tang. ft 
1— tang, ax tang, ft 
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and tang. r45 - 6) = ^l'^ ; 
^ ^ ' 1-ftang. 6' 

,-. tang. (45« + i) - tang. (45' - j^)^ 1+ tang. ^ _ 1 -tang. & 

^^ ^ 1 -tang. 6 1+tang. 6 

2 tang. 6 ^ - 

and tang. (45 + fc) = t^ng. (45 - 6) + 2 tang. 2 ft. 

If /. the tangents of arcs less than 45^ be known, 
the tangents of arcs greater than 45^ may be determined 
by addition. 

(116.) Tang, a + cotang, a = 2 cosec. 2 a. 

sin. a COS. a 



For tang, a + cotang. a = — '— + 

COS. a sm. a 

sin*, a+cos*. a 2 

-"f— = -: — T— = 2 cosec. 2a. 

sm. a X COS. a sm. 2 a 

In the same way it may. be shewn that 

cotang. a — tang. a = 2 cotang. 2a. 

and sec. a + tang, a = tang. (45°+ 1 a) 

4.k«f f««^ ^ ^^"- ^^ 4 sin. 2a 
tnat tang, a = -— , cotang. a = — , 

^ 1+ COS. 2a' ^ 1 -COS. 2a 



COS. 2a = 



1 — tang*. a_ , sec^ a 

; — 1 — ^ — , and sec. 2a = r — 

. 1 + tang', a 1 - tang*, a 



Prop. XXI. 

(117.) The base and altitude of a triangle being 
given ; to find its area. 

(Eucl. 1.41.) The area of the triangle ABC^ 
\ACyi BD. (See next Fig.). 

(118.) Cor. 1. If a = the altitude BD, and J=:the 
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base AC. the area S=; — and a = rr- fad 6 s — ; any 
two of the terms .\ being known^ the third maybe found. 

4 

Prop. XXII. 

(119.) Tim sides of a triangle , and the included 
angle being given ; tojind its area. 

Let AB, AC and the angle BAC be 
given* Let fall the perpendicular BD, 
AB : BD :: rad. : sin. A, 

nj^ ABx^\n. A ^n ' A ^ 
.'. BD = ^ = AB X sm. A, 

(if ir=l), 

.% the area = 4^-4CxBD = + -^5?<-^Cxsin. A. 

(120.) CoR 1. Hence the areas of triangles which 
have one angle in each equal, are as the products of the 
sides containing itb^se angles. Which is also true of 
parallelograms, 

(131.) Cor. 2, 4C^ .j.^^. ^ ^AB^ .^^^. . , 
^ ^ AB X sin. A AC x %m.A 

Prop, XXIII. 

(123.) Given two angles and a side of a triangle ; 
tojind its area. 

Two angles being given^ the third is also known. 
Let AC be the given side. 

Then sin. B - sin. C :: AC : AB = ; — ^ — , 

sm. M 



and BD=AB x sin. 4 = 
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ACx sm. 4 X siri. C 



whence the area = ^-^C* x 



sin. B 

sin. A X sin. 



2 siti. B 

(123.) Cor. If the angles ABC, ACB be eqta 
the area will be=:f ^C*x sin. A. If the angles A c^ 

sin y» 

C are equal, the area will be = i AC^ x . ' p . 
^ ' sin. x> 

But sipce the angte B =s= 1 80* - 2 ^, 

sin. B =s sin. 2 -^ ss: 2 sin. -4 x cos. A, 

whence the area = 1 AC^ x t^ — :# 

* sin. A X cos. A 

= i ^ C» X ^^^ = i AC'x tang. ^. 
* cos. A ° 

Prop. XXIV 

(124.) Given the three angles^ and the altitude of 
a triangle' I to find its area. 

Since (122) BD x sin. B = ACx sin. Ax sin. 'C, and 

25 . 

^C = -g-wT , .". 2 5 X sin. A X sin. C= -Bl^ x sin. B, 

or 5 = 4^ BD"" X 



sin. ^ X sin. C* 



Prop. XXV. 

( 125.) Given the three sides of a triangle ; to find 
its area. 

The area 6f the triangle JBC^ire&jiDC+aresi BDC 
= JExDE^MEx DE, (flii/ being parattel to DC) 
^AMxDE. 



376 



ELEMENTS OF 




But by titnilar triangles ADE, 
AMB, 

AE : ED :: AM : MB, 
. . AE X AM: EDxAM :: EDxAM 
: EDxMB, 

i. €. the area of the triangle is a mean 
proportional between AE x AM and ED x MB. 

Now (92.) EDx MB^lP-- AB).{P-AC), 
find AExAM^ALxAK=:Px{P-BCl 

r. the ^^'^(P-ABUP^ AC). P. (P-BC) 
or 5 = ^{P.{P-ABy{P^AC),(P-BC)}. 

(126.) If ABa^BC^AC, S^\AB^.j3, the area 
of an equilateral triangle. 

\iBC^CA,S=iAB.^[{2BC+BA).{2BC^BA)}, 

the area of an isosceles triangle. 

(127.) To construct the trigonometrical canon. 

It has been proved (103) that 2 cos*. ^= 1 +cos. 2A\ 
and therefore if the cosine of any arc be known, the 
cosine of half that arc may be determined. Now the 
sine of 30° has been found to be = +, (/2=l), and the 



cosine = -^ ; 



if then in the formula cos. A = 



^{+.(l + cos. 2^)}, ^=15^ cos. 15° may be deter- 
mined. In the same manner from cos. 15®, the cos. 7^ 
30' may be deduced ; and so on, till after 1 1 divisions, 
COS. 52" 44'" 3*"^ 45^ is found ; from which the sine of 
this arc may be determined. But from the nature of the 
circle, when the arc is very small, the ratio of the arc to 
the sine approaches nearly to a ratio of equality, .-. 52'' 
44'"3iv.45v . 1' .. the sine of the former arc : the sine 

of 1'; which ;•. may be determined. 



PLAN£ TRIGONOMETRY. 377 

The sine and cosine of 1' being ascertained, the sines 
of 3', 3', 4', &c. may be determined (109) by making 
n=\j 2, 3, &c. and the cosines from (58). In this 
manner the sines and cosines of arcs as far as 30^ may be 
computed. When the arc exceeds 30% the sines may be 
computed by Art. (I07), and the cosines as before, till the 
arc is 45®. And since the sitie of an ate is equal to thte 
cosine of its complement, the sines and cosines of arcs as 
far as 90® are determined. Alsojsincje the sines aiid co- 
sines of arcs are equal to ihe sines and cosines of their 
supplements ; the sines and cosiiies of ail arcs up to 1 80^ 
are known. 

Since tang. A = — '—f, the tangents of all arcs may 

cos* ^M. 

be computed. When however they exceed 45®, they are 
more readily cooiputed from ( U 5 ) by addition. And the 
tangent of an arc being equal to the tangent of its sup- 
plement, the tangents of all arcs may be determined. 

Hence also the cotangents (45). 

Also the sec. A = 5 , and .•. the cosines beine 

cos. A ^ 

known, the seif^atits rDay Redetermined. And the decants 
being known, the cosecants are also determined. 

Also the versed sine (=1+ cosine) may be deter- 
mined. 
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ERRATA 



♦^^■^^<*^^.^^.»^^^^^^^^^*^ 



Page 17* line 3^ for fiiiite rtad indefinite. 
19. — 8, /or ACB read ACE. 

37. — 20, far parts read points. 

38. — 20, for centre read centres. 

46. — 14, /or circle read circles. 
48. In the figure join DE, 

47. • — 18, for circumference read circumferences. 

83. — 8 from the bottom,/or 83 read 82. 

84. — 13, for 83, read 82. 

— line 4 from the bottom, for OC read OB. 
78. In the figure join DB. 

78. — 11, for made by the perpendiculars read cut off 

by the perpendiculars. 
90. In the figure join BC. 

108. — 7, for AFC read AFG. 

109. — Offor A read B. 
112. — 12, for Bl read BL. 
118. In the figure join KG, 

122. last line, for a side produced read a side and a side 

' produced. 
123. — 7, for AG read AC. 

149. line 3 from the bottom, for rectangle read rectangles. 
184. — 18, for 2 read 82. 
217. Join CG in the figure. 
245. Fig. 2, join DB. 
252. — 7, for C read O. 

— line 10, for AD read CD. 
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